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THE  HIGHER  BRANCHES  OF  ALGEBRA. 


I.-^OMBINATIONS  AND  POWERS. 


PERMUTATIONS  AND   COMBINATIONS. 

4>75.  tV  hen  a  number  of  terms  are  composed  of  similar  or 
difierent  lettersy  placed  in  various  orders,  we  shall  give  to  these  assem- 
blages the  name  of  Arrangements  or  Permutations  ;  but  if  one  at  least 
of  the  letters  be  different  in  each  term^  and  no  regard  be  paid  to  the 
Older  in  which  they  are  arranged^  the  terms  will  then  be  called  Cam^ 
bhuUkms.^ 

Thus  abCf  hac,  cia,  bca  are  4f  permutatidns»  and  abc,  abd,  bed,  acd 
4  combinations  of  S  letters  each. 

To  denote  the  number  of  permutations  that  can  be  formed  with  m 
letters,  taking  them  p  and  p,  we  shall  write  [mPp2 ;  the  number  oC 
oombinatiions  will  be  indicated  by  [mCp']. 


*  The  combinations  hare  also  been  called  difereni  ProdncU ;  but  this  ezpreMion 
we  reject  as  defectire ;  for  ab  and  cd,  though  they  are  different  combinations  of 
tvo  letters,  may  yet  form  eqoal  products,  as3x8«6x4s-2xl2. 

PermntatiDns  and  Arrangements  have  also  been  distinguished  from  each  other,  in 
the  6nit  of  these  terms  being  confined  to  the  arrangements  of  p  letters  among* 
themselTes,  or  taken  p  and  p;  but  this  ^stinction  is  of  no  material  advantage, 
and  we  shall  not  make  use  of  iti  any  aivre  than  of  Tsrioos  other  denominatkins. 

TOI..  II.  '  • 


S  ALGEBRA: 

Let  it  be  proposed  to  find,  the  number  y  of  all  the  permutations  of  n^  ^ 
letters  taken  p  and  j^,  ^  =  [mPp2'  In  the  first  place>  let  those  arrange* 
ments  only  be  considered^  which  commence  each  with  some  one  letter^  as 
a,  whilst  they  differ,  either  in  respect  to  some  other  letter  on  the  right 
of  a,  or  as  to  the  order  in  which  the  remaining  letters  are  placed.  If, 
now,  this  initial  a  be  suppressed,  we  shall  have  an  equal  number  of 
assemblages  of  p  —  1  letters  each ;  and  these  will  evidently  be  all  the 
possible  anrangements  of  the  other  m  — *  1  letters  b,  c,  (/•••  taken 
p  —  1  together,  and  their  number  will  be  expressed  by  ^  =  Q(w  —  1 ) 
P  (p  —  1)].  Conversely,  therefore,  if  we  take  these  wi  —  1  letters 
6,  c,  cf.-,  form  with  them  all  the  permutations  of  p  —  1  letters  each, 
and  then  place  a  at  the  head  of  each  term,  we  shall  have  all  the  per- 
mutations, p  and  p,  which  have  a  for  their  initial  letter ;  for  no  one 
of  these  last  can  be  omitted,  or  be  repeated  more  than  once,  without 
the  same  error  presenting  itself  in  the  assemblages  that  result  on  the 
suppression  of  the  initial  a ;  t.  e.  without  some  permutation  of  the 
letters  b,c,  d,.,,  taken  p  —  1  together,  having  also  been  so  omitted  or 
repeated,  which  is  contrary  to  the  supposition. 

Thus,  there  are  precisely  as  many  arrangements  of  m  —  1  letters, 
taken  p  —  I  together,  as  there  are  arrangements  of  m  letters,  taken 
p  and  p,  in  which  a  stands  first ;  and  this  number  is  f. 

Reasoning  for  b  in  the  same  manner  that  we  have  done  for  a,  we 
shall  similarly  find  that  there  are  ^  permutations  which  commence  with 
b;  there  will  also  be  p  having  c  at  their  head... ;  and  since  each 
letter  must  stand  first  in  its  turn,  the  number  ^  required  will  be  com« 
posed  of  <p  repeated  as  many  times  as  there  are  letters ;  whence 
^  sc=  mp,  or  £mPp2  =  m  \J^m  —  1 )  P  (p  —  1)]. 

From  this  it  follows,  that 
.  1*.  To  determine  the  number  y  of,  the  ammgements  of  m  letters, 
taken  2  and  2,  f  being  in  this  case  the  number  of  arrangements  of 
m  -^  1  letters  taken  1  and  1,  or  f  as  m  —  ] ,  we  have  y^  s  m  (nt  —  1 ). 

2**.  If  the  number  ^^^  be  required  of  the  arrangements  of  m  letters, 
taken  3  and  3,  p  becomes  3,  and  p  denotes  the  number  of  arrange- 
ments of  7»l  ^  1  letters  taken  2  and  2;  /.  e.  p  is  equivalent  to  y"  when 
m  h  changed  into  wi  —  1  ;  whence  f  =  (w  —  1 )  (»«  —  2),  and 
y^=rm(m- 1)  (m-2). 

3*.  We  find,  in  like  manner,  for  the  number  of  arrangements,  taking 
the  letters  4  and  i, 

^"^  =  m  (m  -  1)  (w  -  2)  (m  -  3)  ; 
and  it  is  evident  that,  generally,  to  pass  from  one  of  these  equations  to 
the  suoeeeding  one»  we  must  change  m  into  m  —  1,  and  then  mult^y 
by  .« ;  an  opesataon  wldcfa  coMes  to  the  same  thing  with  annexing  tO; 


PERMUTATIONS  AND  COMBINATIONS.      S 

tltollEielon  m,  «i«^l...  the  integtr  immeditttely  inferior  to  the  huti^ 
dwae  ftdon.  For  p  letleni,  therefore,  iAna  hat  multiptier  will  be 
jn  —  (p  —  1) ;  whence 

y  =  [mPp]]  =:  m  (m  —  1)  (wi  —  2) (»i  —  p+  1) (1), 

the  number  of  factors  being  p.  Thus  9  things,  taken  4*  and  4,  can  be 
changed  smoBg  themMlTea  in  as  many  difierent  wajs  as  is  expressed  by 
the  product  of  the  four  factors  9. 8. 7. 6  =  [9Pi]  =  3024 ;  which  is 
the  number  of  diflferent  ways  in  which  9  persons  can  occupy  4  places. 
The  arrangements  of  m  things  I  and  I,  and  2  and  2,  are  together  equal 
in  number  to  m  +  m  {m  -^  I)  ^  tn!^. 

Making  m  =:  p^  we  obtain  the  number  z  of  the  arrangements  of  p 
letters,  taken  p  and  p;  ue,  each  term  ccmtaining  all  the  letters : 

«assljii^3«p(p— 1)  (p  — 2) S.2.1  =36 1.2. 3— p. ..(2). 

The  number  of  permutations  of  7  letters  among  themselres    is 

The  number  of  arrangements  of  the  7  notes  of  the  musical  scale 
is  1.2.3...  7  ss504O;  taking  into  account  the  semi-tones,  we  have 
479001600. 

476.  Let  us  now  investigate  the  number  x  optlie  different  comhi'' 
n&ikms  cf  m  letters  taken  p  and  p,  x^  ^mCp'}.  Suppose  these  x 
eombinatiQns  to  be  already  effected,  and  written  successively  in  an 
boriaontal  line ;  under  the  first  of  them  write  down  all  the  permu- 
tations of  the  p  letters  which  enter  into  it,  and  we  shall  have  a  vertical 
column  consisting  of  z  terms  (2).  The  second  term  of  the  horizontal 
Hue  wiU  in  like  manner  give  a  vertical  column  of  z  terms,  constituting 
the  several  permutations  of  the  p  letters  contained  in  that  term,  and  in 
whidi  one  letter  at  least  will  be  different  from*  those  which  enter  into 
the  first  combination.  Tlie  third  combination  will  also  give  z  results 
different  from  the  others,  &c. ;  and  thus  a  table  will  be  formed  con- 
sisting of  X  columns,  each  containing  z  terms ;  making  in  all  xz  results, 
which  wiU  evidently  constitute  all  the  arrangements  possible  of  our  m 
letters,  taken  p  and  p,  without  any  one  of  them  being  omitted  or 
repeated  more  than  once.      But  the  number  of  these  being  tf  {I), 

we  have  xz  ssy,  whence  a:  =s  ^  =  ■  ^^,  or 

^  z      pPp 

jf=s[fncp]  X  Y — g— •  "■"!"'"      — p       ^  ^* 

The  equations  ( 1 )  and  (2)  being  each  of  them  composed  of  p  factors, 
the  equation  (3)  will  also  have  p ;  and  these  factors  will  be  fractions,- 
the  terms  ai   which  are    integral,    and    follow   the    natural    order, 
decieasing  from  m  tot  the  numerator,  and  increasing  from  1  up  to  p 

b2 
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far  the  denominator.  Since  x  must,  from  the  nature  of  ihe  case^ 
be  an  integral  number,  the  formula  ( 1 )  muH  be  ejcacthf  dmtible  by 
(2) ;  as  might  also  be  proved  directly. 

477»  We  have 

ImCq]  :=^^j g-.  _- J         . 

Suppose  p>  q;  then  the  factors  of  this  equation  will  all  enter  into 
^nation  (S),  which  may  consequently  be  written 

-m  —  qr  7»  —  5— 1  m  '^  p  +  I 

I.  Let  us  see  if  it  be  possible  for  x  and  j:^  to  be  equal.  It  is 
evident  that,  in  this  case,  the  product  of  the  several  factors  following 
y  must  reduce  itself  to  1 ;  or  the  numerators  must  form  the  same 
product  as  the  denominators ;  whence,  taking  the  latter  in  inverse  order, 
we  have,  for  the  equation  of  condition, 

(w—  q)  (m  — q  —  1) ^  P  {p  ^  ^)  • (^+0* 

fiut,  the  two  sides  of  this  containing  the  same  number  of  successively 
decreasing  factors,  the  equality  will  be  impossible,  unless  each  factor 
on  the  one  side  be  equal  to  the  one  of  the  same  rank  on  the  other; 
since,  otherwise,  the  common  factors  being  suppressed,  there  would 
remain  on  the  one  side  factors  all  greater  than  those  on  the  other,  and 
the  same  in  number*  Thus,  that  x  and  xf  may  be  equal,  our  equation 
requires  that  fn^q^=  p;  whence,  we  have  this  theorem : 

[mCp]  =5  [mCq"},  when  tn=sp+  q. 

For  instance,  100  letters,  taken  88  and  88,  and  taken  12  and  12, 

must  give  an  equal  number  of  combinations;  and,  in  fact,  100  C  88 

has  for  its  numerator  100.99...  90.89.88...  13,  and  1.2.3...  12. 13... 

88   for  its  denominator;    whence,    suppressing  the  common  factors 

13.  H...  88,  there  remains        !      '"       =  100  C  12.    This  theorem 

Jl.  iS.  %}..•  1m 

will  serve  to  facilitate  the  calculations  of  the  formula  (3),  when 
p  >  '^m;  thus  we  should  sooner  find  100  C  4  than  100  C  96 
=  3921225. 

"  From  this  we  shall  conclude,  that  if  the  numbers  of  combinations 
of  m  letters  taken  1  and  1,  2  and  2,  3  and  3...  be  written  successively, 
ike  same  values  fvUt  recur  in  inverse  order  beyond  ike  middle  term. 
Thus,  for  8  letters,  these  numbers  are  8,  28,  5Q,  70,  56,  28,  8. 

II.  Suppose  q  ssjp  —  1 ;  then  x  has  only  one  factor  more  than  sr', 
and  we  have 
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V*.  Hence  we  get  this  rule  for  deducing  succeadTely^  one  from  the 
other>  the  numbers  of  combinations  of  m  letters  taken  I  and  1  ^  2  and  2, 
3  and  3»«» 

Wrke  ike  two  series  tn^  m '-  1»  m  — *  2.^,  and  l,  %  S«.« ;  with  these 

respeclwe  nMnAers  fin^the  Jr4Kiions  -T-y  — tt"* >  — ^^...  ;^  and,  lastly, 

ssnd&plg  tack  ff  these  Jractions  hy  the  product  qf  all  the  preceding 
cmeSm  For  instance,  if  8  letters  are  to  be  combined,  we  write  ^,  i,  4- ••j 
and  we  have  8,  8  X  i  =  28,  28  X  4  ==  56...  Thus  it  is  we  find 
that  8  numbers  of  the  lottery  form  8  extraiis,  28  ambes,  56  lemes, 
70  quatemes,  and  56  qtdnes.  The  whole  90  numbers  give  90  extraits, 
4005  ambe^  117480  temes,  2555190  quatemes^  43949268  quines.* 

A^B       AVB     ^^^       I         tfia     ^^^te    ^^ 

2*.  In  our  successive  factors  r-,  — tj — >  — ^ — •••*  the  numerators  go 

on  decreasing,  the  denominators  increanng,  and  Ae  first  are  >  1. 
The  products  increase  continually,  so  long  as  the  order  i  is  such  that 

; ss  or  >  1, 1,  e.  «  =s  or  <  --5 — . 

%  2 

Beyond  this  they  decrease,  and  we  have  seen  that  the  products  recur 
in  inverse  order.    Let  us  investigate  the  greatest  term. 


*  The  above  teniit  wiU  be  explained  by  the  followiiig  wfaene  of  the  French 
lottery.  The  Icrttery  is  composed  of  90  numbers,  and  uny  quantity  of  numben, 
from  one  to  ninety,  may  1^  choien,  the  person  depositing  on  each  nomber  whaterer 
sum  he  thinks  proper.  Of  the  90  numbers,  only  5  are  drawn  at  one  time,  pro- 
dncing  the  following  prizes : 

Fbe  pikes  of  sbigfle  EstrMiti, 

Tea  of  Mh^  Ambn, 

Ten  of  Temea, 

Fife  of  Qit^iema, 

Five  of  deienmmed  ExiraiU^  and 

Tea  of  determined  Ambe$. 

The  simple  Bxtrait  it  formed  by  the  comiag  up  of  one,  two,  three*  four,  or  five 
anmbers  from  the  wheel,  on  any  one  of  which  teptarate^  a  certain  sum  had  been 
dqneited  s  and  for  each  number  that  thus  comes  up,  the  purchaser  is  entitled  to  15 
times  the  sum  deposited  thereon. 

The  simple  Amhe,  Teme,  or  Quatsme  is  similarly  formed  by  the  coming  up  of 
aay  two,  three,  or  four  of  the  numbers  taken  in  one  ticket,  the  order  in  wluch  the 
wunbers  tnm  up  not  having  been  named  by  the  purchaser ;  and  the  value  of  the 
prise  is  respectively  270,  5500,  or  75000  times  the  sum  deposited. 

The  determined  chances  consist  in  the  purchaser's  fixing  the  order  in  which  the 
numbers  shall  come  up.  For  the  determined  Eztrait  70  times  the  amount  deposited 
«  psid,  and  for  the  determined  Ambe,  5100  that  amount* 
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IM  Case,  m  odd.     Since  m  +  I   will  hm  even,  we  ney'aiiame 

w  +  1 

I  -s  — - —  .  and  the  last  fractional  factor  tben  becoming  =  ] ,  it  will 

SI 

again  give  the  preceding  teini^  which  if  of  the  tank  t  «k  i  (m  *-*  1) ; 

and  has  for  its  last  factor  ^-7 \[  cs ;*;  thus  the  Urms  go 

■^  (w  —  1)       w  —  1 '  ® 

incrtuting  up  to  the  one  in  the  middle,  which  ie  repeated,  amd  hoe  for 


its  vcdue  I  mC  — ==—  j. 


2nd  Case,  m  even.  The  product  increases  no  farther  than  the  rank 
i  s^  ^m ;  for  if  we  assume  a  greater  value  than  this^  as  t  =  -f  (m  4-  2), 
the  condition  specified  will  not  be  satisfied.  Thus  the  nuddle  term,  and 
the  one  which  is  the  greatest  of  all,  is  tu4  repeated  ;  it  has  for  its  value 


[-'  g- 


the  last  factor  of  which  is 


3®.  The  equation  (4f)  also  gives 

*  +  /  =  yx!:^; 

p 

andj  since  7  cap  —  1^  there  results,  from  the  equation  of  N^  4/77, 

-  __  «  +  1   m     m~'p  +  9 
or  +  or  -  —^.  -...  -        , 

the  second  side  of  which,  compared  with  equation  (3),  gives 
C(fa+  l)Cp]«C«C^3+  C"»C'(p  -  1)]. 

Arom  this  relation  we  are  enabled,  by  means  of  a  simple  addition,  to 
deduce  the  combinations  of  m  -h  1  letters  from  those  of  m  letters ;  and 
it  is  on  this  principle  that,  in  the  following  Table,  which  is  called  the 
arithmetical  Triangle  of  Pascal,  each  numbei'  is  the  sum  of  the  two 
corresponding  terms  of  the  line  preceding.  Thus  for  the  7th  line 
we  have  1,  7,  21,  35,  35,  21,  7,  1 ; 

and  to  form  the  8th  line  we  shall  put  1  +  7  =  8,  7  +  21  »  i{8, 
21  +  35  =  56,  35  +  35  =  70,  &c- 

This  law  explains  the  recurrence  of  the  same  terms  in  inverse 
order ;  since,  supposing  only  that  this  is  the  case  for  one  Une,  it  must 
necessarily  be  so  for  the  line  that  follows.  As  to  the  formation  of 
the  terms,  those  of  any  line  may  either  be  deduced  step  by  step  from 
each  other  (P-)'  ^  ^y  means  of  the  terms  of  the  line  preceding 
(8*«) ;  or^  lastly,  directly  from  the  equataoa  (S),  which  is  the  general 
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1 

2 
3 
4 
5 

1 
3 

6 
10 

COEFFICIENTS  OF  THE  BINOMIAL ; 

1 

4 

10 

OK. 

1 
5 

1 

1 

NuMBESS  OF  Combinations.    1 

6 
7 
6 
9 
10 

15 
21 
28 
36 
45 

.  20 

35 

56 

84 

120 

15 

35 

70 

126 

210 

6 

21 

56 

126 

252 

1 

7 

28 

84 

210 

1 

1 

8 

36 

120 

1 

1 

9 

45 

I 

10 

1 

11 
12 
13 
14 
15 

55 
66 
78 
91 
105 

165 
220 
286 
364 
455 

330 

495 

715 

1001 

1365 

462 

792 

1287 

2002 

3003 

462 

924 

1716 

3003 

5005 

330 

792 

1716 

3432 

6435 

165 

495 

1287 

3003 

6435 

55 

220 

715 

2002 

5005 

11 

66 

286 

1001 

3003 

0 

16 
17 
18 
19 
20 

120 
136 
153 
171 
190 

560 
680 
816 
969 
1140 

1820 
8380 
3060 
3876 

4845 

4368 

6188 

8568 

11628 

15504 

8008 
12376 
18564 
27132 
38760 

11440 
19448 
31824 
50388 
77520 

12870 
24310 

43758 

75582 

125970 

11440 
24310 
48620 
92378 
167960 

8008 

19448 

43758 

92378 

184756 

landl 

2  and  2 

3  and  3 

4  and  4 

5  and  5 

6  and  6 

7  and  7 

8  and  8 

9  and  9 

10  and  10 

III.  Let  1,  Mf  Oj  b,  c...  b,  a,nh  I>  be  the  numbers  of  anj  line; 
tbofle  of  the  line  following  (3*.)  are  1»  1  +  m,  m  '^  a,  a  +  6***  <»  +  ly 
1 1  and  the  mim  of  the  temu  of  the  even  orders  is  i  +  m  +  ir  +  6... 
-^  m  -ir  I,  which  is  the  same  with  the  sum  of  the  terms  of  the  odd 
orders,  and  also  the  sum  of  the  terms  of  the  line  preceding.  If^  there- 
fore, we  add  together  all  the  terms  of  the  line*  m'-f'  1,  we  shall  have 
the  double  of  the  sum  of  the  line  fN.  But  the  second  line  of  the  table 
]B  r  +  2+ls=:4>=s2*;  so  that  the  succeeding  lines  have^  for  their 
sum  2^,  'S^j  2^..«  2".  Thus,  the  sum  tf  all  the  combinatums  of  m 
letters  is  f^ ;  thai  if  either  the  even  or  the  odd  orders  tt  2»^  *,  'the 
same  with  what  we  find  for  the  sum  of  all  the  combinations  of  m-^  I 
letters. 


478.  Let  the  m  letters  a,  b,  c,  d.*.  be  divided  into  two  sets,  the 
number  of  letters  in  the  one  being  m\  in  the  other  m"  (w  ■=  «'  -f  m*) ; 
and  let  us  then  investigate  the  several  combinations  p  and  p  that  can 
be  formed  with  //  of  the  first  set  of  letters  joined  to  fT  of  the  others 
(pssp'  4-  p'^.  For  this  purpose  form  all  the  combinations  of  the 
first  set  of  letters  taken  p'  and  p\  and  those  of  the  second  taken 
p"  and  p"  I  they  will  be  in  number  m^Cp'  and  m"Cp'' ;  and  each^of 
the  first  results  being  now  coupled  with  each  of  the  second,  p'  factoqi 

the  one  band^  iwited  with  p''  on  the  other,  will  form  p  £scto»  j 
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and  it  is  evident  that  these  systems  will  make  up  all  those  required. 
Their  number  therefore  is 

X  =  [iiirp']  X  Cm"C|i"] (5). 

I*  Into  how  many  of  the  combinations  does  the  letter  a  enter? 
Here  j»'  =  p'=l,  and  X=(»i  —  l)C(p-i). 

II.   How  many  of  the  combinations  contain  a  without  b,   and  & 
without  a?      In  this  case^    m  ss.2,   p'  ^  \  ;    whence    X  s=  ^  X 
C(m-2)C(p-l)]. 

HI.  How  many  contain  both  a  and  b>  m*^  =  p' ==  2^  X  s: 
(i»-2)C{p-2). 

IV.  How  many  contain  neither  a  nor  &?  m'  as  2,  p^  =s  0,  and 
X=(m  — 2)Cp. 

V.  Among  the  combinations  of  m  letters,  taken  p  and  p,  how  many 
are  there  which  contain  two  of  the  three  fetters  a,  b,  c?  m  ss  3« 
p'=:2,  X«Sx[(m-3)C(p-2)]. 

VL  The  combinations  of  10  letters  taken  4f  and  4  are  210  In  number : 
supposing  three  letters  a,  b,c  to  he  specified,  it  may  be  asked,  bow 
many  of  these  combinations  there  are  which  do  not  contain  one  of  these 
letters,  how  many  contain  only  one,  how  many  two,  and  how  many 
all  the  three ;  we  find 

P.  Not  one  of  the  three  letters  ...•••  SCO  X  7C4  &=  1  x  95  as   85 

2o.  Only  one 3C1  x  7C3  =  S  X  85  ==  105 

3^  Two „ 3C2  X  7C2  =  3  X  21  =   63 

4*.  Three SC3  x  7C1  =  1  x    7  «     7 

Total  number  of  comUnations  ••        210 

As  to  lihd  pemmtaiumg  of  m  leUers  p  and  p,  which  conitdn  p] 
tetters  token  from  among  m'  that  are  epecified^  their  number   Y  = 
X  X  1.2.  3...  p.    For  we  have  only  to  take  each  of  the  X  combina- 
tions, and  form  the  permutatbns  p  and  p  of  the  p  letters  that  enter 
into  it. 

fiut  if  it  be  also  proposed  that  the  m'  letters  should  each  of  them 
occupy  throughout  a  particular  and  previously  assigned  place,  the  per* 
mutations  in  the  different  terms  of  X  will  then  have  to  be  taken  only 
in  respect  to  the  p"  letters  not  selected ;  whence 

y  =  X  X  1.  2.  3...  p''  =  \yCp2  X  Ci«"Pp^. 

This,  however,  is  on  the  assumption  that  the  m'  selected  letters^ 
which  have  their  f/  places  fixed,  may  occupy  any  of  them  indifiiaently ; 
fiyr,  otherwise,  they  may  be  changed  among  themselves  an  the  places 
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aaMgned,  and  tbe  piecediBg  product  must  then  be  multiplied  by  1. 8. 3.«* 
p',  or  r  «  [mT|>T|  X  C^^^PfTj- 

479.  To  farm  aU  the  fMsUde  pernnUiUioiis  p  and  p  of  the  m  leHers 
a,  b,  c.*«  V,  Set  off  />  —  1  of  tbe  letters;^  as  t,  k...  v ;  and  place  one 
of  Uiem,  as  i,  by  tbe  side  of  each  of  the  other  fn  —  p  +  1  Ietta»  a,  b, 
C...A;  whence  ia,  ib,  ic.»»  Let  t  be  now  changed  successively  into 
a,  b,  c...  h,  and  we  shall  have  all  the  arrangements  2  and  2  of  tbe 
m  —  p  +  2  letters  a,  6...  h,  t.  At  the  bead  of  each  of  these  results 
^aoe  the  next  suppressed  letter  k;  then  change  k  successively  into 
a,  &•••  A,  i,  and  we  shall  have  all  the  permutations  S  and  S  of  the 
m  —  p  +  S  letters  a,  &•••  i,  k ;  and  so  on. 

For  instance^  to  form  the  permutations  3  and  3  of  the  five  letters 
Oy  b,  c,  dj€i  we  set  off  i{  and  e ;  and  first  of  all,  placing  d  by  the  side 
of  «r,  b,  c,  we  have  da,  db,  dc ;  then  changing  d  into  a,  b,  and  c,  there 
result  all  the  arrangements  2  and  2  of  tbe  4  letters  a,  b,  c,d: 
da,  dbf  dc,  ad,  ab,  ac,  ba,  bd,  be,  ca,  cb,  cd. 

It  remains  to  place  e  at  the  head  of  each  of  these  terms ;  {eda,  edb, 
edcm;)  ;  then  to  change  e  into  a,  into  b,  into  c,  and  into  rf;  and  we 
shall  have  the  60  arrangements  required** 

480.  Let  it  be  proposed  to  form  the  several  combituUunu  p  and  p. 
In  the  first  pkoe^  to  obtain  those  of  2  letters  each,  take  a  and  prefix  it 
to  b,  €.•;  [ab,  ac,  ad.,.) ;  these  will  be  the  combinations  2  and  2  into 
which  a  enters.  In  like  manner,  place  b  by  the  side  of  c,  <£••• ;  then 
e  by  the  side  of  the  letters  d,  e...  on  its  right,  8ic.,  and  we  shall  have 
all  the  combinations  2  and  2. 

To  obtain  the  combinations  3  and  3,  combine  all  the  letters  but  a, 

2  and  2,  in  the  manner  just  mentioned ;  then  annex  a  to  each  term, 
6  to  each  of  those  in  which  b  is  not  found  already,  c  to  each  of  those 
which  contain  neither  b  nor  c,  &c.,  and  we  shall  have  the  combinations 

3  and  3. 

Generally,  to  form  the  combinations  p  and  p,  set  off  p  —  2  letters 
i,  k...  V,  and  combine  the  others  a,  b,  €*••  h  2  and  2 ;  annex  to  each 
result  one  of  the  suppressed  letters  i,  then  a  to  the  terms  vrithout  a. 


theoiy  wUl  enable  us  to  discover  the  enigma  or  tawgram  tbftt  may  be 

ibimed  item,  the  letters  of  a  particalar  word.    These  laborions  trifles  are  aometimes 

very  happf  io  their  results.    In  Frhe  Jacques  CtemtTtt,  the  aasasrin  of  Henry  III., 

we  find,  letter    for   letter,   C'ett   fenfer  jwt  m'a  crU,     Jablonski  formed  tbe 

anagrams  of  Domuu  LetcMa,  in  favonr  of  Stanislaus,  of  the  house  of  tbe  Lecdnski, 

and  discovered  the  following:  Ades  incohtmii,  onmit  e»  Ucidoy  mane  Mu  toei,  tit 

tthnmna  DH,  Itcande  toUmm.    Hie  last  was  prophetic :  Stsnislatts  became  king  of 
»>-■ — -1 

rillUHli 
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b  to  thoM  oontoiaing  neither  a  nor  b,  &c.,  and  you  will  have  tlie  oea« 
liinations  3  and  3  of  the  letters  a,  b,  c„»  k,  i ;  again,  introduce  I  into 
each  term,  a  into  each  of  those  which  do  not  contain  a,  &c.,  and  you 
will  have  the  eomhinatinna  4  and  4  of  a,  b...  LI;  and  this  mast  be 
oontintted  till  all  the  p  •*  2  letters  have  been  introduced. 


DKV£LOPMENT  OP  THE  POWER  OF  A  POLYNOHIAL. 

481.  When  we  make  a  »  6  b  c..^  the  product  of  m  factors 
[x  -^  a)  {x  +  b)  (x  +  €]•••  becomes  (x  +  a)"*;  and  consequently,  the 
development  of  the  v^  power  of  a  binomial  reduces  itself  to  the 
eflfecting  this  product,  and  then  making  the  2nd  terms  a,  b,  c*  equal ; 
a  process  which  allows  of  our  reoognising  the  law  observed  by  the 
diffinrent  temu  of  the  product,  before  they  undergo  the  requisite  reduc- 
tion.   But  it  has  been  seen  [N*.  97>  4*.]  that  this  product  is  of  the  form 

a"  +  ^2*-'  +  Bx"«-«  +  Cx^-K.,  +  abed..., 
A  being  the  sum  a  +  i  4-  c...  of  the  2nd  terms  of  the  binomial  factors, 
B  the  sum  ab  +  ac  -^  bc*»*  of  their  products  2  and  2,  C  that  of  the 
products  3  and  3,  a6c,  abd.*,,  && ;  whencCj  making  a^sbsz  c***,  the 
several  terms  of  A  become  =  a,  those  of  B  are  each  s=  aS  those  of 
C  ^  fl*... ;  those  of  iV  =  a*. 

Hence,  A  becomes  a  repeated  m  times,  or  ma. 

For  B,  a^  must  be  repeated  as  many  times  as  there  are  products 
2and2,  or  £  =  a«C»«C2]  a  ^m  (m— l)a«, 

For  Cy  a'  is  to  be  taken  as  many  times  as  there  are  combinations 
given  by  m  letters  3  and  3 ;  or  C  =  im  (w  —  1)  (m  —  2)  a' ;  and 
soon. 

For  a  term  iSTa"*"*  of  any  rank  n,  we  have  N  =  [[«Cii]a^ ;  and, 
finally^  the  last  term  is  aF. 

Hence  we  have  this  formula,  discovered  by  Newton : 

(jr-|-«)«  —  «*-j-iii«r«~*  -i-m. — 5— «'*•-'  +  w.  . — —  «»*»"••...+  «"•.••  (6). 

m  it  A 

—      ..^,  m  —  Im  —  2m  —  ii  +  l  ,^- 


T  being  the  term  which  has  n  terms  before  it,  or  the  general  term  ftom 
which  all  those  of  the  development  of  (x  +  a)*  may  be  deduced  by 
taking  n  ac  1,  2,  3— 

To  obtain  the  development  of  (x  —  a)*,  0  must  be  changed  in  die 
above  formula  into  —  a;  u  e.  the  terms  in  which  a  appears  with  an  odd 
exponent  must  be  taken  with  a  contrary  sign. 

482.  The  formula  (6)  is  composed  qfm  -f  i  terms,  and  the  oo^ffidenls 
are  all  integral;  those  of  the  first  20  powers  have  been  already  gitea 
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[jigB  63-  The  esponenta  of  a  go  on  increuiag  hy  unity  eadi  iena.; 
sad  tbote  of  x  deerwae  by  the  sano  qinntity,  the  nm  of  these  two 
powen  of  a  sad  x  heing  m  ftr  eedi  tenn ;  to  theft  [pege  4,  1*.],  jf  atiy 

term  be  muUipBed  by  -,  and  btf  the  exponent  qfx^  and  then  be  divided 

by  the  number  i^the  term  in  the  series,  we  ehuM  have  the  term  feUowimg. 
Fog  eneaiplftj  we  find 

{x+  ay  ««•  +  9aa?«  +  36aV  +  84flV+  126fl*a:*  +  126aV  +  ... 
To  obtain  (2^  —  ^c^^i  we  shall,  in  this  equation,  assume  x  ^  26', 
and    a  =:  -  Sc*,    when    there  will    result    2»6^  —  9.  Sc'.  2»A«  + 
Se-S^.c^.S^A**...,  or 

(M*  -  Sc'y  =s  512i«»  -  45.  ^m<?h^  +  36. 25.  I28c«.  6«... 

MareoreTj  we  know  that^  in  formula  (6), 

1*.  Bqroqd  ihe  middle  terra,  the  eoefBcients  recur  in  inverse  order, 
those  equally  distant  from  the  two  extremes  bsing  equal ;  these  eo- 
cffieients  go  on  incraasing  up  to  the  middle  tenn,  the  value  of  which 
has  been  gif  en  (page  5,  2*.] 

9,  Any  one  of  the  coefficients  of  the  mf^  power,  being  added  to 
«he  one  that  IbDows  it,  gives  the  coeffiaent  of  the  (m  4- 1)^  power, 
which  has  the  same  rank  as  the  latter  of  the  eoeflhients  [see  page  ff\. 

3*.  The  sum  of  all  the  eoefficienu  of  the  m^  power  is  s  2"  as  the 
sum  of  all  those  of  the  even,  or  of  the  odd,  orders  in  the  (m  +  1  )^ 
power,  as  appears  from  page  7.  And  in  fact,  making  «  w  a  ae  1,  the 
equation  (6)  xeduees  itself  to  2"  s  the  sum  of  all  the  coefficients. 

i*.  When  ;r  SB  1 ,  and  a  ss  z,  the  equation  (6)  becomes 
(l+«)««l  +  m»  +  m.-— — ««  +  « — g -— a3... +iP (8). 

This  expression  being  much  simpler  than  that  of  formula  (6),  we 
shall  biing  any  proposed  power  whatever  under  the  same  form.  Thus, 
for  (A  -)-  £)",  we  shall  divide  the  binomial  by  A,  in  order  to  reduce 
the  first  term  to  unity ;  multiply  by  A"*,  in  order  to  restore  ihe  quantity 

to  its  proper  value  ss  A*"  ( 1  -f  -^  ]   i  and  then,  making  the  fraction 

—  ss  2,   we  shall  have  a  case  of  equation  (8).    Having  therefore 

farmed  the  consecutive  products  of  the  factors  w,  4<m  —  1),  \(m  —  2), 
^si  —  3)...  in  the  manner  stated  Cpage  4],  we  shall  have  the 
coefficients  of  the  development,  and  these  must  then  be  multiplied 
by  the  snecMBve  ascending  powers  of  z.    For  instance,  to  devdop 

1  +  —  j  ,  and  make  g^  =  «•    We 
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Iben  form  the  firactioiis  hi^i^  ^•••>  and,  by  successive  ttuldpUcalioii, 
obtain  the  coefficients  8,  28,  56^  70;  the  last  of  which  belonging 
to  the  middle  term,  the  following  coefficients  are  B6,  28,  8.  Lastly, 
annexing  to  these  coefficients^  taken  in  order,  the  ascending  powers 
z,  z\  z'.*.,  multiplying  the  whole  by  256a^,  and  then  putting  for  z  the 
fraction  which  it  represents,  we  obtain 

(2a  +  Sby  =  256a«  +  SffI2a^b  +  16128a«6«  +  48384fl»65  +  90720a«6* 

+  108864fl»i* 

483.  To  develop  (a  +  b+  c  +  d...  +  i)"**  we  shall  reduce  it  to  A 
binomial  form  by  assuming  b  +  c...  +  i^ssz:  then 

(a  +  z)*"  has  for  its  general  term*«.... ^tnCct]  a**zP, 

m  and  p  being  any  numbers  whatever,  provided  only  that  a  +  psstn* 
If  now  we  assume  c  +  dn**  -^issy,   we  have  z=sft  +^,  and  the 

general  term  of  zi"  =s  (6  +  ;y)^  is   C|'C/?]6^^, 

with  the  condition  0  +  9  =p;  t.f.a  +  0  +  g  =  9R. 

In  Uke  manner,  assuming  d  +  €•»•  +  t  =s  Xj  the  general  term  of 

y<s(c  +  x)9is  • •••»••••••.••••».•  £qCy]^^9 

wherey +  rsqr,  or  # »+  fi  +  y+  r^eim* 

Ascending  upwards  through  these  successive  substitutions^  it  is 
evident  that  the  general  term  of  the  development  required  is 

N  =  ImCaJ  CpCj3].  CqfCy]...  a^b^c'^...  i«. 

The  sum  «  +  0  +  y+*«*+tt  must  be  =  m ;  but  otherwise  m,  $, 
y,:  are  arbitrary  numbers,  denoting  the  ranks  of  the  several  general 
terms  in  their  respective  series.  The  denominator  of  the  coefficient  ctf 
JV  is  1.2.  S.«.  aX  1.2.  S..«  /3...,  taking  as  many  series  of  factors  as 
there  are  exponents,  with  the  exception  of  the  last  u.  For  the  sake  of 
analogy,  let  the  product  1.2.S.*.tt  be  introduced  into  the  denomi** 
nator,  and  consequently  into  the  numerator  also,  which  will  then  take 
the  form 

m(m-.l)...  (m-^a+X)  X  ;»(|>-l)...  (p-^  + 1)  X  y...  (y-)'+l)...i« («-!)...  2.1. 

But  psxm  "  a,  and  therefore  the  factors  p,  p  —  1  •••  continue  the 
series  m  (m  —  1)...  down  to  (p  —  /3  +  1)>  when  it  is  still  continued 
by  qzsp  ^0,  and  so  on,  to  ii  (w  —  1)...  2. 1  ;  so  that  the  numerator 
is  the  series  of  decreasing  fcctors  m(m  —  !)•••  down  to  2«  1,  and  may 
consequendy  be  written  1.2.  S«*.  (m  —  1)  m.  The  general  tenn 
required  is  therefore 


j^^ 1.2. 8...  w  X  a'*.bP.cf...i* ^   .^^ 

""  1.2.3...»  X  1.2.3... iSx  1.2.3... y  X  1.2..,ii' ^  ' 


* 


The  exponents  «,  0,  y-*  ere  all  the  positive  and  integral  numbers 
whatever  from  0,  with  the  condition  only  that  their  sum  s=s  m  ;  and  the 
deveLopmeot  must  admit  as  many  terms  of  this  form  as  there  can  be 


k 
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foQiid  valaes  that  fulfil  the  above  conditbn^  among  all  the  oomfaina* 
tions  pofldMe*     The  deBomiiiator  ib  oompoaed  of  as  many  aeries  of 
factors  1.2. S...  a,  I.2.S...  d...>  as  there  aie  exponents* 
Thus,  for  {a  +  h  +  c)*S  one  of  the  terms  is 

1.2.S.4.5X  K2.S  X  1.2      ^-^  "  ^'' ' 
and  the  same  coefficient  will  affect  the  terms  a^b^c^  and  a'ft'c^... 

484.  In  all  this  the  exponent  m  has  been  supposed  to  be  a  pontine 
integer;  if  it  be  not  soj  the  development  of  (1  +  2}*  is  still  un- 
biown^  and  it  remains  to  prove  that^  under  all  drcumstanoes^  it  will 
retain  the  same  form  (8).  The  investigation  in  regard  to  (I  -f  2)"*  will 
oompcehend  the  proposition  for  the  developing  any  polynomial  what* 
ever;  for>  multiplying  the  equation  (8)  by  x"^  we  have  the  series  for 
(x+ xz)*^  or,  making  xz  ^sz  a,  for  {x  4-  a)*^-  This  transformation^  there- 
fore, brings  us  to  the  equation  (6),  which  being  thus  demonstrated  for 
any  exponent  m  whatever^  we  may  then  apply  the  principle  of  N*.  489. 

Hence,  m  and  n  denoting  any  numbers  whatever,  assume 

X  =ss  1  +  ffi«  +  im  (m  —  1)  z«  +  &c., 
y=sl+  nz  +  4it(ii  -  1)2*+ &c; 
making  p  as  m  4-  n,  we  deduce 

4ry  s=  1  +  pz  -f  4P  (p  ^  1)  2^  4-  &c. 

In  fact,  without  troubling  ourselves  with  the  muLdplication  of  the 
polynomials  x  and  y,  which  would  only  give  us  the  first  terms  of  an 
indefinite  series,  without  informing  us  of  the  law  which  it  follows,  we 
may  observe  that,  if  m  and  n  are  integral  and  positive,  it  has  been 
already  proved  that  «  =  (1  +  2)"*,  y  =s  (1  +  z)*,  whence  xy  aa 
(1  +  2)*'*'  *  =s  (1  +  ^y ;  and  in  this  case  the  product  xy  will  be  such 
as  we  have  assumed  it  to  be.  And  though  tn  or  11  be  not  integral  and 
poritive,  the  result  must  be  the  same,  since  the  rules  for  the  multipli* 
cation  of  two  polynomials  do  not  depend  on  the  values  that  may  be 
assigned  to  the  letters  of  the  factors.  For  instance,  the  term  involving 
2*  in  xjf,  must  be  the  product  of  certain  terms  of  x  and  y,  terms  which 
will  be  the  same  whatever  be  the  values  of  m  and  n;  and  since  this 
product  is  4p  (p  —  1)  2*  in  one  case,  it  must  be  so  in  all  others. 

Hence, 

1*.  If  m  be  integral  and  negaiive,  since  n  is  arbitrary,  assume 
a  =s  —  m  ;  »  then  will  be  integral  and  positive,  in  which  case  we  know 
that  ^  =s  (1  +2)*;  also  p  ss  0  reduces  the  thizd  equation  to  xy  s  1, 
whence  x  asy-*  =  (I  +  2)-«  =  (1  +  2)* 

2*.  When  m  is  a  fradion,  positive  or  n^ative,  assume  iftasm; 
whenoe  ps2iii^  xy^x\  and  consequently  x^^\  4-px-4-*«« 
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Let  tUs  ktt  cqiMUm  be  again  multiplied  bjr «;  dien  we  iheU  hftfe 
i)^9si  +  qz  +  ^q{q--i)z^+ ...,  q  bdng s^m^pst^m; 
tiiaSiBxlj, 

x^  s  I  +  rz+m*.,  where  r  s  44n,  and  laetly, 
a^=l  +h  +  ^(l'^l)z^+...,  wheK  /  s  ihn. 

Let  it  be  taken  s  the  denominator  of  the  fraction  m ;  then  km  or  I 
will  be  integral,  in  whidi  case  it  has  been  already  proved  that  the 
development  is  that  of  (1  +  z)';  hence  a^={l  +  zy,  and  conse- 
qoent^y  since  / ss km,  we  have  xtss{l  +  s)». 

3*.  Ill  being  irrational  or  irantceniental  [see  note»  N*.  516].  Let  it 
and  A  be  two  numbers  between  which  m  is  comprised;  sinoe  then  each 
term  of  « ss  1  4-  mz»»*  lies  between  the  corresponding  terms  in  the 
series  (1  +  z)"  and  (1  +  zy,  it  is  obvious  that  x  itself  lies  between 
these  two  series  the  difference  between  which  maj  be  diminished  ad 
Ubitum.  Hence  (1  +2)*  approyimates  indefinitely  to  je,  as  n  approxi- 
mates torn;  let  «  be  the  difference,  or  (1  +  z)"sx  -|-  a. 

If,  in  like  manner,  /9  be  the  difference  between  (1  +  z]"  and 
(1  +  z)"»,  wehave  1  +  z)"  as  (1  +  z)*  +  ft  whence  x  +  «  =  (1  +  z)* 
+  ft  where  a  and  0  allow  of  continued  diminution;  and  consequently 
(N».  113)ar  =  (l  +  z)-. 

4*.  And  lastly,  the  exponent  being  hnaginart^ :  it  is  only  by  conven- 
tion  that  expressions  of  this  sort  can  be  treated  according  to  the  same 
roles  with  those  that  are  real,  since  no  just  idea  can  be  formed  of  a 
calculation,  the  elements  of  which  are  symbols  that  represent  no  real 
magnitudes;  thus,  in  the  present  case,  there  is  no  room  for  any 
demonstration. 

485.  We  shall  now  apply  the  formula  (6)  to  some  examples. 

L  To  develop  — --r-  «=  -. .   ,    .  ,  k  being  =s  -,  we  must  form  the 

series  for  (1  +  kx)-""  [N*.  482,  4*3.  The  coefficients  will  in  this  case 
have  for  their  factors  -  1,  +(  —  1  —  1),  4.  (  -  1  -  2)...,  which  are  all 
equal  to  —  1,  and  their  products  therefore  are  alternately  -^  1  and  —  1 ; 
whence  we  get  the  progression  by  quotient, 

1  —  ^x  +  A:V  —  k^x^  + ...,  the  ratio  of  which  is  —  kx. 
Consequently, 

•+i3x"^;\     »^  ««■""?"•  ^ IT-;- 

n.  For  ^(fl*  ±  X*)  we  shall  write  a  v'fl  ±  ^)  =  «  '/{'^  ±y')* 
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making  « s ojf.  In  ardor  now  to  develop  ibe  pewer  4  ^  ^  ±!f^» 
we  nust  oombiiie  the  facton  -f^  4-  (-^  *-  1)>  4  (t  ***  S)*..  or  •!>  —  ^, 
—  -^  —  -i.-M  and  we  sball  find  the  eoeffidenta  te  be  fractiob0»  the 
nomeraton  flf  which  are  fanned  of  the  odd  faetorl  l.S*5.7...»  and  the 
denominaton  of  the  even  fact^tfs  2. 4. 6«  8.    Hence  there  reaulta 


III.  We  shall  in  like  manner  obtain 

u±r)    »» » +  -s-  +  -3-7-  +  ■«  A  A  +  «  A  ft « ■  +  •••* 


2     '     2.*    "^    «.4.6     •     2.4.6.8 
(*»±«^       *-^»+25i  +  rw  +  2X6:7+2.4.6.8.«'+"7' 
V(«  +  x)  «  V«  ^1  +  3^  •- 55  +  87^s  ~  S5?  + 7^s---| 

Vl«  -r)  «  \^l  -  3  -  9       gi        243^+729        -7* 
(1  ^  a)*»  «s  1  +  2a  -f  3a«  +  4a' ...  +  (»+!)  fl"... 

486.  When  m  is  a  prime  number,  the  coefficients  in  the  development 
of  (z  +  a)**  are  all  multiples  of  m,  with  the  exception  of  those  of  the 
tenns  :t^and  tf*;  for  the  equation  (3),  page  3  gives 

1.2.  3...  p  X  [;»fCjp]=:OT  (»«  —  !)  (m  — 2) {m  ^  p  +  1); 

and,  since  the  second  ade  is  a  multiple  of  m,  the  first  must  be  so  also ; 
but  HI  is  supposed  to  be  prime  and  >  p,  and  therefore  mCp  must  be 
divisible  by  m.  It  may  be  proved  in  the  same  manner  that  all  the 
terms  of  (a  +  &  +  c...)"  are  multiples  of  m,  excepting  a*  +  6«  +  c"; 
and  consequently,  K  denoting  some  integral  quantity,  we  have 

(a  +  6  +  c...)"*  =  «"•  +  6*  +  c*...  +  mK. 

If  we  assume  1  s  a  =  6  =  c...,  and  h  be  the  nnmber  of  terms  in 
the  polynomial,  we  find  A"  =  A  +  mK ;  whence  A"  —  A:  is  a  multiple 

of  m,  or  — i as  an  integer.    Henoe^  if  the  prime  nuinber 

m 

m  do  not  divide  A,  it  must  divide  hF'^^  —  1 ;  which  consdtutea  the 

theorem  of  Fermat,  enunciated  thus :  If  the  integer  k  ia  not  a  multiple 

of  the  prime  number  m,  the  remainder  from  tke  divition  of  A*""  *  6y  m 

iiunHy, 
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This  dieorem  may  aUo  be  enunciated  in  the  following  manner: 
since  m  -»  1  is  some  eren  number,  as  2q,  we  may  assume  A*"*^  ^  i 
ss  (A?  +  1)  (A^  —  1) ;  and  m  therefore  must  diride  one  or  other  of 
these  two  factors,  u  e.  the  remainder  from  the  diriskm  of  A?  by  «t 
is  +  1 J  when  m  is  a  prime  number  >  2,  and  j  «s  4.  (m  —  !}• 

EXTRACTION  OF  FOURTH,  FIFTH......  ROOTa 

487.  The  roles  that  we  have  given  (N"*.  62  and  67)  for  the  ex« 
traction  of  square  and  cube  roots  may  now  be  extended  to  those  of  any 
degree.  For  instance,  to  obtain  the  4th  root  of  548464,  let  the  highest 
4th  power  contained  in  this  number  be  represented  by  A,  the  tens  of  the 
root  by  a,  and  the  units  by  b.  Since,  then,  i4  =  (a  +  &)^  =:  0*  +  4a'&...» 
the  first  term  a*  is  the  4th  power  of  the  figure  of  the  tens,  ito  the 
ri^t  of  which  four  cyphers  should  be  annexed.  Separating,  therefore, 
the  four  figures  8464,  we  see  that  54  contains  the  fourth  power  of  the 
teniT  figure,  considered  as  simple  units;  and  smce  16  is  the  highest 
fourth  power  comprised  in  54,  it  follows  that  2,  the  fourth  root  of  16, 
is  the  tens'  figure.  Subtracting  16  from  54,  and  reinstating  the  figures 
that  were  set  apart,  the  remainder  S88464  contains  the  four  other  parts 
of  (a  +  6)S  or  4^b  +  ...  But  4fi^b  is  terminated  by  three  ciphers 
arising  firom  a^ ;  whence,  marking  ofi*  the  three  figures  464,  the  re- 
mainder 888  contains  four  times  the  product  of  the  units  b  by  the 
cube  of  the  figure  2  of  the  tens,  considered  as  simple  units,  or 
4  X  86  ss  326 ;  the  same  remainder  contains  also  the  thousands  arising 
from  Sa^b*  +  ...  The  quotient  10,  of  S88  divided  by  32,  will  therefore 
be  6  or  >  6;  and  b  must  in  fact  be  reduced  to  7,  or  the  root  to  27,  as 
may  be  proved,  in  the  same  manner  as  for  the  cube  root  [see  vol.  L 
page  75],  by  forming,  in  the  manner  given  below,  the  quantity 
&(4a'  +  6a^b  +  4ab^  +  fr»).  We  find  for  the  remainder  17023-  To 
carry  the  approximation  farther,  we  must  add  four  cyphers,  mark  off* 
three  of  them,  and  divide  170230  by  4a'^,  making  oT  =  27.  Since 
4fl''  =  4a'  +  12fl'6  +  12fl6*  +  46%  it  appears  that,  to  form  this  divisor 
4a^,  6a*6  +  8a6*  +  36^  must  be  added  to  the  part  within  the  brackets 
above,  &c. 

54-8464  I  27-2  rooi 

16  I 

32  IW  divis.   4a»    53063 

388-464      168 6a*b  168 

371441         392  4ii6«  ...doubled...    784 

348 65    ...trebled...     1029 

170280    

53063  X  7  =  371441  2«rf  divu.  78732  =  4  X  27'. 

It  is  easily  seen  that  this  course  of  calculation,  so  convenient  for 


' 
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detennimng  each  partial  divisor^  is  general,  whatever  be  the  degree  of 
the  root  to  be  extracted. 

488.  The  logarithmic  tables  render  these  extractions  very  easy ;  but 
they  prove  insufficient  when  we  wish  to  approximate  to  the  root 
within  closer  limits  than  those  to  which  the  tables  extend.  In  this  case 
we  make  use  of  the  following  methods. 

I.  The  series  [II.  page  14]  enable  us  to  extract  square  roots  with 
a  very  great  degree  of  accuracy.  To  obtain  t^N,  divide  ZV  into  two 
parts  a*  and  +  x^,  so  that  the  first  shall  be  an  exact  square^  and  veiy 
large  in  comparison  with  the  second ;  V-^V  =  >/  (fl®  +  x'^)  will  be  given 
by  a  highly  convergent  series.  Let  ^2,  for  example,  be  required : 
we  have  >/8  =  2V2;  and  since  8=9—  1,  we  shall  take  a  =  3,  «•  =1 ; 
whence  v^8  s=s  3  (I  —  iV  —  -b-tt'-O*  '^°  render  the  series  more 
rapidly  convergent,  take  the  three  first  terms,  which  amount  to  2*829, 
and  compare  the  square  of  this  fraction  with  8 ;  it  will  be  seen  that 
8  =  2-829*  —  0  003241  ;  whence 

^S  =  2-829  X k/(  1  -  m^ )  =  2-8284271247784 ; 

and,  finally,  taking  the  half,  you  hate  ^2  =  1-4142135623892. 
The  logarithmic  tables  give  the  first  approximation,  which  is  then, 
extended  by  the  above  process. 

We  must  be  careful  to  take  into  account  all  the  terms  of  the  series, 
which,  when  reduced  to  decimals,  have  significant  figures  in  the  order 
of  those  which  it  is  intended  to  retain  in  the  result ;  the  first  term 
neglected  should  commence  with  0-000000...  to  one  rank  farther  than 
the  degree  of  approximation  required. 

That  we  may  be  at  liberty  to  consider  the  first  part  of  a  series  as 
forming  an  approximate  value  of  its  whole  sum,  it  is  necessary  that  the 
series  be  convergent  [see  the  ex.  of  N".  99 ;]  and  for  this  it  is  not 
enough  that  the  initial  terms  decrease,  since  it  is  possible  that,  farther 
on,  they  may  proceed  to  increase.  /  fiut  take  the  general  term  /,  or  the 
j|(k  term  of  the  series ;  in  its  expression  change  n  into  n  —  1,  and 
j  divide  by  the  result;    the  quotient  will  be  the  factor  which,  being 

multiplied  into  the  (»  —  1)**  term,  produces  the  n**;  and  accordingly 
as  this  factor  is  >  or  <  1,  the  series  will»  at  this  point,  go  on  increasing 
or  decreasing.  In  order  therefore  thai  the  convergence  may  extaid  to 
infinUyy  this  factor  imist  be  <  I,  however  great  we  suppose  n  to  be> 

Thus  for  (x  -h  a)"*,  it  follows  from  equation  (4)  that  the  quotient  of 

which  we  speak  is  in  tliis  case .  -  :  and  this  is  die  factor  which 

changes  the  («  —  I  )'*  term  into  the  n^  £N*.  482].  Assuming  this  fraction 
Vol.  II.  c 
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<  1,  we  sliallliave  n  >  ^ : — ^  ;  whence  we  may  feel  assured  that, 

jc  -{-  a 

having  arrived  at  a  certain  rank,  the  series  will  subsequently  be  con- 
vergent on  to  infinity.  It  is  so  from  the  very  commencement,  when 
a  K  X  and  in  <  1,  which  is  the  case  in  the  example  given  above. 

For  the  seriw  X  -  ^  +  ^JL-  ...  ^  ^  f  J  _  ^...,  v^hlch  i. 

that  for  sin.  x  Qsee  N**.  5873«  changing  n  into  n  •—  1,  dividing,  &c* 
we  find^  for  the  factor  which  leads  from  one  term  to  tbe   next, 

rg .  '  ;  whence  the  condition  for  convergence  ia  {2n  —  2) 

(2«  —  1)  >  0^.  Assuming  2n.  2«  >  «*,  or  n  >  ^x,  we  see  that  the 
condition  is  fulfilled  so  long  as  n  >  -^x, 

II.  Suppose  that  we  are  already  acquainted  with  an  approximate 
value  a  of  the  w^  root  of  a  given  number  N,  which  has  been  divided 
into  0"  and  b,  the  correction  x  dne  to  a  being  very  small.  We  have 
then 

N  ssa^  -j^b,  and  yN  =  a  +  a?,  whence  a"  Hh  i  =  (a  +  jr)», 

where  6  and  x  are  supposed  to  be  very  small  relatively  to  a. 
Developing,  we  have  b  =s  x  (»««»■•"»  -f-  A'xct^"*  +  i<*'a:*a* -*.,.), 
m,  il,'  i4''... being  the  coefficients  of  the  equation  (6),  page  10.  For 
a  first  approximation,  neglect  the  small  terms  in  s^,  rr'...,  t.  e»  assume 
b  =  mxa^^  ^  I  whence  the  correction  x  will  be  derived,  within  a  very 
little.  This  value  of  rr  being  then  substituted  in  the  term  ^4'.^*""% 
and  the  following  terms  neglected,  we  obtain  a  new  equation,  which 
leads  to  this  still  more  approximate  value 

^ab 

and  this  quantity,  substituted  in  H^N  =  a  +  or,  gives  the  approximate 
root  of  N.     For  instance^  for  m  =  2  and  3  we  find 


M^  ±b  "~  Stf  ■  +  N 

The  approximation  may  be  carried  on  with  very  great  rapidity  by 
making  use  of  these  formula  several  times  successively,  as  we  did  in 
order  to  obtain  V8.  Assume  a  a  2.  8 ;  whence  a*  s  7*84,  6  »  -f  0*16, 
and  V8  =  2*8  +  ,4.^4^  =  2*82842.  Assuming  now  a  =  2-828t2, 
whence  a'  and  6,  we  arrive  in  the  end  at  the  same  value  of  V^>  ^^^ 
has  been  obtained  previously. 
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489.  Thtt  name  u  givea  to  the  nutuben  foQoWing: 

Ist  order  1.1.    1.    1.      1.      1.     I.  1.       1.       !.••• 

9hd 1.2.   3.   4.     i9.     6.     7.  8.       9.     10.... 

Szd  ..••..  l.S.  6L10.   15.   SI.   S8.  Sa     45.     56.... 

4th 1.4.10.20.   85.   56.   84.  120.   165.   220.... 

5th 1.5.15.85.   70.126.210.  S30.   495.   715.... 

6th 1.6.21.56.126.252.462.  792.1287.2002.... 

7th 1. 7. 28. 84. 210. 462. 924. 1716. 8003.  kc 

The  law  whkh  these  numbers  folbw  is  this:  Each  Urm  U  Urn  mm  <^ 

tki  cm  OH  its  lefti  added  to  thai  which  is  immedkUdy  above  it ; 

S002a  1287  +  715.    From  this  generation,  compaftd  mth  that  of 

the  table  [page  ^\  we  shall  conclude  that  the  numbers  are  the  same, 

but  ranged  in   a  different  order.      A  line  of  the  former  table,  as 

1, 7, 21,  35*. •  is  in  the  present  one  an  hvpothenuse;  and  we  therefore 

han  7iss  \mC{^f  —  1)3  for  the  value  of  any  term  of  the  order  p, 

or  that  is  taken  in  the  p^  line,  and  on  the  m^  hypothenuse. 

Taking  two  coaseeutive  lines : 

^j9«~..lj    order  ••...••..  l.ii...*.....^.  r.  9,  t»  v..., 

p^ *.  l.A Q.Ka.T.F..., 

we  have  it  «  1  +  a,..., /I  *=  a  +  r,  iSr «  iJ  +  *,  T=rS  +  t... 

1*.  These  equations  being  all  added  together,  the  tvsult  is  T=  1  4-  a*** 
r  + 1  -}-  ^ ;  so  that  any  term  T  is  the  sum  of  all  the  terms  of  the  pre- 
ceding order,  up  to  the  one  t  whkh  is  in  the  same  veftical  colomn ;  or, 
in  other  words,  the  general  term  of  the  order  pie  the  term  qf  eumrnatiKm 
(f  the  order  p  —  1 . 

2*.  It  win  in  like  manner  be  seen  that  any  term  is  the  sum  of  the 
freceding  column  timiied  to  the  same  order.  Thia  results  also  from  the 
&ct  that  the  p^  column  is  farmed  qf  the  same  nuvU>ers  as  the  order  p  / 
for  these  terms,  taken  two  and  two,  are  those  which  recur  on  the  same 
hypothenuse,  as  being  equally  distant  from  the  extremes  [see  page  4, 1]. 

^.  On  any  hjrpothenuse,  the  terms  range  tj^emselves  one  place  ahead 
of  eadi  other  in  the  consecutive  lines.  Thiis,  for  T  and  v,  if  T  is  the 
a^  tann  of  the  order  p,  or  in  the  n^  column  and  the  p^  line,  v  is  the 
("  +  1  y^  term  of  the  order  p  —  1 ;  the  term  of  the  preceding  line  is 
the  (a  4-  2)**  of  the  order  p  —  2... ;  and  in  order  therefore  to  ascend 
to  the  2nd  order  1.2.  S... in,  we  must  to  the  rank  »  add  p  — 2,  the 
diftrenoe  of  the  two  orders ;  t.  e.  the  term  m,  the  N°  of  the  hypothe- 
mac,  will  ooeupy  the  rank  «-f-p  —  2,  or         w  =  n+p  —  2. 

Consequently  the  equation  T  ae  mC{p  —  1 )  reduces  itself  [page  4)  to 

r=  [(»  +  p  -  2)  C  (p  -.  1),  or  (n  -  1)]...  (10); 

o2 


90 
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whence^  developing  by  the  equation  (3)>  page  3^  and  taldng  the  factors 
of  the  numerators  in  inverse  order, 

-,  ^  »  »+  1  n+  2     M  +  |)  — 2^jj  />+l      /)  +  *  —  2 
12  3  p  —  ]  12  **—  ^. 

The  first  or  the  second  of  these  expressions  for  the  general  tenn  T  is 
used  in  preference,  accordingly  as  p  is  <  or  >  n.  This  also  serves  to 
prove  that  the  n'*  term  of  the  order  p  is  the  same  as  the  p**  term  of 
the  order  n. 

Assuming  p  =  5,  4,  5...,  we  have 

Srd order  l.S.   6. 10...r=s4«(ii  +  1)  =  («+  1)  C2; 

4th 1.4. 10.20...T  =  i»(»  +  1)  («  +  2)  s=(ft  +  2)C3; 

5th  ...•  l.5.l5,S5...T^T^n(ji+  1)(»  +  2)X«  4-3);&c. 

In  the  development  of  {x  +  a)~\  we  have  [N®.  482, 4".]  for  coefficients 

1,  -  A,  ik  ih  +  1),  -  iA  (h  +  1)  U  +  2),... 

If  now  h  be  integral,  these  factors  enter  into  the  equation  (10),  when 
p  is  replaced  in  it  by  A ;  so  that  the  successive  coefficients  of  the  power 
—  A  of  a  binomial  are  the  p*^  column,  or  the  p^^  line  of  our  table,  with 
alternate  signs  :         ±  r=  (/^  +  «  —  2)  C(A  —  1)  or  (»  —  1). 


1 

+  1 

+  1 

+    1 

+   1 

1 

T2 

3 

■f    4 

5 

1 

+  3 

6 

=flO 

15 

1 

+  4 

10 

+  20 

35 

•  •• 


•  •• 


For  example,    (x  -f  fl)""*  coeff. 

(X  +  fl)"^ 

(:r  +  a)-3  •...,.. 

(x  ±  a)^ 

To  obtain  the  iertn  of  summation  S  or  the  sum  of  the  first  n  terms 
of  the  order  p,  in  the  table  of  N".  489,  it  will  be  sufficient  (!•.)  to 
investigate  the  n**  term  of  the  order  p  +  1 ;  i.  e.  in  f  10)  to  change  p 
into  p  +  1 . 

Comparing  the  terms  7,  /  and  S,  we  have 

T=rOTC(p-l),  <  =  (w~l)C(p-2),  S  =  (w-l)C(p-.l); 

whence,  developing  and  reducing  [equation  3,  N'.  476],  we  find 

_,_«  +  p-2 


w-  I 


X«  =  l±iL-^X^..  (11). 
p  —  1  / 


These  formulie  serve  for  deducing  one  from  the  other  and  step  by 

step  the  terms  which  compose  either  the  p'*  line  or  the  n'*  column. 

ti  "V*  4 

Thus  p  =  6  gives  T  = .  S;   and  making  n  =  2,  S,  4...,    we 

w  —  I 

find  T>  •&•»  4*  ■?•••  for  the  multipliers  of  each  term  S  of  the  6*  order, 

giving  by  their  product  the  following  term  T.     For  »  =  7,  T  = 1, 

p—  I 

/  gives  i,  1, 1...  as  the  factors  which  lead  from  a  term  /  of  the  7^  column 
to  the  next  term  T. 
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Thia  equation  (11),  when  p  it  changed  into  p+l,  T  into  £>  and 

i  into  r,  becomes  2  =  ^- X  T,  an  equation  which  expresses  the 

sum  £  of  the  series  of  the  order  p  continued  to  the  n'^  term  T*  Thus> 
for  the  7'*  order,  2  =  }-  (n  +  6).  T;  and  the  7**  series,  terminated  at 
the  9*^  term  S003,  has  for  its  sum  ^  X  15  X  3003  s  6435. 


490.  We  have  taken  for  the  origin  of  oiu*  table  the  series  1 . 1 . 1 . 1 . . . ; 
if  we  take  1.).}.$...,  and  follow  the  same  course  of  generation,  the 
'2nd  order  wiU  be  the  equidifierence  1.1  +  ^-1  +  2^.  1  +  3)...,  and  so 
OQ  for  the  following  orders,  as  we  see  in  this  table,  of  which  the  pre* 
ceding  one  is  but  a  particular  case : 

1st  order  I.  }.  $•  ^»    i  ^•••« 

2nd 1. 1  +  ^    1  +  25.    1  +    3J  .    1  +    43... 

Srd 1.2  +  5.    3  +  35.    4+    65.   5+105... 

4th 1.3  +  5.    6  +  45.  10  +  105  .  15  +  205... 

5th 1. 4  +  5.  10  +  55.  20  +  155  .  35  +  355... 

6th 1. 5  +  5.  15  +  65.  35  +  2l5  .  70  +  565.-  . 

It  is  evident  that  the  terms  have  all  the  form  T  =  >4  +  ^;  and  on 
comparing  the  numbers  with  those  of  the  first  table,  it  wDl  be  found 
that  A  is  the  term  of  the  same  rank  n  in  the  preceding  order  p  ^  U 
whilst  the  factor  B  is  the  term  of  the  same  order  p  in  the.  preceding 
lank  H  -^  \i  thus, 

r  =r  ««*  term  of  the  order  (p—  1)  +  [(«—  l)'*termof  the  order  p]5 
«C(«+p-3)C(»-2)or(p-l)3.(e^  +  ^) 


•••"-^•(Bi+O.- 


which  is  the  general  term  of  this  latter  table.  TJ^e  term  of  sumnuUion 
Z  of  the  order  p  is  the  general  term  tf  the  order  p  +  1,  as  before^ 
Thusiy  p  =  S  gives,  for  the  third  order, 

2'=s»+4«5(7i-.l),2=:iw(;i+  1)[1  +4>(«-l)]. 

In  the  first  of  the  subjoined  examples  we  make  5  =  2,  and  the  squares 
1.4.9. 16.. •  are  derived  from  the  odd  progression  1. 3. 5.7...;  in  the 
second  series  5  =  3,  &c. 


]•    jS*  />•       X.       ^... 

j1.  3.  O.      i«     ^7... 

1.4.9. 16.25... 


2snt 


T—n* 
«  +  1  2«  +  1 


2 


3 


1.  o%     «5.     v5.     S/..* 

1.  4.    7.  10.  13... 
1.  5.  12.  22.  35... 

rw.  3n—  1 

«+ 1 


2asn«. 


1.    7.         V.        V.«» 

1.  6. 15. 128... 


% 
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491.  If  the  Bidd  d  [Jig.  1]  of  the  triangte  Abi  be  eat  into  n  ->  1 
equal  parts^  in  the  points  h,  d,  f...)  and  be,  de,  fg»»>  be  drawn  {ngrallel 
to  the  base  Im,  these  lines  will  increase  in  length  in  the  same  proportion 
as  the  numben  1 . 2.  S.4.*.  If  now  one  point  be  placed  in  a,  %qcl  the 
line  he  (one  in  b  and  e  eaGh)>  3  on  de,  4  on  ./2r.*«>  the  sum  of  diese 
points,  commencing  from  a,  is  sucoesaively  1«  3. 6. 10... ;  and  the  triangU 
aim  will  contain  as  many  of  these  points  as  is  marked  by  the  tif^  of  these 
numbers  (^  the  3*^  order,  which  have,  for  this  reason^  been  atyled 
triangular*  When  the  triangle  is  equilateral,  these  points  are 
equidistant. 

In  like  manner,  in  a  polygon  of  m  sides,  draw  diagonals  from  one  of 
the  angles  a,  and  divide  these  lines  and  the  sides  of  the  angle  a  into 
ff  —  1  equal  parts:  the  corresponding  points  being  then  joined  by 
straight  lines,  n  —  1  polygons  will  be  formed  having  the  angle^  a  com- 
mon, and  m  —  2  sides  parallel ;  and  the  perime^rs  of  these  sides  will 
increase  in  the  same  proportion  as  1.2.  9. 4.*i  Now  place  a  point  at 
each  angle,  one  in  the  middle  of  the  pandlel  sides  of  the  2nd  polygon, 
2  on  each  of  the  sides  of  the  Srd,  &c. ;  these  sides  then  will  each  con- 
tain 1,2, 3..,  points  more,  and  the  m  •*-  2  parallel  sides  of  any  polygon 
will  on  the  whole  contain  m  -^  2  points  more  than  in  the  inreoeding 
polygon.  Make  I  therefore  equal  to  m  -^  2,  and  the  area  of  onr  polygon 
will  contain  the  number  of  paints  (equidistant,  if  the  figure  is  regular) 
expressed  by  the  n^  term  of  the  series  of  the  3rd  order,  derived  from 
\,1.l* ^••«  It  is  on  this  account  that  the  names  of  Square,  Pentagonal, 
HexagoTuU,:  have  been  assigned  to  the  numbers  of  these  series,  of 
which  we  have  given  the  general  terms  and  those  of  summation  for 
)  vs  2, 3, 4,  or  m  =  4, 5, 6 ;  and  generally,  the  numbers  of  the  3rd  order 
are  aU  called  pdygpnal,  because  they  may  be  contained,  equidistantly 
from  each  other,  in  a  polygonal  figure. 

Reasoning  in  the  same  manner  for  a  trihedral  angle,  we  shall  see 
that  the  series  1. 4. 10.20...  represents  the  number  of  points  that  can 
be  placed  on  parallel  planes,  whence  these  numbers  have  received  the 
name  of  PyraandaL  The  polyhedral  numbers  constitute  the  series 
of  the  4th  order,  of  which  the  general  terms  and  those  of  summa- 
tion are  determined  by  making  p  s  4  and  5.  Analogy  has  led  us  to 
generalize  these  ideas,  and  the  appellation  ofjigurale  numbers  has  been 
given  to  aU  those  which  come  under  the  law  of  N*.  489,  and  are  com- 
prised in  the  preceding  table,  though  in  fact  these  numbers  cannot  all 
be  really  represented  by  the  figures  of  Geometry,  beyond  the  4th  order. 
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0'»* 

6a  +  A&  +  he.,, 
ca  •\'  d>  •\'  CO:* 

fl  +    6  +   c 

ON  THE  PERMUTATIONS  AND  COMBINATIONS,  WHEN  THE 
LETTERS  ARE  NOT  ALL  DISSIMILAR. 

492.  Fonn  the  product  of  the  polynomial 
a  +  fr  +  ^-'->  taken  several  times  as  a  factor^ 
obKrring,  in  each  tenn^  to  write  the  letter 
which  is  the  multiplier  in  the  1st  rank^  and  to 
leave  each  letter  of  the  multiplicand  in  its 
place. 

C«  ma  +  aab  +  aoc.**  +  aba  +  abh  4*  abe*..  +  aca  +  tf<^  +  aoc... 
ham  +  hob  -f-  Aoc...  +  hba  +  666  -f  66e..*  «f  6ca  +  6c6  +  hec... 
eaa  4"  cab  +  cac*..  +  c6«  +  c66  +  c6c...  +  cca  +  cc6  +  ccc... 

The  product  B  is  formed  of  the  permutations  2  and  2  of  the  letters 
a,  b,c... ;  C»  of  the  permutations  3  and  3^  ^c.^  admitting  that  any  letter 
may  enter  1,  2^  $>*•  times  into  each  term;  and  so  on  for  the  others. 
For,  that  two  arrangements  3  and  3  in  which  a  is  the  initial  letter  may 
be  repeated  twice,  or  that  one  of  them  may  be  omitted  in  C,  the  system 
of  the  two  letters  on  the  right  of  a,  must  be  an  arrangement  of  2  letters 
itself  so  repeated  or  omitted  in  B, 

The  product  B  has  m  lines  and  m  terms  in  each  line,  m  being  the 
namber  of  letters  a,  h,  c, ;  so  that  there  are  m^  arrangements  2  and  2. 
The  product  C  has  also  m  lines,  each  consisting  of  tn^  terms,  which 
makes  m*  arrangements  S  and  3... ;  and,  lastly,  n^  U  the  numher  of 
permutatums  n  and  nofm  letters,  when  each  tetter  may  enter  I,  2,  3... 
s  times  in  the  results;  n  may  also  be  >  m.  For  instance,  9  digits,  taken 
4  and  4,  give  9*,  or  6561  different  numbers. 

The  sum  of  the  anrangements  of  m  letters,  taken  1  and  I,  2  and  2, 

nt"—- 1 

3  and  3..«  n  and  »,  ia  «  +  m*  +  •!'...  +  m^  ae  m. -.   With  A 

wi  —  1 

figures,  taken  singly,  or  2,  or  3  together,  4  (5'  —  1)  or  155  different 

numbers  may  be  written. 

Suppose  there  are  n  dice  A,  B,  C...,  each  having^ faces  marked  with 

the  letters  a,  6,  r... ;  a  throw  of  these  dice  will  produce  a  system  such 

as  a6tfcc.*.     If  now  we  take  the  first  die  A,  and  turn  up  its  different 

faces  successively,  without  making  any  change  in  the  rest,  the  above 

system  will  producey*;  so  that  our  n  dice  givey*  times  more  results  than 

the  (ii  —  1)  other  dice  B,  C...     Two  dice  therefore  give^*  throws,  3 

give/^,  4  givey*...,  and  n  dice  with f faces  produce f*-  different  throws. 

We  here  consider  identical  results,  as  different^  when  they  are  given  by 
diSsraitdicef 
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If  the  1st  die  has/ faces,  the  2nd/',  the  3rd/"...,  the  number  of 
throws  is/ X/'X/', 


... 


493.  Suppose  there  are  m  vacant  places  A,  B,  C...,  which  are  to  be 
occupied  by  m  letters,  viz.  a  places  by  a,  0  places  by  b,  &c. :  let  us  see 
in  how  many  different  ways  this  distribution  can  be  effected.  It  is 
manifest  that  to  place  the  «  letters  a,  notliing  more  is  requisite  than  to 
take  «  of  the  letters  A,  B,  C.«.,  and  put  them  equal  to  a  ;  and  this  can 
be  done  in  as  many  different  ways  as  it  is  possible  to  equate  a  of  the 
letters  A,  By  C...  to  a;  [mCa]  therefore  marks  in  how  many  ways  m 
places  can  be  occupied,  among  m  which  are  vacant. 

There  remain,  in  each  term,  m  —  a  vacant  places,  of  which  0  may  be 
iiUed  by  the  letter  6,  in  as  many  ways  as  (m  —  «)  CS  denotes ;  and  the 
product  mCa  X  (m  —  a)  C0  indicates  in  how  many  ways  »  letters  a 
and  /S  letters  b  can  be  distributed,  in  7n  vacant  places. 

In  the  ni  —  a  ^  0  places  which  remain  unoccupied,  y  letters  c  must 
be  placed,  and  each  term  wiU  produce  a  number  (w  —  «  —  |9)  Cy...  ; 
and  so  on,  till  there  are  no  longer  any  places  vacant,  which  wiU  be  the 
case  when  we  have  OCd  =  1 .  Consequently,  if  we  wish  to  distribvte 
Ike  m  factors  a^^b^cy,..  in  all  the  different  ways  possible,  or  to  form  all 
the  arrangements  that  the  factors  will  admit  of,  the  results  will  be  equal 
in  number  to  n,  formula  (9)  p.  12,  which  is  the  coefficient  of  the  general 
term  of  a  polynomial. 

For  example,  the  10  factors  a^b'^c'^d  form  permutations  the  number 

of  which  is  iV=  ,,      '         '\!      ^  =  12600.     The  7  letters  of  the 

^.  y.  4  X  2.  3  X  2 

word  Etienne  may  be  arranged  in  420  diderent  ways. 

This  coefficient  N  expresses  also  hoiv  many  throws  there  are  which, 

with  m  dice  having  each  f  faces,  can  produce  a  given  results    For  if 

these  dice  have  on  their  faces  the/ letters  a,  b,  c...,  and  it  be  pijroposed 

that  «  of  the  dice  should  present  the  face  a,  this  will  be  the  same  as 

though  a  letters  a  ought  to  take  their  place  in  ranks  the  number  of 

which  is  m ;  which  gives  mC»  throws  for  turning  up  the  a  letters  a. 

That  p  of  our  ?n  —  «  other  dice  may  now  present  the  face  b,  /3  places 

must  in  like  manner  be  filled  up  among  the  m^  at  vacant  ones ;  whence 

each  of  our  preceding  results  will  produce  [m^  »)  C0;  and  so  on* 
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6  + 

c  + 
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PERMUTATIONS   AND   COMBINATIONS  M 

494'*  Let  us  next  investigate  the  number 
of  comlwuUums  of  the  letters  a*  b,  c-«,  aU 
laming  that  ecuih  factor  may  appear  several 
limes  in  the  different  terms  (as  in  N*.  492» 
except  tbat  the  order  of  the  factors  is  here 

indifferent.)   Multiply  the  polynomial  a  +    ^^^  ^  ^^^  ^  ^^^  ^  ^^^^ 
b  +  c...  several  times  by  itself,  taking  as  •\-  abb  f  bcc  +  cdd... 

&ctor8  of  any  term  a,  b,  c*«.  those  terms  +  aab  +  ace  -f  M!e/..» 

only  of  the  multiplicand  which  are  in  the  •"  ^y^  "I"  ^dd,»» 

same  column  with  it,  or  on  its  left.     It  is  T  ^Jl  "j   ^f  *" 

evident  then  that  we  shall  have  for  our 
Hicoessive  results  the  required  combinations  2  and  2,  3  and  d..« 

As  to  the  number  of  the  combinations,  each  column  of  a  product  con* 
tains  as  many  terms  as  there  are  in  the  column  immediately  above,  phis 
as  many  as  there  are  in  the  columns  on  the  left.  If,  therefore,  J ,  a,  jS,  y.  • . 
be  the  numbers  of  terms  in  the  columns  of  a  product,  those  of  the  fol- 
lowing product  are  1,  1  +  ofc,  l  +  a  +  /3,  l  +  «-H9+  y...,  a  series  which 
is  dedudble  from  1. «.  /3...  according  to  the  law  of  the  figurate  numbers 
[N*.  4893*  Hence,  for  the  combinations  2  and  2,  the  successive 
columns  contain  1.  2.  S.  4...  terms ;  for  those  S  and  3,  the  numbers  are 
1.  3.  6.  10..« ;  and  for  the  combinations  p  and  p,  we  have  the  series  of 
the  p'^  order.  The  total  number  of  the  combinations,  or  that  of  the 
terms  of  a  product,  is  the  sum  of  the  series,  extended  to  2,  3,  4... 
columns,  accordingly  as  1,  2,  3...  letters  are  to  be  combined;  for  n 
letters,  the  n  first  terms  of  the  order  p  must  be  added  together,  i.  e.  the 
rf^  term  of  the  order  p+  I  must  be  taken.  Thus,  ike  whole  number 
ff  combinalions  of  n  letters  taken  p  and  p,  alUming  tliat  each  letter  may 
appear  1,  2,  3...  times,  is  the  «*'  term  of  the  order  p  +  I.  We  must 
therefore  change  p  into  p  +  1  in  the  equ.  (10)  p,  19.,  and  we  shall 
have  r  =  [(«  +  p  —  1)  Cp  or  (n  -  1)]...  (12) 

«+-l«  +  2     n  +  p—l       .  P4.2      «+«--I 

uhere  it  may  be  >,  =  or  <p.  For  example,  10  letters  4  and  4  give 
715  results;  4  letters  10  and  10  give  286.  It  also  appears  that  n 
letters,  taken  p  and  p,  and  p  +  1  letters,  taken  «  —  1  and  «  —  1,  give 
the  same  number  of  combinations,  since  n  may  be  replaced  by  p  +  1 
andp  by  n  — •  1,  without  any  alteration  in  respect  to  T> 

The  development  of  (a  +  6  +  c...  )  p  is  composed  QN*.  483]  of  as 
many  terms  of  the  form  Na^hficr.,,  as  it  is  possible  to  assume  difiereilt 
numbers  for  the  exponents  «,  /3,  y...,  their  sum  only  being  always  =  p. 
The, whole  number  of  the  terms  is  therefore  equal  to  that  of  the  com« 
Unations  p  and  Vt  that  can  be  formed  with  the  n  letters  a*biC,*B. 
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usigniag  to  them  as  values  all  the  exponents  6om  aero  to  p.  It  ia 
evident  that  T  is  the  number  of  terms  of  the  power  p  ^  ike  pofynamial 
(a  +  b  +  c. ). 

If  the  sum  of  the  combinations  of  n  letters  taken  I  and  1^  8  and  2^. .. 
p  and  p  be  required^  we  must  add  the  n^  number  of  the  successive  ocdert 
1 . 2. 3...  p  +  1  in  the  teUe  of  N*«  489>  or  the  n^  column,  which  we  know 
to  have  for  its  sum  the  (n  4-  1)'^  number  of  the  same  order  p  +  1. 
Changing,  therefore,  n  into  n  +  1  in  the  equ.  (12),  we  diall  have,  for 
the  sum  required,  S  =«  Q(»  +  p)  Cp,  or  «]  —  1. 

This  subtractive  unit  corresponds  to  the  combinations  0  and  0,  which 
must  here  be  omitted.  For  example,  5  letters  combined  from  1  and  I,  to 
4  and  4,  or  4  letters  from  1  and  1  to  5  and  5,  give  this  number  of  reaulta 

To  obtain  the  combinations  from  p  and  p\jop'  and  p\  the  formula  must 
be  applied  twice  (to  the  numbers  p  and  p'  successively)  and  the  results 
substracted :  5  letters  taken  from  4  and  4  to  6  and  6  form  461  ^  125, 
or  ^9^  combinations. 

493.  Let  it  be  proposed  to  find  aU  the  combinaiiofis  of  the  letters  of 
the  monomial  a^bPcy...,  taken  1  and  1 ,  2 and  2,  S  and S,  up  to  the  dimen^ 
sion  «  +  0  +  y***  The  letter  a  may  be  affected  with  the  exponents 
1, 2, 3.«.  «;  6  in  like  manner  with  1, 2,  3...  jS,  &c. ;  and  the  question 
evidently  reduces  itself  to  the  finding  all  the  divisors  of  a^Vcf„.j  which 
are  the  terms  of  the  product  [note  p.  26.  1st  vol.]| 

(1  +  a  -f  ««...a«)  (1  +  6  +  6«...  V)  (I  +  c...  c^)... 

The  number  of  terms,  or  that  of  the  oombinations  required  is  (1  +  *) 
(1  +  /5)  (I  +  y)...  Thus,  fl-^AVrf*  has  360  divisors  (6.5.4.3),  includ- 
ing  unity ;  and  there  are  therefore  359  ways  of  combining  the  factor* 
1  and  1,  2  and  2,  3  and  3,  &c. 

And  if,  among  these  divisors^  those  only  be  required  rvhich  contain  a, 
since  the  others  must  divide  b^cf...,  and  these  are  in  number  (1  +  0) 
(I  +  7)**<«  subtracting  them,  there  remains  « (1  +  0)  (1  4-  y)***  for 
the  number  of  divisors  which  admit  a ;  as  though,  to  the  several  com- 
binations without  a,  we  had  annexed  the  factors  a,m%t^.,» 

To  determine  how  many,  among  the  divisors  of  a«6^c^...,  there  are 
which  contain  a*"  b\  we  shall  take  all  those  of  crd^  •••,  the  number  of 
which  is  (1  +  7)  (I  +  })...,  and  annex  a* 6"  to  each  of  them;  and  the 
number  of  the  results  will  be  that  of  the  divisors  in  question. 


6RANCta. 


CHANCES. 


466.  In  spMuhting  on  aa  evtnt  of  dumce,  the  skill  and  prudtnoa 
eoDsiii  in  aacertaining  the  greatest  number  of  favonUe  chances ;  the 
ef«nt  beoomea  prabMe  in  proportion  to  the  value  and  the  number  of 
these  chances.  Events  are  equally  pouihle,  when  there  are  equal 
leasona  £br  expectisg  that  each  wUl  happen,  so  that  we  should  feel  alike 
undfddrd  in  our  suppoaitions  as  to  which  really  will  happen,  and 
piayeist  who  divided  these  chances  evenly  among  themselves,  should 
sach  have  equal  grounds  of  hope,  and  the  same  rig|ht  to  look  for  success* 
We  judge  of  the  degree  of  probabiliiy  of  an  event,  by  comparing  the 
number  of  chances  which  produce  it  with  the  total  number  of  all  the 
chances  equally  possible. 

The  degree  of  probability  is  meaiured  by  a  Jraction,  the  deMomnalor 
of  which  U  the  number  of  all  the  evenU  equalbf  poenble,  and  the  ifttwe- 
ralor  the  number  of  chances  that  are  favorable*  Suppose  J  wish  to 
throw  5  and  2  with  two  dice,  the  faces  of  which  are  marked  1,  2^  8,  4, 
5, 6 :  there  are  but  two  eases,  among  the  36  equally  posuble,  in  which 
5  and  S  can  be  turned*  up ;  and  the  probability  therefbre  is  -xV  or  -rV- 
If  I  propose  to  throw  7  for  the  sum  of  the  points,  I  reckon  three  double 
chaniys,  that  are  favorable,  5  and  2,  6  and  1,  4  and  S ;  and  I  therefore 
have  A^  or  ^  for  the  probability.    The  odds  are  1  to  5  that  I  shall 


We  must  therefore  ascertain  the  number  of  all  the  ehanees  equally 
p^ssibkf  then  cf  those  that  ar^favorable,  and  form  a  fraction  with  these 
nmmbers.  When  the  probability  is  >^,  there  is  HkeUhood;  ineertUude, 
a  this  ftaction  is  4^  u  e.  we  may  bet  indifferenHy  for  or  against  the 
event.  The  chances  for  and  i^ainst  an  event  being  united  together,  the 
lesolt  mast  always  be  unity. 

We  shftll  now  give  some  applications  of  these  principles : 

Of  S2  cards,  12  are  court-cards,  and  20  plain ;  one  card  only  being 
dmwB,  the  probability  of  its  being  a  court-card  is  .^4-  ^  4«  The  odds 
theielore  are  S  to  5  on  drawing  a  court-card,  and  5  to  9  on  drawing  a 
phdn  one. 

Among  m  cards,  there  are  p  of  a  specified  sort ;  what  is  the  probability 
of  drawing  m'  that  shall  be  all  of  that  sort  ?  The  number  of  possible 
is  mCtn^ ;  that  of  the  favorable  cases  is  pCm' ;  and  the  probability 


^Cm' 
moired  is  •  ^",*     In  a  pack  of  52  cards,  for  instance,  there  are  13 

kaarts;  three  cards  bdng  drawn  indiscriminately,  the  ^NrobabUity  that 
sO  three  aie  hcnrta  is  1SC3  :  52C3,  or  tH8<  « tV nearly. 
Among  us  €$sih  ^Imko  am  a  hearts  tmd  ^  spades;  Ind  W  +  m''  oards 
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are  drawn ;  what  is  the  probability  that  ni  of  them  are  hearts  and  «t" 
spades  ?  mC  \m  +  ni')  is  the  number  of  all  the  chances  possible.  The 
a  hearts^  combined  in  and  irt^  form  aCni  systems ;  the  cl  spades^  dCm" ; 
coupling  these  chances  together  []N^  4*78^^  the  number  of  favorable 
chances  is  [aCm'],[_a'Cm''29  aud  this  is  the  numerator  required.  It 
would  be  \jaC7n'^,[a'Cm''2'\j^Cm!''2i  if  there  were  also  a"  diamonds  of 
which  tn"  were  to  be  drawn^  &c, 

m 

The  wheel  of  a  lottery  contains  m  numbers  of  which  p  are  drawn  ;  a 
player  having  taken  m'  of  these  numbers,  what  is  the  probability  that 
precisely  ff  of  them  wUl  be  drawn  ?  The  total  number  of  chances  is 
mCp,  the  denominator  required ;  and  the  number  of  favorable  chances 
has  been  found  [N*.  478]^  where  it  appears  that  the  numerator  is 

X  =  [(m  -  7/0  C  (/)  -  p'yMmCp'^. 

In  the  French  lottery,  m  =  90,  jp  =  5,  and  the  denominator  is 
9()C5  =  43949268.  Supposing  that  a  player  have  taken  20  numbers, 
or  w'  =  20,  if  he  wish  that  there  should  turn  up  precisely 

1  ssp',  the  numerator  is  20  Q70C4]],  the  probability...  0.4172 
2=y   • 20.V- I170CS],  0.2367 

3  =  p'   20.JT,a.V  [70C2],  0.0626 

4  =  p'   70  [20C4]   0.0077 

5=jp''   C20C5]   0.0003 

If  it  be  proposed  only  that  one  at  least  of  the  numbers  should  be 
drawn,  «.  e.  that  1 ,  2,  3,  4  or  5  should  turn  up,  we  must  take  the  sum 
0.7245.  For  the  condition  that  two  at  least  be  drawn,  add  the  above 
results,  except  the  first ;  and  you  have  the  probability  0.3073>  &c.  If 
you  wish  that  no  one  of  the  numbers  should  be  drawn,  make  p'  s=  O,  or 
take  the  complement  of  0.7245  to  1 ;  and  you  will  have  0.2755  for  the 
probability. 

These  problems  may  be  expressed  thus :  among  m  cards,  there  are  ni 
of  a  specified  sort ;  p  cards  are  drawn,  and  it  is  proposed  that  there 
should  be,  either  precisely,  or  at  least,  p'  of  them  taken  from  among 
those  specified :  to  find  the  probability.  For  example,  a  piquet-player 
having  received  12  cards,  concludes  from  his  hand  that,  among  the  20 
other  cards,  there  are  7  hearts ;  what  is  the  probability  that,  if  he  take 
5  cards  more,  there  will  be  precisely  3  hearts  among  them  ?     We  have 

OA     '     T           n     '      a      X.               u  [13C2].[7C3]     2730 
m  =  20, 7»'= 7,  p  =  5,  /}  =  3 ;  whence  results ^^ J=:__., 

about  TT*  Reasoning  as  before,  we  shall  have  for  the  probability  that 
there  wiU  be  at  the  least  3  hearts,  f  i-S4,  or  about  ^7* 

A  purse  contains  12  counters,  of  which  4  are  white ;  7  being  drawn^ 
what  is  the  probability  that  there  will  be  precisely  3  white  ones  among 
tbem?  m^l2»nf¥Si4i,  pss7,  p'tsS;  whence  we  deduce  fff,  very 
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netdf  -^    The  probobility  cf  drawing  at  leasfc  3  white  counters  among 


497*  Two  events  A,  A'  are  such  that  p,  p'  causes  are  favorahle  to 
their  taking  pkce,  whilst  q,  q'  causes  militate  against  them ;  it  is  pce« 
mmed  that  the  events  can  happen  together  or  separately,  and  that  they 
are  independent  of  each  other :  required  what  are  the  prohahilities  in 
all  the  different  cases.  Imagine  two  dice^  one  of  them  with  p  +  9  faces, 
p  of  them  white,  and  q  hlack ;  the  other  with  p'  'h  <f  faces,  p'  red,  and 
^  hlue :  it  is  evident  that  a  throw  of  each  of  these  dice  separately  will 
lead  to  results  corresponding  to  our  two  events.  The  event  A  will  he 
reaHaed,  if  we  turn  up  one  of  the  p  white  faces,  and  will  fail,  if  we 
torn  up  one  of  the  q  hlack  faces,  &c.  The  total  number  of  chances  is 
[p.  24^2  (p  +  7)  (p'+  <f)y  the  common  denominator  of  all  our  pro* 
liabilities. 

If  we  wish  for  a  Uack  and  a  red  face  to  come  together,  the  q  hlack 
and  the  p^  red  faces  give  qp'  combinations ;  and  these  being  the  favor« 
able  cases,  the  probability  is 

(P  +  9)  (P'  +  «')       P  +  «      /'+  «' ' 

which  is  that  of  A^'b  happening  without  A*  Similar  reasoning  will 
apply  to  the  other  cases. 

It  will  be  observed  that  we  have  here  the  product  of  the  probabilities 
relative  to  each  of  the  events  desired ;  and,  consequently,  if  the  events 
be  tndepefidaU  of  each  others  the  probability  that  they  mil  happen 
together  is  the  product  of  all  the  probabilities  relative  to  each  separately. 
This  theorem  of  compound  probabilities  is  here  demonstrated  only  for 
two  events ;  but  if  there  had  been  a  third  A",  or  a  third  die  with  p"  +  tf 
faces,  the  same  reasoning  would  have  applied,  and  established  the  validity 
of  our  consequences. 

With  two  dice  with  6  faces,  it  is  wished  at  one  throw  to  turn  up 
4  and  ace  ;  what  is  the  probability  of  success  ?  Considering  only  one 
die,  there  are  6  chances,  two  of  which  (4*  or  ace)  being  favorable,  the 
simple  probability  is  ^  or  4.  But,  this  first  chance  being  gained,  it 
remains  for  the  second  die  to  give  the  other  point  (ace  or  4),  another 
simple  probability  the  value  of  which  is  ^ ;  whence  the  probability  re- 
quired is  4  X  7  =  tV  ;  the  same  as  though  we  had  compared  the  two 
favorable  cases  with  the  S6  possible  chances. 

A  pack  of  32  cards  is  divided,  according  to  suits,  into  4  heaps,  8 
besrts,  8  diamonds,  8cc, :  required  how  we  may  venture  to  bet  on  draw- 
ing  one  of  the  3  court-cards  of  the  hearts.  Since  we  are  not  aware 
which  of  the  heaps  contains  the  hearts,  -\  is  the  simple  probabUlly  that 
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w«  iluiU  fix  upon  the  right  one;  and  this  done,  we  hate  ako.  Out  of  8 
cards,  to  draw  one  of  the  three  court-cards,  another  simple  probihility  4 ; 
that  required  therefore  is  compounded  of  these  two,  and  is  tV* 

When  the  prohahilities  are  compounded,  they  become  weakened,  dfice 
thej  result  from  the  product  of  several  quantities  <  1.  Buppote  that  m 
man,  of  whose  Tonicity  I  am  able  to  judge,  bean  eTidenee  to  me  of  a  ftct 
whioh  be  represents  himself  to  have  seen,  and  that  I  value  at  iV  tihe  pro- 
bability  that  he  has  no  wish  to  deceive  me,  and  has  not  himself  been  led 
into  error  by  his  senses.  If  now,  instead  of  having  himsdf  seen  it,  he  hae 
only  received  the  fact  from  a  witness  equally  tmstworthyi  the  probabOtty 
will  be  no  more  than  A  X  1^  or  iVv,  very  nearly  f.   And  if  Aeiv  were 

20  such  intermediate  witnesses,  we  should  have  no  more  than  fr-  1    , 

or  scarcely  i ;  and  the  odds  would  be  7  to  1  that  the  fact  transmitted  is 
false,  though  all  the  intermediate  persons  were  equally  deserving  of  credit* 
This  diminution  in  the  probability  may  be  compared  with  the  gradually 
lessened  brightnen  of  objects,  as  seen  through  the  interposition  of 
several  pieces  of  glass. 

>  > 

498.  When  the  simple  probabilities  are  equal  to  each  other,  the 

result,  or  product,  is  a  power  of  that  quantity.     Suppose  that  an  event 

A  is  bro^ht  about  by  p  causes,  whilst  q  are  against  it ;  what  ia  the  pro* 

bability  of  A  coming  to  pass  k  times  in  n  trials  ?     It  is  evident  that,  at 

each  trial,  the  simple  probability  is  — - —  in  favour  of  A,  — 2 — 

against  it ;  and  if  the  event  is  to  be  realised  k  times,  we  have  the  power 
k  of  the  1st  fraction,  and,  that  it  may  fail  the  Other  n  -^  k  trials,  wo 
have  the  power  n  -^  k  iff  the  2nd.  Hence,  multiplying  these  two 
powers,  there  results  for  the  compound  probability 

(P  +  9)" 

which  expresses  the  probability  that,  in  n  trials,  A  will  happen  pre* 
cisely  k  times,  the  order  of  succession  of  the  events  being  fix^  4  fnioru 
But  if  this  order  is  arbitrary,  z  must  be  repeated  as  often  as  we  can 
combine  these  results,  viz.  the  k  times  that  the  event  A  happens,  with 
the  It  —  ^  in  which  it  does  not,  which  gives  the  factor  nCk ;  and  con- 
sequently z  X  {nCk'\  is  the  probability  that  A  will  hi^)pen  k  times  ia 
n  trials,  without  particularising  those  in  which  it  is  so  to  take  place. 

And  if  the  proposal  be  that  A  should  happen  at  least  k  times,  we 
must  here  change  k  into  k^k  ■{■  1 ...  up  to  n,  and  take  the  sum  of  tha 
results. 

Hence  the  denominator  of  the  probability  required  is  (p  -f  qY :  the 
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mkmenlor  is  obtabied  by  developiiig  this  luoooualj  ond  itoppng  at  the 
term  into  which  p^  enters,  which  we  must  take  without  or  with  its 
fioeffident,  aooordingly  as  regard  is  or  is  not  to  be  paid  to  the  Ar  ranks  in 
which  J  IB  to  be  realised  in  n  trials*  And  if  we  wish  that  A  should 
liappen  at  least  k,  but  at  the  most  1^  times,  in  the  n  trials,  we  must 
add  all  the  terms  in  which  p  has  the  exponents  k,k-^  l,i»«  J/. 

For  example,  let  rtUe  with  6  faces  have  2  fayoraUe  to  a  plajer ;  and 
mppose  tha^  in  order  tp  win>  he  must  in  4^  throws  turn  up  one  or  other 
of  these  S  times  (or  that,  in  a  single  throw  of  4b  dice,  3  faoes  must  be 
bfOiaUB):  rehired  the  probability  of  success.  WehavepuS,  9 '■4, 
sod  (p  +  qY  BK  6«  »  1S96  mt 

JD*  as     16  throws  which  give  one  of  the  favorable  faces  4  times 

4p'g    s  128 3 

6pY  «  384 2 

%s  »  512 1 

^  =  256 0 

Sum  s  1296  sr  (p  +  qy,  the  denominator  of  the  probabilities. 

Thus,  the  probability  of  one  of  the  favorable  cases  occurring  preeueUf 
S  times  is  iVA-  ^  tV  ;  which  must  be  divided  by  the  coefficient  4,  if 
the  Older  in  which  they  are  to  happen  is  fixed,  and  we  shall  have  Vt* 
Lastly,  adding  the  two  Ist  terms,  we  have  tWt  or  4^  for  the  proba^ 
bility  that  the  favorable  faces  will  present  themselves  at  least  3  times. 

What  are  the  chances  of  two  players  M  and  N  of  equal  skill ;  sup- 
posmg  that  M  wants  6  points  and  N  4  towards  winning  the  game  ? 
The  sum  of  these  points  being  10,  we  shaU  form  the  9th  power  of 
p  4*  9 ;  reserve  for  M  the  4  first  terms  (in  which  the  exponent  of  p  is 
St  least  6),  take  the  other  6  terms  for  N^  and  finally  make  p  ss  g  s=  1 . 
We  find  130  on  the  one  hand,  382  on  the  other,  the  sum  of  which  is  512  ; 
and  the  chance  of  M,  or  the  probability  that  he  will  win,  is  -141,  that 
of  ^  is  444.  Supposing  the  game  to  be  broken  up  without  any  farther 
trial,  the  stake  ought  to  be  divided  between  M  and  N  in  the  proportion 
of  130  to  382,  very  nearly  as  1  to  3 ;  and  these  also  are  the  rates  at 
which  they  should  sell  their  pretensions  to  the  stake,  if  they  agreed  to 
gire  up  their  claims.  When  the  skill  of  the  players  is  not  equal,  but, 
for  instance,  as  3  to  2^  t.  e.  when  M  ordinarily  gains  from  N  3  games 
out  of  5,  or  M  gives  to  ^  1  point  in  3,  to  put  them  on  a  par,  the  cal- 
culation is  the  same,  only  assuming  p  =  3  and  9  =  2.  In  this  case  we 
find  that  the  chance  of  M  is  to  that  of  N  about :  :  14  :  15. 

499.  It  frequently  happens  that  the  causes  lie  so  concealed.  Or  ibqI- 
tiply  themselves  in  so  uncertain  a  manner,  that  it  is  impossible  to  faring 
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them  clearly  to  light  and  ascertain  their  number ;  in  which  case  the 
principles  now  kid  down  can  no  longer  allow  of  application.  Under 
such  circumstances^  recourse  is  had  to  experience,  in  order  to  ascertain 
whether  the  events  are  subject  to  a  periodical  return,  whence  we  may 
be  able  to  conjecture  with  all  but  certainty  tliat  the  unknown  cause 
which  has  frequently  produced  them  in  a  regular  order,  again  acting, 
will  produce  a  recurrence  of  them  in  the  same  order.  The  number  of 
these  returns  is  substituted  for  that  of  the  causes  themselves  in  the  cal« 
culations  respecting  the  degrees  of  probability.  Thus,  suppose  a  die 
thrown  10  times  successively  has  presented  the  face  a  9  times;  there 
must  then,  in  its  figure,  its  substance,  or  the  manner  of  throwing  it,  be 
some  secret  cause  which  has  led  to  this  recurrence  of  the  face  a  9  times : 
if  100  trials  have  in  like  manner  given  this  face  a  90  times,  the  pro- 
bability iV  favorable  to  this  return  aa^uires  very  considerable  force, 
which  will  be  still  farther  strengthened  should  repeated  trials  continue 
to  agree  with  this  supposition ;  since  if  we  could  make  an  infinite 
number  of  trials,  all  of  which  presented  the  face  a  9  times  out  of  10^ 
the  hypothesis  would  be  reduced  to  a  certainty. 

It  is  thus  that  experience  has  constantly  proved  the  following  facts^ 
though  it  is  impossible  to  assign  the  exact  causes. 

P,  The  number  of  marriages  contracted  in  a  country,  for  any  fixed 
period,  is  to  that  of  births  and  to  the  whole  population  very  nearly 

:  :  3  :  1*  :  S96. 

2^.  16  males  are  bom  to  15  females. 

S^  The  population,  the  number  of  births,  that  of  deaths  and  that  of 
marriages  are:  :  2037615  :  71896  :  67700  :  15345;  with  very 
slight  variations,  the  births  are,  annually,  •j^rth,  the  deaths  V7>  und  the 
marriages  t4t  of  the  entire  population.  The  difference  -ttt  between 
the  births  and  deaths  is  the  annual  increase  of  the  population. 

4*.  The  average  length  of  generations  from  fiither  to  son  is  33  years. 

5*.  The  number  of  deaths  of  the  male  sex  is  to  that  of  the  female 
:  :  24  :  23 ;  and,  in  any  country,  the  number  of  inhabitants  of  the 
1st  sex  is  to  that  of  the  2nd  :  :  33  :  29. 

6*.  The  deaths  among  the  males  form  -j'^,  among  the  females  ^V*  of 
the  population :  at  Paris  the  total  number  uf  deaths  is  but  Vr  ()f  the 
number  of  inhabitants ;  these  deaths  rise  annually  to  22700,  the  mean 
number,  and  the  births  to  24800. 

7**.  The  half  of  the  entire  population  is  upwards  of  25  years  of  age, 
and  one*half  is  renewed  every  25  years. 
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8*.  In  Ffanoe^  Ath  of  the  population  marry  each  year.  The  mean 
duiatiim  of  life  is  ^S^  years. 

On  these  oonidderations  are  established  the  Tables  of  population  and 
mortality ;  on  which  subject  may  be  consulted  L'Annuaire  du  Bureau 
des  Longitudes. 

We  shall  add  nothing  farther  on  the  doctrine  of  Probabilities^  which 
is  so  extensiTO,  as  itself  to  form  the  subject  of  special  Treatises.  See 
tliose  of  MM.  Laplace^  Lacroix^  Condorcct^  Duvillard^  &c. 


II.  RESOLUTION  OF  EQUATIONS. 

COMPOSITION  OF  EQUATIONS. 

500.  After  transposition^  reduction  and  division  by  the  coefficient  of 
the  highest  power  of  x,  every  equation  has  the  form 

^  +  pa*-*  +  jo:™-^...  +  te  +  w  =s  0...  (1), 

which^  for  the  sake  of  brevity,  we  shall  represent  by  X  =  0;  fi,  ^..^  u 
are  Imown  numbers^  and  may  be  positive,  negative,  or  zero.  The  name 
of  Root  is  given  to  every  quantity  a  which,  when  substituted  -^er  x,  re- 
duces X  to  0,  or  malLes  a*  +  pa*~~^.. •+  w  =  0. 

The  polynomial  proposed  being  ^x*  +  pj;*— '  +  ^a**"*. . .,  and  a  being 
any  arbitrary  quantity,  let  the  polynomial  be  divided  by  x  —  a.  Ac- 
cording to  the  theorem  at  the  end  of  N^  100,  let  R  be  the  remainder, 
and  Ao*""'  4-  p's^"^  +  ^'aJ"*^...  +  tt'  be  the  quotient  from  the  division  : 
this  quotient,  multiplied  by  a:  —  a,  and  augmented  by  the  addition  of 
the  remainder,  must  give  back  identically  the  dividend,  which  conse- 
quently is 

and  since  we  must  here  meet  again  with  aU  the  terms  of  the  first  poly- 
nomial, the  factor  p  of  x"*^^  must  be  the  same  with  ft  '^ak  which  in  our 
product  also  affects  al^"^ ;  in  like  manner  q^^^q'  -^  ap',  r^^r'^-  aq\,, 
«  =  i2  —  at/ ;  and  transposing  the  negative  terms,  there  results 
p^  ss  p  +  akf  q'  s=  q  -{-  ap\  r=ir+  a^...  72  =s  «  +  au\ 

These  equations,  all  of  the  same  form*  allow  of  our  deducing  the 
coefficients  p',  q',  /...,  and  the  remainder  R,  one  from  the  other  suc- 
cesavely;  for  each  is  composed  of  the  coeffideiit  of  the  same  rank  in  the 
Hvidend,  plus  tlie  product  of^tlie  preceding  coefficient  in  the  quotient 
^Mp&edhy  a. 

roL.  TT.  n 
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^    Thefollowiiigareaoinieexftmpleg  of  this: 

Divide  4*^^  -  10a?*  +  6x^  -  7a:«  +  9*  —  11  by  a?  -  S, 

Quotient 4x*  —  Sor*  +  2jr«  —  Sjt  +    3,  remainder  -  5. 

Having  put  down  4ar*,  the  lat  term  of  the  quotient,  we  form 
4.  2  -  10  ss  —  2,  which  is  the  coefficient  of  s^;  that  of  «*  is 
-  2.  2  +  6  =s  +  2;  then  2.  2  -  7  =  —  3,  &c.  Had  the^  divisor 
been  a;  +  2,  the  numerical  factor  would  have  been  -  2  throughouti 
and  the  quotient 

4ar*  —  ISar*  +  42a:*  —  9\x  +  191,  remainder  —  393. 
But  we  can  also  determine  any  coefficient  independently   of    the 
rest.     For  p^  9'...  being  successively  eliminated  between  the  foregoing 
equations,  we  find,  page  115, 

p'  =  Ara  -h  p,  g'  =  *a«  +  iw  +  q, i2  =  Ara«  +  jKi"»-».-  +  «. 

Thus  each  coefficient  may  be  formed  from  the  proposed  polynomial, 
by  changing  x  into  a,  limiting  ourselves  to  the  first  terms,  as  far 
as  the  one  of  the  same  order  with  the  term  required  of  the  quotient, 
and  suppressing  the  powers  of  a  that  are  common  to  all  these  terms. 

It  appears  therefore  that  if  X,  or  the  polynomial  (1)  be  divided  by 
a:  —  a,  and  the  operation  be  continued  till  x  no  longer  enters  into  the 
dividend,  we  shall  arrive  at  the  remainder  a"*  +  /»**"*•••  +  u;  an 
depression  which  is  as  0  if  a  be  a  root,  but  the  contrary  if  a  be  not 
a  root.  Hence  X  is  or  is  not  divisible  by  x  ^  a,  accordingly  as  a  is 
or  is  not  a  root  of  the  equation  X  ss  0. 

The  above  process  is  very  convenient  for  finding  the  quotient  of 
X  :  (x  —  a ),  and  may  also  be  made  use  of,  instead  of  substituting  a,  when 
we  wish  to  ascertain  whether  a:  =s  a  is  a  root  of  the  equation  X  as  O, 
smce  we  should  in  that  case  find  R  ss  0. 

501.  X  =  0  having  a  for  a  root,  let  Q  be  the  exact  quotient  of  X 
divided  by  x  —  a,  or  X  ss  (x  -^  a)  Q;  Q  then  is  a  polynomial  of  the 
d^ree  m  —  L 

But,  if  6  is  a  root  of  the  equation  Q  s=  0,  x  —  6  also  divides  Q 
exactly,  and  taking  Q'  as  the  quotient,  which  will  be  of  the  degree 
m  —  2,  we  have 

Q  =  (x  —  6)  C,  and  consequently  X  =  (x  —  a)  (x  —  6)  Q!. 

Similarly,  c  being  a  root  of  Q'  =  0,  and  Q"  being  the  quotient  from 
Q'  :  (x  —  c),  we  have  X  =  (x  —  a)  (x  —  6)  (x  —  c)  Q^,  and  so  on. 
The  degree  of  Q,  Ct,  &'.,.  is  reduced  by  one  unit  for  each  binomial 
factor  that  is  successively  introduced ;  after  m  —  2  divisions  therefore 
there  will  be  m  —  2  of  these  factors,  and  the  quotient  will  be  of  the 
2nd  degree,  and  be  itself  decomposable  into  (x  —  A)  (x  —  /).     Thus 
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aimiiiing  that  every  equation  has  one  root,  X  is  formed  of  the  proittci  ef 
m  bmomkdfaekrs  iifthejirst  degree » 

JJC  SS5  (x  -  a)  (<  *-  5)  (d?  --  c)..»  («  —  /), 

This  equation  is  Identical,  i.  e.  there  is  no  difference  between  the  two 
sides  except  in  their  wudy  tinl  expiessionj  a  differenoe  which  ceases  on 
the  opcimtiops  indioted  being  put  in  execution.  Since  the  2nd  nde 
becomas  nothing  when  we  assume  «  »  a.  6.««  /,  the  eqmUkm  JC »  0  has 
m  roots,  fpUch  are  the  second  tervu,  taken  with  contrary  signs,  of  its  m 
binomial fadors  [See  N^  516]. 

We  nay  now  prove  that  X  does  not  aUow  of  being  decomposed  into 
any  oiher  Jactors  (x  <—  a')  («  —  &')  (x  ^  c)»**9  the  qnaniilies 
d,  b',  c\».  being,  all  or  some  of  them,  different  from  a,  h,  c...  ;  for  if, 
assuming  X  =s  Q  (x  —  a)>  we  suppose  that  x^^d  reduces  X  to  xero, 
this  same  value  x,^id  must  also  reduce  Q  (x  —  a)  to  the  same  state ; 
and  siiioe>  a  -—  a  is  not  0,  by  hy^iothesis,  it  follows  that  Q  =  0  must 
have  d  for  a  root.  But  Q  ss  0  corresponds  to  Q'  (x  —  &)  bs  0^  and  it 
appears  in  the  same  manner  that  a'  is  a  root  of  Q^  =a  0,  then  of  Q^  s=  0, 
&C4  andlastly  of  X  >-/  =  0,  u  e.  a'  —  /xsO,  and  a' ss  /  contrary  to  our 
suppoeition.  Thus  X  cannot  be  divided  by  x^  d,  any  more  than 
hy  X  —  6',  X  —  c^,...  •. 


*  It  mast  be  obnerved  thut,  nince  tbo  nature  of  imaginsry  functions  is  unknown 
to  nt  «l  priori,  and  a  must,  in  this  reasoning,  be  supposed  any  quantity  whatever,  it 
is  bj  BO  means  evident  that,  because  s  ^  a  renders  Q  {x  .  «)  »  0,  Q  also  must 
Mceanflly  be  nothing.  It  baa  on  this  accoant  been  thought  proper  to  gire  the  fol- 
knriag  deaionstration,  whioh  is  independent  of  this  supposition.  We  assume  at 
ow  and  the  same  tfane  that  X  -r  Q  (#  —  a)  -  JT  («  ^  a ) ; 

ve  divide  Q  by  ar  -  a,  making  Q  »  9  («  —  «0  +  **>  where  9  denotes  the  quotient 
sad  r  the  remainder  independent  of  x,  and  we  have  the  identical  equation 

We  BOW  assume 

^^rifLZ:i!),orr(*^«)-^(*-iO. 
sr  —  «r 

where  it  is  evident  that  t  does  not  contein  x,  since  in  that  case  the  2od  side  conld 
not  be  identical  with  the  Ut  -,  and  making  s  »  any  quantity  «,  there  results 

r  (»  -  a)  -  t  (*  —  •')> 


jr-«  a      ;r  —  a 

«-Wa— »^     ^B     .HIM 


—  a      «  —  a 


>*(a'-«)-«(«'-«)-^ 


Bm  this  equation  must  subsist  whatever  *  be,  i.  «.  *  (a  —  a)  =  0,  even  for 
»  -  1, 2,  3.,.,  so  that  d  wmn,  contrary  to  Uie  supposition.  Hence  the  equation  (1) 
ii  sbsurd  uniesB  at  least  r  be  0 ;  and  *  -  «'  must  divide  Q  or  («  -  h)  if. 
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l^  Any  polynomial  X  can  be  resolved  only  into  one  system  of  binomial 
factors  of  the  1st  degree,  and  the  equation  XszO  can  have  no  more 
than  m  roots. 

2*.  Any  fraction  X  !  Y  whicby  when  we  assume  xs=a,  becomes  ^, 
has  a*  —  a  for  a  common  factor  of  its  two  terms  X  and  Y;  and  x  —  a 
may  also  enter  in  any  power  into  each  of  them.  The  value  of  the  frac- 
tion is  obtained  by  first  suppressing  the  common  factors  x  —  a,  and  then 
making  xssa;  and  this  value  is  nothing,  injinite  or  Jimtey  accordingly 
as  a?  —  a  remains  as  a  factor  in  X,  or  in  Y,  or  has  disappeared  ftom 
both,  t.  e.  according  to  the  exponent  that  x  —  a  bears  in  X  and  Y. 

3*.  If  two  equations  have  each  the  same  root  a,  they  will  have  a:  —  a 
for  a  common  factor.  This  is  the  case  for  the  equations  that  follow, 
the  method  of  the  greatest  common  divisor  showing  that  x  +  3  is  a 
factor  of  both : 

23^  -  3x8  ^  17a:  +  30  =  0,    a^  -  37x  -  84  =  0. 

Had  there  been  no  common  divisor,  the  supposition  of  the  coexistence 
of  the  two  equations  would  have  been  absurd.  When  this  divisor  is 
of  the  2nd  degree,  there  are  two  roots  common ;  the  other  roots  are 
foreign  to  the  problem. 

4^.  We  may,  by  division,  reduce  the  degree  of  an  equation  by  as 
many  units  as  there  are  roots  known  [^N*.  500^,  the  investigation  of  the 
roots  (ind  that  of  the  factors  being  the  same  thing.  The  factors  of  the 
2nd  degree  are  4^  wi  (wi  —  I )  in  number  j^N*.  476],  since  they  result 
from  the  combinations  2  and  2  of  those  of  the  1st  |^See  N^  520]  ;  the 
number  of  those  of  the  3rd  degree  is  -}-  m  (m  —  1)  (m  —  2),  &c, 

502.  Since  the  proposed  equation  x*  +  pa:""*.,.  +  te  +  «  =  0  is 
identical  with  (x  —  a)  (.r  —  6)...,  it  follows  from  what  has  been  seen 
p.  109  of  the  Ist  vol«  that 

P.  Tlie  coefficient  p  of  the  2nd  term  is  the  snm  of  tfie  roots  nnth  their 
^ns  changed. 


It  nppeari  in  like  manner  that  ^r  —  a'  cUvides  Q'f  then  Q"...  and  finally  the  last 
factor  .r  —  A  i  e. «  —  /  a  («  —  a')  d,  d  heing  a  number,  or  «  (1  —  9) «—  (/  —  a'B)  w  0» 
whatever  be  the  value  of'  x ;  consequently  x  (1  —  d)  s  0,  9  a  |,  and  lastly  i  ma  a' 
contrary  to  the  hypothesis. 

From  this  we  conclude  that  if  the  product  XT  of  two  polynomials  X  and  F  ir 
diviKible  hj  x  ^  a,  X  or  Y  is  so  also,  and  .r  «  a  renders  this  factor  m  0 :  and  if  XY 
is  divisible  by  P,  the  factors  of  P  must  aU  be  found  in  A'  and  Y 
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2*.  The  coeffkietU  q  of  the  3rd  term  U  the  turn  of  the  products  of  every 
two  of  the  roots.    • 

y.  risthe  sum  of  the  products  3  and  3,  with  contrary  signs,  ^x. 

Finally,  the  hut  term  u  is  the  product  of  all  the  roots,  only  with  a 
contrary  sign^  if  the  degree  m  be  odd. 

When  an  equation  is  devoid  of  the  2nd  term  pj^"'^,  the  sum  of  the 
loots  is  nothing;  and  if  there  he  no  last  term  u,  one  of  the  roots  is  as  0. 


TRANSFORMATION  OF  EQUATIONS. 

508.  Let  the  equation  be  ij^  -H  jw*""*...,  +  ^J?  +  «  =  O...  (1). 

To  transform  this  equation  is  to  compose  another^  such  that  its 
roots  y  shall  have  to  those  x  of  the  one  propdsed  a  relation  given  by  an 
equation  between  x  and  y.  Our  object^  therefore^  will  be^  to  eliminate 
X  between  the  last  of  these  equations  and  the  first.  If>  for  example^  we 
wish  to  diminish  all  the  roots  x  by  the  quantity  i,  we  have  jr  —  s  =s  ^ ; 
and  we  must  therefore  substitute  i  +  y  for  or  in  (1 ) ;  whence 

(i  +  y)*+p{i+y)^'  +  q{i  +  y)~-«...  +  t(i  +  y)  +  u^  0...(2). 

Without  detaining  ourselves  with  the  development  of  the  powers  of 
*+y,  it  follows  from  the  law  of  the  successive  terms  in  the  formula  of 
the  binomial  [^N*.  4823^  that  the  transformed  equation  (2),  arranged 
according  to  the  ascending  powers  of  ^,  is 

where  X  is  the  sum  of  the  1st  terms,  or  the  polynomial  proposed,  x  only 
being  replaced  by  t ;  X^  is  deduced  from  X  by  muUiplying  each  term  by 
the  exponent  of  i  and  diminishing  that  exponent  by  unity  ;  Xf  is  called 
the  Derivative  of  X,  X'  is  the  derivative  of  X!,  X"  that  of  X'. ..  Thus 
the  successive  coefficients  of  the  transformed  equation  may  be  deduced 
without  developing  the  powers  cfi  +  y,  and  we  shall  have  * 


*  The  process  explauied  p.  34,  is  very  convenient  for  determioing,  in  each  par^* 
ticnlar  case,  the  values  of  the  coeffictentB  X,  X,  IJf...  of  the  transformed  equation 
in  y.  For,  let  X  he  dirided  by  jr  —  i,  and  let  ^  be  the  qaotient  and  a  the  remainder  \ 
A  being  now  divided  by  ir  ^  i,  let  J9  be  the  quotient  and  b  the  remainder  ;  let  C,  c 
be  the  quotient  and  remainder  from  the  diyiaion  of  J7  by  x  —  t,  and  so  on :  wo 
aliallhare 

and  sQcceaidTely  eliminating  /i^  B,  C..,  we  find 

whence  it  appean  that  the  remainders  4,  b,  c..«  from  our  successive  ^risions  are 
the  cdefllcirats  of  the  transformed  equation,  y  being  »  jt  —  t    The  process  of 
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X  =  iW*  +  !»*-«  + $i—«... +  <»  + tf> 

X'  =  mki"^'  4-  (w  -  1)  p*«-«  +  (m  -  2)  qi*-K..  +  <, 

X"  =  w  (w  -  \)  /ti«-«  +  (w  -  I)  (w  -  2)  pi^^+... 

Thus,  to  make  a:  =  y  +  2  in  aj^  —  5a;*  +  x  +  7  =  0,  we  have 

f3  -  5t«  +  1  +  7,  8i«  -  lOi  +  1,  6i  -  10; 

and  puttiug  2  fori  and  dividing  X"  by  2^  we  have  ^3>^7j  +  1;  whence 

-3-75^+/  +  .y^=0. 

If,  on  the  contrary,  die  roots  7  are  all  to  be  increased  by  i,  we  must 
assume  x^y  —  i,  t. e,  change  t  in  our  previous  escpressions  into  —  i,  or 
take  the  odd  powers  of  i  with  contrary  signs. 

604.  The  arbitrary  quantity  t  may  be  disposed  of  in  such  a  manner  at 
to  dear  the  proposed  equation  of  one  of  its  terms.  Let  the  transformed 
equation  (2)  be  arranged  according  to  the  decreasing  powers  of  ^ : 


ily*  +  wiiifc  I  y^»  +  +w  (m  —  1)  « 
+     P\  +       ifn^l)ip 

+  q 


+  ..-  +  iH-    1 

&c«      3 


To  get  qttU  of  the  ind  term,  we  must  assume  mik  +  p  =  0 ;  whence 

P  P 


p,  34,  gives  US  esich  remainder  abd  each  quotl»it  A,  i9... ;  and  the  calculation  pre- 
sents itaelf  as  hi  the  following  example,  where  y  is  assumed  ■>  «  ^  3. 
Proposed  eqoatlon...  2«<  ^    7a'- 12«>  +  4jr  +  139  »  0 

r2    -    1     -15      -41    +     6 

p«ot«r  ^  32+5+0-41 

Factors  ^^    +11     +33 

{2    +J7 

Transformed  equation...  2y*  +  17y*  +  33y'  —  41y  +  6-0 
The  first  line  2,  —  1,  —  15..«  Is  composed  of  the  coefficiento  of  the  first  qnoiieiit 
^y  the  second  of  those  of  the  second  quotient  B,  the  third  of  C...,  and  each  line 
has  one  term  less  than  the  preceding  line.  The  last  term  of  each  line  is  the 
remidnder  from  the  division  fay  a:  ~  3,  a  n  6,  ft  «  —  41,.- ;  and  these  therefore  are 
the  coefficients  required  in  inverse  order. 

This  mode  of  calculation  is  particularly  conrenient  when  i  »  If  <•  a  when  the 
unknown  quantity  in  the  transformed  equation  is  y  ^  «  —  1>  since  we  have  then 
only  additions  to  perform,  according  to  the  law  of  the  Tahle  of  Figurate  Numbers. 
The  following  are  two  examples : 

*«  -  12:ra  +  41*  -  29  «  0  «*  -  6*»  +  7««  -  7.t  +  7  •■  0 

1-11+30    +    1  1-6+2-5+2 

1-10+20  1-4-2-7 

1-9  1    ^3     -5 

yi-   9y«  +  30y+    1 ->  0  y*  -  2j»  -  fty*  -  7|f  +  8  «0 
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llitts,  X  mnst  be  changed  into  y  minut  the  eoeffkktd  prf  the  ^nd 
term,  HMed  by  the  product  of  the  coqfideid  k  of  the  lit,  and  by  tht 
degree  mcftht  equatkm  ;  observing  that  if  p  and  k  have  dififetent  signs, 
fche  subtraction  beoomes  an  addition  {y  +,  instead  of  y  — ).  The  sum 
of  the  roots  of  the  transformed  equation  is  nothing ;  and  the  devaral 
roots  have  therefore  been  increased  or  diminished  by  a  quantity  i,  which 
has  rendered  the  positive  parts  equal  to  the  negative. 

The  calculation  will  proceed  more  rapidly  by  assuming  x  4-  -^c=  ^; 

developing  the  power  m,  and  multiplying  by"^>  we  arrive  at  once  at  the 
valuBofthetwoisttermsibi^+pa:^'-  Thui»fora^*6x^4- 4d;— 7»0, 
we  shall  assume  or  —  2  =  ^,  according  to  our  theorem :  the  cube 
gives  a?  —  6a^  =  jf'  —  12*  +  8,  and  the  proposed  equation  becomes 
^  —  8ar-hl=^  —  Sjf  —  15  =  0,  which  is  the  one  required. 

For  ^  +  px  •\r  q  ^s^ 0,  we  shall  assume  x-{-  ^p^y ;  whence; 
siiaariiig,  we  get  x*  -(-  /m?  s=  ^  --  ijp^  and  the  transformed  equation 
jfB  s  \p^  ~  q.  Hence  we  deduce  y,  and  subsequently  the  roots  i  of 
tbe  proposed  equation ;  so  that  this  gives  us  a  new  method  of  solving 
equations  of  the  &d  degree. 

if  we  wish  to  get  quit  rfthe  Srd  term,  we  shall  assume 

^m  (m  -  1)  «»*  -h  (m  -  1)  j^  +  g  =  0, 

an  equation  which,  in  general,  will  lead  to  irrational  or  imaginary 
values  of  t. 

Finally,  to  remove  the  last  term,  we  must  assume  At*"4-  pt^*~'... 
-f  K  9B  0,  and  we  shall  therefore  have  to  solve  the  proposed  equation 
itself;  and,  in  fact,  the  transformed  equation  will  have  a  root  of  ^  whioh 
will  be  =:^  0,  and  consequently  x  ss  {• 

50&   Thai  the  tools  x  may  become  h  times  greater,  assume  y  »  hx, 

or  X  8s  ^  in  the  equation  (1) ;  then 
h 


whence  ity*  +  P%*~*  +  ^A^y*^*-  +  «A*  =  0. 

This  comes  to  the  same  thing  with  multiplying  the  successive  terms  of 

the  equation  (1)  by  ^,  h\  A*.*.  A*. 

It  wiU  be  obserted  that  if  the  proposed  equation  have  no  fractional 
coefficients  (and  we  can  always  get  quit  of  fractions  by  reduction  to  the 
same  denominator),  assuming  y  =  kx,  u  e.  making  the  arbitrary  quantity 
h^szk,  the  transformed  equation  becomes  diviailde  throughout  by  k^ 
and  we  have  the  equation  ^*  +  l>y*~^  4-  9%*"*...  +  i/^*"*  =  0,  dis-^ 
engaged  from  the  coefficient  of  the  let  term.    Thus,  to  clear  an  equation 
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ofjraclional  coeffidenls,  we  mustJirH  reduce  it  to  a  commm  denaminaiar, 
and  then  get  quit  of  the  cwffident  k  of  the  Ut  term  hy  assuming  y  sss  kx, 
an  operation  which  comes  to  the  same  thing  with  multiplying  the 
coefficients^  commencing  with  that  of  (|be  2nd  term,  by  hf^,  k\  k^, ..  A:""' 
successively. 

Let  the  equation,  for  example,  be  «*  —  4af*  +  T«"  —  *«  —  -r^O: 
multiplying  by  12,  we  have  12a:*  —  8a:»  +  10a:»  -  9x  -  42  =  0;  and 
making  x  =  iV^>  >•  «•  multiplying  the  factors  10,  9,  and  42  by  12, 
12*,  12'  respectively,  there  results 

y4  _  8y  +  12qy*  —  1296y  -  72576  =  0. 

It  will  be  easily  seen  that  to  get  quit  at  one  vid  the  same  time  of  the 

2nd  term  and  the  coefficient  k  of  the  1st,  we  must  assume  x  =  ~ — r^* 

tnk 

That  the  roots  x  may  become  h  times  less,  we  must  assume  x  =  hy, 
t.  e.  divide  the  successive  coefficients  of  the  proposed  equation  by 
A^  A*,  A*...  h^.  The  preceding  process  would  give  to  the  equation 
coefficients  greater  than  before,  whereas  this  diminishes  them,  and  is 
employed  with  this  view;  unless,  however,  the  division  by  A^  A^««  can 
be  effected  exactly,  the  transformed  equation  will  acquire  fractional  co- 
efficients. Let  the  equation  be  ac'  —  144a:  =  10368  ;  assuming  x  =  12y, 
we  have  ^^  —  y  =  6,  an  equation  much  simpler  than  the  original  one. 

506.  The  following  are  two  other  useful  transformations : 

If  we  assume  x  =:  -  y,  which  merely  changes  the  signs  of  the  alter* 

nate  terms  of  the  equation,  the  positive  roots  of  x  become  negative  for 

y,  and  the  converse. 

Making  a:  =  -,  the  greatest  roots  of  x  correspond  to  the  least  of  y, 

and  the  converse ;  the  transformed  equation  is  said  to  be  the  reciprocal 
of  the  one  proposed*  Since  a:,  x*.«.  a?**  are  replaced  by  the  divisors 
y>  .y*«-  y">  '^  ^^  multiply  throughout  by  y*,  the  factors  x,  a:*...  a;*  will 
be  replaced  by  y^^  y^»*»  y^t  1 ;  and  this  operation  therefore  reduces 
itself  to  distributing  the  powers  ofy  in  the  inverse  order  of  those  of  x : 

tvhence  uy^  +  /y*"">  +  j^*^.,.  +  py  -^  ksaO; 

and  if  we  wish  also  to  get  quit  of  the  coefficient  v,  we  must  assume 

y^  u 

V  =  -  ;  whence  a?  =  -p,  a  transformation  which  will  fulfil  the  two 
'^       u  yf 

proposed  conditions  at  once. 
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507.  That  x^=sL  may  be  a  root  of  an  equation  X  =  0,  it  is  necessary 
that,  on  L  being  substituted  for  x,  tbe  polynomial  X  should  become 
nothing.  But  if  jr  =£  L  give  a  positive  result,  and  if  it  is  also  known 
that  every  number  >L  fulfils  the  same  condition^  it  is  evident  that  L 
is  greater  than  any  of  the  roots ;  and  L  in  this  case  is  called  a  superior 
limit  of  the  roots  of  the  equation  X  s=  0. 

Introducing  a?  —  1  as  a  factor  in  x\  we  have 

proceeding  in  the  same  manner  for  af^^  then  for  a^'^,  &&,  there  results 

j*-»  =  (or  -  )  a*"«  +  a*-*,  a*-*  =  (x  -  1)  ar-3  +  x^,  &c.  ; 
and  combining  these  several  results^  we  find 

J*  =  (jr  —  1)  (a*-»  +  J^^  +  af-3..,  +  a:  +  1)  +  1. 
This  theorem    being    applied    to    each  of   the   positive  terms  of 
X  =  ij:"  +  pr"^*  +  go:*^...,  there  results 


*(«-!)*— •  + A 

(*-l)*- 

■•+* 

(X-I),— 3...  +  i 

(*-!)+ /t 

+  /> 

+  P 

...  +P 

+  P 

+  q 

...  +q 

+  q 

8te. 

Bat  X  must  have  some  negative  terms ;  since^  otherwise^  no  positive 
value  of  x  could  reduce  X  to  nothing,  and  zero  woidd  be  the  superior 
limit.  Let  these  negative  terms  be  left  in  their  original  farm,  and 
placed  in  the  columns  in  which  x  has  the  same  exponent ;  with  the 
exception  of  these  coefficients,  the  whole  will  be  positive,  provided  that 
we  assume  x  >!•  But  every  column  into  which  «  n^ative  coefficient 
—  s  enters  has  the  form  {k  +  p+  q,.,)  (a:  —  1)  —  *,  the  factor  of 
X  —  1  being  the  sum  of  the  positive  coefficients  which  precede  s ;  and  it 
is  evident  ^at  the  result  will  not  be  negative,  except  on  the  suppori- 
tion  that  (it  +  p  +  7*«0  («  —  1)  <  s;  we  shall  have  the  sign  +  if 
we  assume 

:c  =  l+T— 4^—    (itf). 

Applying  this  to  each  column  in  which  a  negative  term  appears,  if 
we  assume  ;c  =  or  >  the  greatest  of  the  quantities  M,  the  polynomial 
X  will  have  a  positive  value,  and  this  value  M  will  fulfil  the  necessary 
condition  for  the  limit  required,  since  M,  as  also  every  quantity  >3f, 
will  render  all  tbe  terms  of  the  equation  positive.  Hence,  divide  each 
negative  coefficient  by  the  sum  of  the  positive  ones  which  precede  it,  take 
the  greatest  of  the  coefficients  thus  obtained,  add  unity  to  it,  and  you  \ 
friU  have  a  superior  limit  qfih€  rwtSi 
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For  the  equation  ^x^  -  8 j*  +  23x»  +  105«*  —  80x  +11=0,  we 
divide  8  by  4t,  and  80  bj  4  -f  23  +  105 :  i  >  ttV;  consequently 
1  4-  79  or  3,  is  >  X,  and  3  is  the  limit. 

Every  numlier  greater  than  the  value  M  also  possesses  the  property 
of  exceeding  all  the  roots.     Now,  substituting  aero  for  each  of  the 

ooeffidents^,  9...,  we  find  x  ™  ^  ''"T*  ^^^  ^^^  ^^  ^^^^  always  render 

ib  SB  1»  it  is  usually  said,  that  ike  greatest  negative  coqfficieHt  of  the 
equation,  taken  positively  and  augmented  by  wiity,  is  a  superior  Umii  of 
ike  roots.  This  expression  is  simpler  than  the  preceding  one,  it  h 
formed  at  a  glance  and  without  any  calculation,  ^nd  is  preferred  when 
our  object  is  only  to  demonstrate  general  propositions.  'But  when  we 
are  engaged  in  the  investigation  of  the  numerical  values  of  the  roots, 
it  is  of  importance  to  select  for  our  superior  limit  the  lowest  number 
we  can  obtain,  and  one  approaching  as  nearly  as  possible  to  the  greatest 
«  root ;  in  which  case  it  is  more  advantageous  to  employ  the  1st  Emit  {M)» 
or  the  one  which  results  from  the  following  theorem.* 

508.  In  X,  making  x  ^  L  -^  y,  L  being  any  number  whatever,  the 
transformed  equation  [503]  will  be  X  +  X'y  +  4-  i^y*...  +  ity*  =  0. 
)f,  now,  the  arbitral  quantity  L  be  so  assumed  that  the  coefficients 
X,  X^  X?\.,  shall  be  all  positive,  no  positive  value  of  ^  can  satis^  thi^ 
equation ;  the  real  values  of  x  therefore  will  correspond  to  negative 
roots  of  ^  a=  X  —  L,  and  consequently  L>  x.  Hence,  any  number 
w/ttch,  substituted  for  x  in  X  and  its  derivatives  X!,  X^*..,  renders  no 
one  of  them  negative,  is  a  superior  UnUt  of  the  roots  qfx. 

In  the  example  cited,  the  derivatives  are 


*  It  has  been  stated  by  some  attthon  tliat  to  obtain  the  limit  /  of  the  roots  of  an 
equation,  we  must  find  a  number  /,  which  shall  render  the  1st  term  greater  than  the 
mtmo/dtitke9tkef9;  whereas  the  etpression  ong|ht  to  have  been  '*  the  1st  term 
greater  than  the  stem  of  all  the  negative  terms**  Withoot  staying  to  demooatrate 
the  truth  of  this  assertion,  which  is  endent  from  what  has  gone  before,  we  wiU 
take  an  example  which  will  serve  clearly  to  exhibit  it 

The  equation  .«^  —  I0:r  +  3  «  (T  has  3  for  a  root,  ahd  every  number  >  3  is  a 
limit  If  however  we  assumed  «>  >  3  —  lOs,  this  condition  would  be  satisfied  by 
s  «  0.3  or  0.4...,  values  which  would  not  be  limits. 

In  lilce  manner,  jr*  —  6s  +  4  =>Ohasits  greatest  root  a  little  above  5,  so  that 
ir  M  6  is  the  limit    And  yet  jt  »  |  renders  :c^>  ^  ^6s. 

The  error  alluded  to,  which  exists  only  in  the  enunciation,  arises  from  the  cir- 
cumstance that,  in  ascertaining  whether  a  number  is  a  limit,  it  is  unnecessary  to 
take  Into  account  the  effect  of  the  positive  terms ;  so  long  as  the  Ist  term  exceeds 
the  sum  of  the  negative  ones,  the  positive  terms,  which  combine  to  augment  the 
positive  part,  will,  ^fortiori,  give  a  positiye  value  to  the  result. 
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«(k*  -  a2jc»  +  69x*...,  90x^  —  96x«  +  138*4..,  240a?«  -  192x». ; 

and  it  tnU  be  easily  seen  that  x  =s  1  renders  tbe  equation  proposed  and 
its  derivEtiyes  all  positiTe ;  thus  x  <  1,  a  limit  lower  than  the  one  pre« 
vxNulj  obt«ned. 

It  is  obaervable,  that  if  the  signs  of  the  odd  powers  of  ,y  be  changed, 
which  comes  to  the  same  thing  with  assuming  x^ss  L  ^  y,  the  real 
roots  of  ^,  which  before  were  all  negative,  will  become  positive*  JVt 
can,  Ikerefbre,  by  means  of  the  superior  limit  of  ike  roots  of  an  equation 
JTet  0,  transfhrm  it  into  another  which  has  no  negatine  root. 

509.  Change  x  into  —  x,  t.  e.  change  the  signs  of  the  terms  of  the 
even  order;  the  positive  vahies  of  x  then  will  become  negative ;  and  if 
we  investigate  the  superior  limit  L^  --  V  will  be  below  the  negative 
roots,  u  e.  the  roots  of  x  will  all  be  comprised  between  -^  L'  and  L. 
In  our  example,  we  have  4x*  +  Sx*  +  23x'  —  105a:*  *-  80a:  —  11,  for 
whidi  -i^  +  1  is  the  limit ;  the  negative  roots  therefore  Ue  between 
—  4r  and  0,  and  all  the  roots  between  ^  4  and  +  I* 

510.  The  positive  roots  of  the  equation  X  »  0  are  all  comprised  be*' 

tween  jseio  and  the  limit  L.    Making  x  s— ,  the  greatest  roots  of  x 

win  correspond  to  the  least  of  z ;  so  that  if  we  investigate  the  superior 

liflut/of  the  roots  of  2,  or  z  <  /,  we  shall  havej;  >'j>  and  thus  there* 

lore  we  shall  obtain  an  inferior  limit  of  the  positive  roots  qfx:  that  of 

die  native  roots  is  arrived  at  by  changing  x  into  —  x,  and  reasoning 

in  the  same  maimer. 

Us  he  the  greatest  coefficient  of  a  sign  contrary  to  that  qf  the  last 

term  «  in  ike  equation  Ax*  +  J9X**^'..«  4*  «  s  0,  since  the  transformed 

equation  is  nz*  -f  •••  +  jWf  +  *  «■  0,  we  know  [N*  507]  that  we  may 

s  u 

ssrame  for  the  limit  z  <  1  +  — ;  whence  x  >   ■  .      ;    and  between 

u  u  +  s 

this  value  and  the  superior  limit  L  are  comprised  all  the  poritive  roots 

of  X.    This  fraction  however  may  be  replaced  by  a  still  higher  limit 

[507,  506],  which  contracts  the  interval  within  which  the  roots  are 

contained.    In  our  example,  the  positive  roots  lie  between  44  tmd  1. 

511.  Retaining  only  the  negative  terms  of  X  and  the  first  term 
hr,  there  remains  kx^  —  /fa*~*  —  Nx*^... ;  and  the  number  L 
which,  substituted  for  x,  gives  a  positive  result,  will  obviously  pro- 
duce the  same  effect  on  X,  in  which  the  positive  part  is  still  greater. 
If  Ir  have  tbe  sign  — •,  we  may  in  the  same  manner  render  Ax*  >  the 
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sum  of  the  positive  terms.  Thus,  tve  shaU  know  values  Lof  x  which 
give  to  the  restdt  of  X  the  same  sign  as  that  of  the  Isi  term,  and  wluch 
are  also  so  taken  that  every  number  >  L  rvUl fulfil  the  same  condition. 

•  For  a:  =  -,  ifc  H-  />x  +  gx^...  becomes  —  (Arz*  -f  pz"*'...) ;   and  the 

s  * 

numb^  Lj  which  gives  a  result  of  the  same  sign  as  k,  corresponds  to 

the  value  a;  =^,  which  produces  the  same  effect  on  k  +  px+  qj^.-* 

It 

ThuSy  we  become  acquainted  with  values  qfx  sufficiently  small,  that  the 
sign  of  the  quantity  k  +  px  +  qx^...  shall  be  that  rfk,  and  that  all  less 
numbers  shall  fulfil  the  same  condition. 

In  these  two  cases^  we  may  assume  L  s:  1  4-  t»  ^  being  the  greatest 

coefficient  of  a  sign  contrary  to  that  of  A. 

ON  THE  EXISTENCE  OF  ROOTS. 

S12.  X  being  a  polynomial  which  has  no  negative  signs^  we  mat/ 
assume  for  x  a  series  of  numbers  that  shall  give  to  X  values  con* 
tinuaUy  increasing,  and  succeeding  each  other  within  any  limits  however 
small  thai  can  be  assigned.  For,  make  x  =sa,  and  «  +  f ;  the  results 
P,  and  P+P'i+^  P^t'...  have  for  their  difference  tCF  +  +  P"*- ) ; 
and  the  point  is,  to  find  a  value  of  t  that  shall  render  this  quantity  less 
than  any  assigned  number  A.  Our  expression  is  entirely  positive,  and  1 
very  small  and  <  1 ;  let  t  s  1  within  the  parenthesis,  and  suppose  that 
i{F  +  4  P"...)  =  or  <  A ;  the  condition  prescribed  then  will  evidently 

befulfilled;  and  it  is  therefore  satisfied  by  making  t=s  or  <  jy  .    ,wy,    • 

Taking  next  xss{x  +  i)  +  (,  and  reasoning  in  the  same  manner 
for  i^,  we  have  a  3rd  result  which  differs  from  the  2nd  by  less  than  h, 
and  so  on. 

This  being  premised,  let  P  be  the  sum  of  the  positive,  and  N  that  of 
the  negative  terms  of  an  equation  XssQssP  ^^  N;  suppose  that 
4?  =s  a  and  s=  X  have  given  results  of  different  signs ;  and  in  the  ex* 
pressions  P  and  N,  respectively  positive  throughout,  substitute  for  ;i:  a 
series  of  values  increasing  from  a  to  X,  and  taken  so  dosely  upon  each 
other  that  the  results  of  P  shall  differ  by  less  than  h  consecutively. 
Among  these  results  then  there  will  be,  at  least,  two  successive  ones  of 
different  signs.    For  example, 

a  s=  «i  gives    V  '^  N'  negative,  or  P'  <  A^, 
X  s  d   P'  ^  iV'' positive,    or  P"  >2r. 

Since  Pand  ^go  on  increasing,  it  is  dear  that  the  4  numbers  P,  N^,  If^ 
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P*  tfe  raoged  in  order  rfmagnitude;  and  since  the  difl^enoe  between 
the  estiemes  doea  not  amount  to  h,  P^  -^  N*  and  P*'  —  N"  must  also 
be  <  A;  these  binomials  therefore  may  also  be  made  to  approach  in- 
'definitely  to  zero,  h  allowing  of  diminution  ad  libihttn  ;  and  thus  P  -  JV 
is  reduced  to  nothings  within  at  least  the  quantity  A.  The  idea 
attached  to  inoonmnensuiables  allows  of  our  concluding  from  this  that 
ihert  is  at  letut  one  root  qfX=sO,  between  the  numbers  a  and  \  which 
give  to  X  contrary  signs.  The  case  in  which  P  ss  iST  exactly  is  not 
cxrluded  from  this  reasoning. 
Sapposmg  that 

ar  =  «   gives  P'  —  N^  positive,   or  P'  >  N^, 
ar  =  d    P"  -  iV*' negative,  or  P*  <  ZV", 

we  might  dispose  of  the  four  results  in  the  order  of  decreasing  mag^ 
wtudes,  N'\  P^,  P',  N' ;  but  if  N  varies  by  intervals  <  h,  whence 
N"  ^  N'  sz  0,     within     less     than     k,     ^    fortiori,     we    have 

The  above  process  may  also  serve  to  approximate  ad  libitum  to  a  root 
comprised  between  »  and  x,  by  contracting  these  limits  indefinitely  by 
substitutions  of  intermediate  numbers.    [See  N^  525]. 

Henoe,  an  equation  which  has  no  real  roots  cannot,  by  the  substitution 
ffany  numbers,  produce  results  of  opposite  signs ;  the  sign  of  all  the 
nsolts  will  be  that  of  the  1st  term  Xrar*"  ;  since,  when  x  has  attained  a 
certain  limit,  these  results  all  preserve  the  same  sign. 

513.  P  and  A^  in  the  outset  converge  towards  each  other,  so  long  as 
Pis  <  ^;  and  diverge  on  P  becoming  >  JNT;  but  if  these  results 
could  again  begimto  converge  and  then  to  diverge,  &c.,  P  -^  N  would 
thus  pass  several  times  from  one  sign  to  the  other,  in  the  interval  be« 
tween  »  and  x,  which  is  the  case  now  to  be  examined. 

Suppoae  that,  the  results  being  still  of  opposite  signs,  the  equation 
X  =  0  has  two  roots  a  and  b  between  m  and  X ;  we  may  [N°.  500] 
assume  X  =  (*  —  a)  '  (a?  —  6)  Q.  Now  for  x^  at,  j?  —  a  and 
X'-b  are  negative ;  they  are  positive  when  x^\;  and  their  pro- 
duct therefore  has  the  sign  +  in  both  cases.  But  X  must  take  con- 
tnny  s^ns  by  supposition ;  so  that  Q  must  change  signs,  and  Q  =5^  0 
will  also  have  a  root  between  a  and  x ;  X  =  0  therefore  has  3  roots 
within  this  extent.  If  we  suppose  that  there  is  a  4th,  we  shall  in  like 
manner  recognize  a  5th,  &c.  Thus,  when  two  values,  substituted  for 
jcinXssi  0,  give  results  of  contrary  signs,  this  equation  has  1,  3,  5... 
or  an  odd  number  tf  roots  intercepted  between  these  limits. 

If  «  and  X  give  results  of  the  same  sign,  t^  P  ^  N  positive,  it  may 
be  that  all  the  intermediate  numbers  from  a  to  x  leave  P  >  N;  and  no 
one  of  them  giving  P  ss  iV,  there  is  no  root  in  this  interval.    But  if 
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J?  8x  0  give  a  negfttiTe  xegult^  it  is  then  certain  that  there  a^e  1,  Sy  5,m 
roots  between  »  and  %,  and  I,  S^  5...  between  d  and  X;  which  makes 
altogether  2,  i,  6...  roots  between  «  and  x.  Thus  two  qumUUies  tphick, 
wbstihUedfor  jr,  give  rendu  rf  the  same  sign,  intercept  no  root,  or 
indude  an  ef>en  number  of  roots  between  them* 

Theoon^vneof  these  theorems  is  true;  for  if,  for  instance,  there  he 
three  roots  a,  b,  c,  between  a  and  x,  the  proposed  equation  is 

(or  --  a)  (a:  -•  b)  (x-^  c)Q^O; 
and  the  three  first  factors  being  negative  for  ^a^oiy  and  pontive  for 
x^x,  their  product  has  different  signs ;  but  Q  must  setaia  the  same 
sign,  since,  otherwise,  besides  our  9  roots,  there  would  be  others  be- 
tween a  and  X ;  hence,  &c. 

.  The  case  a£  a^sibsac  supposes  X  s  (x  —  a)^  Q;  and  all  ihat  has 
been  now  said  still  holds  good,  only  the  root  a  is  comprised  3  times 
between  m  and  X:  thus  the  equality  of  the  roots  does  not  destroy  the 
generality  of  our  theorems. 

514.  In  these  reasonings  a  and  x  are  supposed  to  be  positive ;  if 
that  be  not  the  case,  assume  jr  =^  «-*  A  in  h^  +  p4:"^^l> ;  when  we 
have  k(y  —  *)•  +  p{if  —  A)"*^*...  Make  «  ^  »  and  x ;  the  results 
i»*  +  p^'^^,,,  Ax*  +  pX*"*—  are  precisely  those  which  would  be  ob- 
tained by  assuming  ^  as  A  +  «  and  A  +  ^  ii^  the  transformed  equation ; 
and  since  A  is  arbitrary,  these  substitutions  may  be  made  positive,  if  we 
wish  it,  and  we  shall  therefore  judge  from  the  similar  or  different 
signs  of  these  results  whether  there  are  0,  2,  4...,  or  1,  3,  5...  roots 
between  A  +  «  and  A  +  x.  Each  intermediate  root  ^  ss  A  +  ^,  will 
give  one  j:  s=  0,  comprised  between  a  and  X  ;*  hence,  &c. 

.  The  theorem  of  N*.  612,  which  was  demonstrated  only  for  the  case 
in  which  X  has  no  signs  but +*  is  equally  true  in  all  cases;  for 
since  P  and  N,  considered  separately,  receive  all  values  between  those 
given  hy  XBsm  and  x,  the  dif^rence  P  —  N  passes  through  degrees  of 
magnitude  succeeding  each  other  within  any  intervals  however  small 
that  can  be  proposed. 

515.  We  will  now  examine  the  two  cases  of  the  degree  being  even 
or  odd  in  the  equation 

Aa*  +  px^\„  +  /«  +  te  «=  0  ss  X, 
I.  If  m  is  even  and  the  last  term  u  positive,  making  x  s?  0  and  ss 

■  ■   ■  I,.      ■  ■  ■  ,    I    ■      ■  I     »  I  111! 

*  If  a  and  X  are  negative,  as  —  2  and  —  7,  a  negative  number  between  2  and  7, 
as  —  4,  is  said  to  be  iniermetliate ;  and  if  «  and  X  have  different  signs,  as  -|-  4  and 
—  3,  every  positive  number  <  4,  or  negative  one  <  3,  is  intermediate^  as  4>  2 
-2andO.    [SecN^JI^]. 
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the  superior  Umit  I,  the  two  results  will  be  both  positive ;  so  tbat  if 
th«e  are  any  pontive  roots,  tbey  will  be  of  an  even  number  [5 IS]. 
The  same  will  be  tbe  case  for  tbe  negative  roots,  since  x  ss  the  superior 
limit  —  f  of  these  will  also  give  the  sign  +•  Hence  there  are  also  0, 
or  2,  or  4f«..  imaginary  roots;  and  though  there  is  nothing  to  indicate 
whether  in  fact  any  substitution  can  make  X  take  the  sign  —  ^  so  that 
no  root  may  be  real ;  it  is  however  certain  that  the  imaginary  roots,  ike 
poniive  and  ike  negative  ones,  iftkere  are  any  such,  are  even  in  number, 
when  the  last  ierm  is  positive  and  ike  degree  even. 

When  the  last  term  u  is  negative,  since  x  =^0  and  =  I  give  results 
the  one  n^ative  and  the  other  positive,  there  is  at  least  one  positive 
root,  and  may  be  5,  5...  Changing  x  into  —  x,  the  signs  of  kx^  and  u 
continue  the  same,  which  proves  the  existence  of  a  positive  root  in  the 
transformed  equation,  and  consequently  of  a  negative  root  in  the  one 
proposed ;  there  may  be  S,  5.»«  Hence,  every  equation  of  an  et)en  degree, 
in  wkick  ike  last  ierm  is  negative,  kas  two  real  roots  of  contrary  signs ; 
and,  generally,  an  odd  number  of  each  sign  ;  the  imaginary  roots  are 
even  in  number. 

II.  If  m  is  odd,  and  the  last  term  u  negative,  or  ss  0  and  s  /  give 
iiesults  of  diflerent  signs ;  and,  consequently,  one  positive  root,  or,  3, 
or  5.,«  These  roots  being  disengaged  from  the  proposed  equation,  by 
dividing  it  by  the  corresponding  binomial  factory  the  quotient  will  be 
even  in  degree,  and  the  last  term  also  wiQ  be  positive,  since  otherwise 
there  would  still  remain  some  positive  root :  thus  we  are  brought  back 
to  the  preceding  case.  Hence,  tke  positive  roots  of  any  equation  of  an 
odd  degree,  and  in  which  tke  last  ierm  is  negative,  are  of  an  odd 
number  ;  the  negative  and  imaginary  roots,  ff  tkere  are  any  suck,  are 
even  in  number. 

When  the  last  term  u  is  positive,  on  substituting  —  j?  for  4?,  ka^  takes 
the  sign  >—  ;  but  the  signs  being  then  changed  throughout,  kxT  again 
takes  the  sign  +j  whilst  the  last  term,  which  was  +  ^f  becomes  —  «;  - 
whidi  brings  us  back  to  the  preceding  case.  Hence,  every  equation  of 
an  odd  degree,  in  wkick  ike  last  term  is  positive,  kas  an  odd  number  of 
negative  roots  ;  tke  positive  and  imaginary  roots,  if  tkere  be  any,  are 
even  in  number, 

1*.  Every  equation  qf  an  odd  degree  kas  one  real  root  qf  a  sign  a/n* 
trary  to  thai  of  its  last  term, 

2*.  Tke  imaginary  roots  of  an  equation  are  always  even  in  number* 

3*.  An  equation  wkich  kas  no  real  roots  is  necessarily  qf  an  even 
degree  rvilh  iis  last  term  positive. 

V  Let  a,  bn..,  ^  a',  *-*  6^••  be  the  real  rootsof  anequation.*. 
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X  ss  T  (j?  -  fl)  (of  ~  *)...(«  +  a')  {x  +  AO- ; 

where  it  is  supposed  that  7  =  0  has  no  real  roots.  The  last  term  of  X 
being  the  product  of  that  of  T,  which  is  positive  [S*],  by  —  a,  —  6... 
^  a\  4.  6^...,  its  sign  depends  solely  on  the  number  of  the  negative 
factors ;  and,  consequently,  the  last  term  qf  an  equation  U  positive  or 
negative,  accordingly  as  the  number  ^  positive  roots  is  even  or  odd^ 
nfithaut  any  regard  to  the  number  of  the  negative  or  imaginary  roots. 

516.  Thus  it  is  proved^  without  any  dependence  on  the  theorem 
[501],  that  every  equation  X  =:  0  has  at  least  one  real  root,  except  when 
the  degree  is  even  and  the  last  term  positive.  If  it  were  possible  to 
show  that,  in  this  last  case,  there  exists,  if  not  a  real  value,  at  least  an 
algdrtraical  symbol,  a  function  of  the  coefficients,'^  which  will  reduce  X 
to  zero,  it  would  be  demonstrated  that  every  equation  has  one  root,  and 
therefore,  according  to  N"".  501,  that  it  has  precisely  m  roots. 

Let  the  last  term  +  u  of  X  be  changed  into  a  negative  and  arbitrary 
quantity  —  A;  then  the  equation  A*]"...  +  /a:  —  A  =  0  will  have  at 
least  one  positive  root,  a,  and  be  divisible  hy  x  ^^a.  Thus,  after  several 
partial  divisions  we  shall  arrive  at  length  at  a  dividend  of  the  form 
Ax  —  h,  and  the  following  remainder  Aa-^h  must  be  =  0 :  a  there- 
fore is  a  function  of  h,  determined  by  this  condition,  and  this  function 
must  certainly  exist,  though  we  be  not  acquainted  with  it ;  and  we  shall 
consequently  have  the  identical  equation 

ha^  +  pj:""'^..  +  /JT  —  A  =  Q  (x  —  a). 


*  When  a  fonnala  contains  different  letters  ;»,  f...  connected  together  by  signs 
indicating  the  operations  that  are  to  be  performed,  this  formula  is  said  to  be  a 
function  of  the  quantities  p,  7...  In  the  present  case,  the  unknown  quantity  x  ia  a 
function  of  the  coefficients ;  for,  if  the  roots  exist,  and  be  made  to  vary,  the  equa- 
tion cannot  retain  the  same  coefficients,  seeing  that  it  is  the  product  of  the  binomial 
factors  {at  ^  a)  («  —  6)...  The  roots  and  the  coefficients  therefore  have  a  depen- 
dence on  each  other,  and  x  must  contain  the  latter  in  its  value  ;  this  relation  be* 
tween  the  quantities  is  written  thus  ^ 

*-/(/»>  9... .)>  *--F(p,  9....). 
A  ^vision  is  made  of  functions  into  different  species ;  the  implicit^  in  which  the 
quantities  are  involved  among  themselves ;  y^  »  2sy  +  1  is  an  implidt  function  of 
X  and  jr.  The  explicit^  when  the  unknown  quantities  are  separated  in  a  resolved 
equation;  y^^x  ±  V(«'— l)isan  explicit  function  of  x.  The  algehrate/uMc- 
tiotu  are  those  which  involve  only  the  operations  of  Algebra,  extending  to  the  ex- 
tractions of  roots.  The  transcendental  functions  contain  logarithms,  unknown  ex- 
ponents, ^nes,  cosines,  &c.  We  shall  readily  understand  the  farther  denominations 
of  logarithmic,  exponential,  circular,  functione, . .  We  ordinarily  express,  in  a  func- 
tion, those  only  of  the  letters  contained  in  it,  to  which  regard  is  intended  to  be 
paid,  in  the  object  we  have  in  view.    [See  the  note^  N^.  620]. 
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We  nifty  here  assume  for  the  arhitrary  quantity  h  any  numher  we 
think  proper,  and  the  identity  will  still  subsist^  provided  only  that  we 
take  for  a  the  value  corresponding  to  that  of  h.  Make  A  =  —  « ;  then 
the  1st  side  becomes  X,  and  the  division  of  it  by  a?  —  a  will  he  exactly 
possdUe.  Thus  the  equation  X  3=  0  has  the  root  a ;  hut  since  the 
ndicalsy  with  which  A  may  be  affected,  may  perhaps,  on  —  u  being  sub- 
stituted for  h,  cease  to  be  real,  it  is  possible  that  this  root  a  may  be 
imaginary. 

517.  The  theorems  of  N*.  515  may  also  be  demonstrated  by  means 
(^Geometry.  The  curve  which  has  for  its  equation  ,y  =  X  consists  of 
a  single  branch  continued  indejinitely  in  both  directions  as  Q'CMN 
(%•  ^)  9  fw  ^ch  value  of  x  corresponds  always  to  one  of  y.  These 
earves  have  received  the  name  of  Parabolic,  from  the  circumstance  of 
one  of  the  variables  entering  into  the  equation  only  in  the  1st  degree 
and  in  a  single  term,  as  for  the  common  parabola.  The  abscisste  JR, 
XQ  of  the  points  R,  Q...,  in  wliich  the  curve  cuts  the  axis  of  x,  corres- 
pond to  y  =  0,  and  are  roots  of  the  equation  X  =  0 ;  they  are  positive 
for  the  sections  R,  Q...,  on  the  right  of  the  origin  il,  negative  for 
/J*,  Q'...  on  the  left. 

This  being  premised, 

1*.  if  X  =  AB  and  AD  give  results  of  different  signs,  the  corres- 
ponding ordinates  BC,  DE  are  on  opposite  sides  of  the  axis;  and  the 
curve  in  its  course  from  C  to  £  meets  the  axis  at  least  once  in  R,  or 
3,5..,  times  between  B  and  D.  In  like  manner,  when  x  =^  AB  and 
AP  give  results  of  the  same  sign,  the  ordinates  BC,  PM  are  on  the 
same  side  of  the  axis,  and  the  curve  proceeds  from  C  to  M  without 
cutdng  the  axis,  or  cutting  it  in  2,  ^„,  points.  We  shall  readily  per- 
ceive in  these  circumstances  the  proofs  of  what  has  been  said 
[N-.  512  and  518]. 

2*.  When  X  is  of  an  even  degree,  with  its  last  term  positive,  xssO 
and  s  the  superior  limit  AP  give  points  of  the  curve  such  as  to  require 
that  from  A  to  P  tliere  shall  he  no  point  of  section  with  the  axis,  or 
2,  4«.. ;  and  the  same  for  the  negative  values  of  x»  But  if  the  last  term 
he  n^ative^  x  =  0  gives  the  negative  ordinate  AF  (fig.  S) ;  whilst  the 
limits  B  and  D  of  the  positive  and  negative  roots  give,  on  the  contrary^ 
the  positive  ordinates  BC,  DE;  the  curve  therefore  proceeds  from 
£  to  F,  and  then  to  C,  and  cuts  the  axis  at  least  once  between  D  and  A, 
and  once  between  A  and  B;  it  may  cut  in  3,  5...  points,  either  on  one 
side  of  A^  or  the  other.    All  this  is  in  conformity  with  N*  515,  I. 

3*.  If  the  degree  of  X  is  odd,  with  the  last  term  negative,  «  ss  0  and 
VOL.  ir.  R 
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ss  the  limit  AB  of  the  pofdtiTe  roots  (fig.  4)  give  the  points  Fand  C  on 
the  opposite  sides  a£Ax;  and  the  curve  proceeds  from  F%o  C,  cutting  the 
axis  in  1^  or  3,  or  5...  points.  And  if  the  last  term  be  positive,  XzstO, 
and  s^  AB,  the  limit  of  the  negative  roots  (fig.  5),  give  the  p<»nts  C 
and  F,  and  1,  3,  5..«  intersections  between  B  and  A,  agreeably  to  N^ 
515,  II. 

Observe  that  the  curve  touches  the  axis  of  x,  when  two  or  more 
points  of  section  coincide,  i.  e.  when  there  are  equal  roots  (^See  N**.  494, 
523  and  713]. 

COMMENSURABLE   ROOTS. 


518.    The  equation  a:*  +  px*"'  +  ^jr"^.,.  +  «  =  0,  the  coefficients 
€f  which  are  all  integral,  cannot  have  a  Jractiomd  root  ^  ^^  T*    For  in 


a' 


this  case  we  should  have  r^-\-  p  jz^^  -|-,.»  s  0,  and  multiplying  the 

whole  by  6*,  a*  +  A  (pa^^^  +  i^fia*^...  +  wft"*')  =  0 ;  the  second 
part  of  which  is  a  multiple  ofb  ;  and  consequently  /T  is  divisible  by  b, 
which  supposes,  either  that  6  =  1,  or  that  a  and  b  are  not  prime  to 
each  other  [N*.  24,  6'.].     Hence,  &c. 

Thus,  when  we  have  prepared  the  equation  according  to  the  mode  of 
N"*.  505,  making  y  ^s:  kx,  so  as  to  render  all  the  coefficients  integral, 
and  that  of  the  first  term  I,  we  may  rest  assured  that  there  will  then 
be  no  fractional  value  of  y :  the  real  roots  of  y,  being  divided  by  k,  give 
those  of  X,  which  will  be  integral  only  when  this  division  succeeds 
exactly.  Thus,  the  investigation  of  the  fractional  roots  tliat  an  equation 
may  have  is  reduced  to  that  of  the  intend  roots  of  the  transformed 
equation;  and  we  thus  obtain  the  rational  binomial  factors  of  the 
polynomial  X,  divided  by  the  coefficient  k  of  its  1st  term. 

Let  X  =  ^or"  +  pa:"-'  +  qjT^..,  sx'^  -^  fx  -{-  u  ;  and  denote  by 
kar-i  +  p'jT-K..  *V  +  fx  -^  u'  the  quotient  of  X  divided  by  :r  —  a. 
We  have  already  given  [N*».  500]  a  process  for  determining  the  quotient 
and  the  remainder  R,  viz. 

ka-k^  p^p',  kf^+  qts  ^.,.,  /a  +  sssf,  ta  +  t  ^  i^ ; 
whilst  the  remainder  from  the  division  is  i2  sa  ti'a  +  «i :  hence 

« —  •••,  —  sr  1= ,  — .  f  -=  ■,  —  1/  =t       ' 

a  a  a  a 

Instead  of  calculating  the  coefficients  p'...  /,  /',  21',  R,  step  by  step  suc- 
cessively, we  may,  when  R  is  known,  obtain  them  in  the  Inverse  order 
«',  t',  /... ;  a  mode  which  is  of  service  in  the  investigation  of  the 
integral  roots.  For,  the  condition  necessary  and  sufficient  to  express 
that  J7  —  a  divides  X  is  that  R  be  nothing ;  whilst,  if  a  be  an  integral 
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nnmber^  it  follows  from  the  very  nature  of  the  calculation  that  //..^j  /, 
ty  tt  are  all  integral ;  thu8>  P.  a  divides  u  ;  and  we  must  look  for  the 
integral  roots  of  the  equation  X  =  0  only  amongst  the  divisors  of  its  last 
term  :  2®.  a  divides  t  —  u\  then  *  —  <'...,  and,  finally ,  p  -r  //,  and  this 
IsH  quotient  is  the  coeffideiU  of  the  first  term,  with  a  contrary  sign. 

Such  are  the  oonditioDs  which  must  b«  fulfilled  bj  every  integral 
root  A  ;  and  It  is,  on  the  other  hand,  evident  that  every  integral  number 
a  which  does  satisfy  them  is  a  root ;  since,  if  we  compose,  by  the  process 
just  ezpkaned,  tBe  quotient  of  X  divided  by  Jf  —  0,  we  shall  arrive  at 
a  lemainder  nothing,  and  at  the  coefficients  k,  p\.*  s',  t,  tt,  the  same  as 
tbose  we  had  previously  obtained. 

This,  therefore,  is  the  course  to  be  pursued :  we  must  talce,  as  well 
with  the  ttgn  +  as  — ,  the  several  divisors  of  the  last  term  «,  and  the 
qu6tients  t(  ot  u  divided  by  these  numbers ;  and  submit  them  to  the 
teito  above  prescribed :  if,  in  the  course  of  the  operations,  any  one  of 
these  divisors  give  a  fractional  quotient,  we  must  reject  it  as  incapable 
of  being  a  root ;  but  we  shall  recognize  as  such  every  divisor  which 
leads  in  the  end  to  —  ^,  or  the  coefficient  of  the  1st  term  with  a  con- 
tnuy  sign.  The  series  df  numerical  quotients  thus  obtained  forms  the 
coefficients  ^,t,i..^k  of  the  algebraical  quotient  of  X  divided  by  or  —  a, 
but  with  contrary  signs. 

+  1  divides  all  the  numbers ;  so  that  the  trials  of  these  divisors  of  u 
giving  quotients  always  integral,  it  would  not  be  until  the  close  of  the 
calculation  that  we  could  ascertain,  from  not  finding  —  it  for  the 
quotient,  that  +  1  is  not  a  root ;  and  we  consequently  prefer  substitut- 
ing +  1  in  the  equation.  We  pass  over  likewise  in  our  trials  those 
divisors  which  exceed  the  limits  of  the  roots  [N*.  507]. 

For  example,  let  a^  -  j:^  -  16j?«  +  bbx  —  75  «  0 ;  since  75  s=  S.  5«, 
we  easOy  find  [N\  25]  that  the  divisors  of  75  are  4:  (1,  3,  5,  15,  25 
and  75).  We  shall  exclude  +  1 ;  for  the  coefficients,  summed  alter- 
^^^1  J>  g^^e  —  90  -f  54' ;  and  whether  we  take  ±  54,  the  wholQ  sum 
cannot  be  xero.  We  must  likewise  exclude  the  divisors ' which  exceed, 
-f  17  and  —  37,  the  limits  of  the  roots.  The  following  is  the  most 
convenient  mode  of  arranging  the  calculation,  where  *  points  out  the 
divisors  to  be  rejected : 


a  = 

15, 

5, 

3, 

-3,-5, 

-15, 

-25 

-.fl'ss-. 

5, 

-15, 

-35, 

25,       15, 

5, 

3 

55-1/  = 

60, 

40, 

30, 

80,      70, 

60, 

58 

-  <'  = 

# 

9 

8, 

10, 

*,  -14, 

-  4, 

* 

-16-<'  = 

•••> 

-  8, 

-  6, 

••.,  --30, 

-20 

-/  = 

•  •> 

• 

9 

-2, 

...,  +  6, 

* 

—   1  -  •  = 

.    a  A  a  ^A  M   . 

-  S,. 

-  1,. 

4.  5. 

^             ^p     ^^^^ 

—  1 

b2 
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Thus  the  praposed  equation  has  onl^  two  int^ral  roots^  3  and  —  5 ; 
the  quotient  by  a?  +  5  is  a:'  —  6j:*  +  lifx  —  15;  and  this  again  being 
divided  by  jr  —  3,  we.have 

(x+  5)  (a?  -  3)  (ji«— 3jr  +  5)  =  jp*  -  «»  -I6x«  &c. 
We  subjoin  two  other  examples : 


an  2,^  2,-  5,-10 
-!/«:     5,-  5,-   2,-    1 

/-.«'« -3,-13,-10,-  9 
^r^    •.     •,+  2,     • 

»— I's     5  ••.. 

*~A  ss       ■•••••••  ^*  i  •  •  •  • 


ar3-.7«S-63«  +  36 

9,      6,      4,      3,      2,-  2,-  3,-  4 

4,  6,  9,  12,  18,-18,-12,-  9 
-59,-57,-54,-51,-45,-81,-75,-72 

•  •  •-17,  •,  •,+25,+18 
-24 +1B,-|-11 

-8,      %      • 


In  the  Ist,  the  factor  a?  +  5  gives  the  quotient  ««  —  2ar  4-  2  =  0. 
In  the  2nd,  among  the  divisors  of  36,  we  make  trial  of  those  only  which 
lie  between  the  limits  —  5  and  +  10;  whence  we  get  the  factor  «  —  3 
and  the  quotient  8a;*  +  1  Tor  -  12. 

The  following  are  some  problems  which  may  be  solved  by  this 
process: 

I.  To  find  a  number  N,  oonfdsting  of  three  figures  x,  ^,  z,  such  that, 
P.  their  product  shall  be  54 ;  2\  the  figure  in  the  middle  be  the  6th 
of  the  sum  of  the  two  others ;  3*".  that,  subtracting  594  from  the  num- 
ber proposed,  the  remainder  shall  be  expressed  by  the  same  figures  in 
the  reverse  order.    These  conditions  give 

ayz  =  54,  6^  =  a?  +  z,  lOOz  +  lOy  +  x  =  A''  —  594; 
and  since  N  =  lOOor  4-  10^  +  z,  this  reduces  the  last  of  the  preceding 
equations  to  or  —  z  s=  6 ;  eliminating  y,  we  have  ^^z  4-  xz^  s=  324 ;  and, 
lastly,  substituting  2  +  6  for  or,  we  have  z*  -I-  9z*  +  18z  =  162.  But 
X,  y,  z  are  necessarily  integral,  and  our  method  gives  z  =s  3 ;  whence 
or  =  9,  y  =  2  and  Nss  923. 

II.  What  is  the  base  x  of  the  system  of  numeration  in  which  the 
number  538  is  expressed  by  the  characters  (4123)  ? 

The  object  here  is  to  find  the  integral  and  positive  root  of  the 
equation  4^*  +  la:*  4-  2x  +  3  =s  538;  which  is  5.  fSee  the  note,  p. 
6.  of  vol.  I]. 

Generally,  if  A  is  the  number  expressed  by  the  n  figures  a,  b,  c...  i, 
the  base  x  of  the  system  is  given  by 

ax^^  +  baf^^.,.  =  i4  —  t ; 
an  equation  which  has  only  one  positive  root  [N".  530].    Moreover,  x  is 
integral  and  >a,b,c,..  t. 

III.  Let  the  equation  proposed  be  8.(f  )'*-^»'+5'+3  -s  125 ;  obaerving 
that  J.|i  =  (if,  the  rules  of  N\  147,  3".  give 

(jr'»-54?*4-3x4.3)logi  =  31og^,  orar3  -  5a:* 4- 3ar  4-  3  =— 3; 
whence  we  deduce  *  =  2,  and  =  4  (3  ±  v'  21). 
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IV.  For  6jp»  —  19i«'  +  28a;«  -  18ar  +  4  =  0,  we  assume  a;  =  i^ ; 
whence  y  —  19y  +  163^  —  648y  4*  864  s:  0.  There  are  no  nega- 
tive Tooto,  and  the  positive  ones  are  <  20.  But  864  =  2^3^,  which 
leads  118  to  make  trial  of  the  divisors  2,  3,  4,  6...  18.  We  thus  find 
jfssS  and  4;  whence  y  —  12^  +  72  =  0 ;  and^  lastly,  « si)  1, 
1  +  V  -1. 

We  find  in  like  manner  that 
6ap»  +  15«*  +  10j:s-a?  =  a:{«+l)(2x+  1)(3j?8+ 3*  -  1)- 

519.  These  calculations  may  in  some  cases  become  very  long  and 
tedious ;  but  the  following  method  will  serve  to  abridge  them. 

Make  a;  ss  d  in  the  proposed  equation  X  &=  0,  and  let  U  be  the 
result  obtained ;  if  now  we  make  j?  =:  z  +  d>  the  transformed  equation 
2"  +  Pz^^K^.  will  have  precisely  V  for  its  last  term.  ^  may  here  be 
any  integer  whatever ;  and  the  integral  roots  of  x  will  correspond  to 
those  of  Zy  comprised  among  the  divisors  of  U.  Let  these  latter  be 
denoted  by  +  cT,  ±  cT... ;  it  is  dear  then  that  the  integral  roots  of  x 
aie  all  comprised  under  the  form  j;  s=  d  +  (f,  a  number  which  must 
divide  the  last  term  of  X. 

Thus  put  for  X  any  integer  d^  and  take  all  the  divisors  ±  dof  the 
remit  U  (it  will  be  well  to  select  B  so  that  U  may  have  but  a  small 
number  of  divisors] ;  it  will  be  unnecessary  then  to  submit  to  the  pro« 
cess  prescribed  by  the  general  method  any  other  of  the  divisors  of  the 
last  tenn  «>  than  those  which  are  comprised  in  the  form  Bdtd^  We  may 
take  several  values  of  B,  which  will  give  as  many  systems  of  exclusion. 

In  the  problem  IV,  making  if  =  1,  we  have  Us=  366»  the  divi« 
S0X8  of  which  are  l>  2,  S,  6,  61 ;  the  integral  roots  of  ^  therefore 
are  of  the  form  1  +  these  divisors ;  and  consequently  y  is  among  the 
numbers  2,  3,  4,  7,  confining  ourselves  within  the  limits  0  and  20. 
After  this,  we  need  only  try  2,  3,  and  4,  for  7  does  not  divide  864. 

520,  Let  us  now  investigate  the  commensurable  factors  of  the  2nd. 
degree  of  the  eqttation  X=s  0.  One  of  these  factors  being  j;*  +  or  +  6, 
the  other  will  be  of  the  form  o:*"^  +  p'j:"'^  +  ...,  and  we  shall  have 
the  identical  equation, 

X^ijx^  -{•ax^'b)  (x*-«  +  p'x^^  +  q'x^^...) ; 
where  there  are  m  unknown  coefficients.  Efibcting  the  multiplication, 
and  comparing  the  respective  terms  of  the  two  sides,  we  shall  have  m 
equations;  eliminating p',  q\**  between  these,  there  will  remain  but 
two  equations  between  a  and  6 ;  and,  lastly,  one  containing  b  alone, 
and  which  will  be  of  the  degree  \m  (m— 1),  that  being  the  number  of 
the  comUnations  2  and  2  of  the  factors  of  the  1st  degree.  This  last 
equation  will  give  for  6  at  leasf  on^  commensurable  value«  or  otherwise 
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X  would  have  no  rationiil  factor  of  the  2nd  degree ;  and  thiA  value  of 
b,  introduoed  into  the  equation  between  a  and  b,  will  give  a,  and  con- 
sequently jfl  +  ax+b^ 
For  example^  let , 

^  -  d««  -  1 2u;  +  S  a=  (x8  +  ax  +  6 )  (**  +  p'«  +  «0 ; 
then 

tf  +  p'  =  0,  6  +  ap'  +  7  =  —  3,  p'A  +  flv'  =  -  ^2,  9'6  »  5. 
The  two  first  give  p'  and  <f ;  subBtituting  in  the  two  others,  we  have 

tab  -I-  3a  —  a'  =  12,  6«  +  ^  (3— a^)  +  5  =  0, 
and  eliminating  6,  we  find  a^  -  6a^  —  1  la^  as  144 ;   whence  «  s  3 
and  —  3,  &  S3  5  and  1  ;  and  the  ikctors  consequently  are 

(4P«  +  Sjc  +  5)  («*  --  3*  +  I). 


ELIMINATION. 

521.  Ay  a.  By  6...  being  functions  of  y,  let  us  investigate  the  several 
pairs  of  values  which,  substituted  for  x  and  y  in  the  polynomials  Z  and 
T,  reduce  them  to  zero : 

Z^Ax"^^  £*•-'...,  r  as  oa;*  +  &«»-»..•• 

Supposing  m  a  or  >  »,  divide  Z  by  T;  Z  being  first  multqplied,  if 
it  be  necessary  for  the  purpose  of  avoiding  fractions,  by  such  a  factor 
M,  as  will  render  A  a  multiple  of  a :  Jtf  will  be  a  number  or  a  function 
of  y{^)'  Let  the  quotient  be  represented  by  Q,  and  the  remainder, 
which  will  be  a  function  of  ^,  by  12 ;  we  have  then 

This  equation  is  identical^  clear  of  fractions  and  irrational  quantities, 
and  is  true  whatever  x  and  y  be ;  we  may  therefore  substitute  for  je 
and  If  one  of  the  pairs  of  values  in  question,  when  Z  and  T  will  be  no- 
thing; and  R  therefore  will  be  so  also, 

u  <?.  72  =  0  and  r  =  0. 
Conversely,  if  any  values  of  x  and  ,y  render  R  and  T  each  nothing, 
we  have  MZ  =  0 ;  and  consequently  3f  =  0,  or  Z  as  0 : 

Thus,  when  instead  of  the  equations m.Z  =  0,  7  =  0 

we  take  these 22  =  0,  TssO, 


*  Tbc  factor  Af  is  obtained  in  tlie  same  manner  as  for  the  common  divisor 
[p.  118,  vol.  I.]-  When  the  degree  n  is  s  m  —  1,  which  is  the  most  ordinary  case, 
at  least  in  the  subsequent  divisions,  we  assume  M  ^t^^  the  square  of  the  lat  co- 
efficient of  the  divisor  T%  wb«a  the  quodeni  will  be 

We  shaU  at  once  form  this  qnantily,  and  its  produa  by  7*,  which  must  be  subtracted 
from  e^Zi  the  two  first  terms  will  disappear,  there  will  iu  faet  be  no  necesaity  to 
attend  to  them  \  and  wo  shall  thus  arrive  at  the  remainder  A  by  a  very  easy  process. 
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we  Aall  find  all  the  pabs  of  values  of  x  and  ^  required ;  bat  besides 
them  these  equatiofis  admit  others  also^  which  give  M  ss  0  and  T  =  0, 
values  Jbreigm  io  the  quesiion,  and  tekick  have  been  iniroduced  in  the 
oottrse  ^  ike  calculatum*  The  problem,  however,  thpug)i  it  do  contain 
these  superfluous  solutions,  is  become  more  simple,  since  we  shall  of 
course  have  continued  the  division  of  Z  by  T,  until  j;  has  been  reduced 
in  R  one  degree  lower  than  in  T*. 

Let  now  7,  or  rather  Af 'T,  be  divided  bj  i2,  M^  being  a  suitable 
factor;  assume  Q^  f or  the  intend  quotient,  and  JR'for  the  new  re- 
mainder ;  we  have  then,  M'T  k  Q[R  4-  R„.  (2) ; 
and  it  may  be  proved  as  before  that  the  several  pairs  <^  values  which 
7€duce  T  and  R  to  nothing,  also  give  jR  s=  0  and  i^^  s=  0,  equations 
which  admit  all  the  solutions  required ;  whilst,  at  the  same  time,  they 
contain  also  the  pairs  of  values  which  render  Mf  and  R  nothing ;  so 
that  taking  these  latter  equations  instead  of  those  proposed,  we  shall 
have  the  solutions  wanted,  and  besides  them  others  which  are  foreign 
to  the  question,  and  reduce  to  nothing,  cither  M'  and  12,  or  M  and  T. 

And  this  calculation,  which  is  precisely  that  for  finding  the  common 
dvmor  of  th^  poh^nomiaU  Z  and  T,  must  be  continued  until  the  degree 
of  X  is  so^reduced  in  the  dividend  mV  and  in  the  divisor  D,  as  to  give 
a  remaittder  F,  independent  ^x,  viz. 

wr=i)g-f  F...(3), 
whence  D  =  0  and  Y  =  0...  (4). 

These  two  equations  then  admit  all  the  solutions  required ;  but  they 
have  othen  also  foreign  to  the  question,  and  which  we  shall  recognise 
from  the  circumstance  of  their  reducing  to  zero  one  of  the  introduced 
factors  M,  lf\«.  m,  at  the  same  time  with  the  corresponding  divisor 
T,  R...  IX 

Hie  equation  Y^^Q  has  but  one  unknown  quantity  y :  we  must  in*- 
vestigate  its  roots,  and  substituting  them  in  D  s  0,  an  equation  gene- 
rally of  the  1st  degree  in  «,  we  shall  hav«  the  several  values  of  x, 
whkii  pair  off  respectively  with  those  of  if ;  only  if  D  be  of  tlie  2nd 
degree,  each  root  of  tf  will  be  coupled  with  two  values  of  x,  and  so  on« 
Hence,  to  eUminate  x  and  y  between  the  equati(ms  Z  =s  0,  and  7*  =  0, 
imvestigaie  the  common  divisor  Jar  Z  and  T  arranged  according  to  x  ; 
continue  the  calculation  until  you  arrive  at  a  divisor  D,  which  gives  a 
remainder  Y  independent  of  x ;  and,  lastly,  replace  the  eiiuaiions  pro* 
posed  by  Y=0  and  D  =0,  which  are  called  the  Final  Equations. 

Let  the  equations  bo 

2j?*  -y  +  1  =0,  a:«  -Say  +  j^2  +  5  =  0: 
dividuqg  the  1st  equation  by  the  2nd,  the  quotient  is  2,  and  the  re- 
mainder, disengaged  of  the  factor  3,  is  D  ss  2xy  -p*  ^  -^  3  ==  0 ;  the 
Sad  equatum  being  now  multiplied  by  4^\  and  divided  by  D,  tb^ 
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quotient  is  ^tf  —  5^*  +  3,  and  the  remainder  F  =  —  y  +  8y«  +  9  =  0. 
We  resolve  this  equation  by  making  y^=iz;  whence  z^  —  82  =  9, 
s  =  9,  and  —  1 ;  and  consequently  ^  =  ±  3,  and  ±  >/  —  1 :  lastly, 
substituting  in  D,  vre  obtain  the  corresponding  values  x  =:'  +  2, 
HPv^-1. 

For  the  equations  a?*  +  2xif  —  Sy  +  1  =  0,  o:^  —  ^  ss  0,  th^  first 
remainder  is  D  =  2ry  —  2y  +  1,  the  secmid  F  =  4y*  -  1  ssO,  and 
lastly  J?  s=  —  ^  2=  ±  4.. 

^9  Q>  P>  7  being  the  given  lunctions  of  ^^  the  equations 

j:«  +  Pjr  +  Q  =  0,  a:^  +  pj?  +  7  =  0 
give  the  final  equations 

(P  -;,>:  +  Q-7  =  a  (a-  qf  +  7(^  ^  P)' =KQ  -  q){P  -  p)- 
VoTJ^  +  x^  -  xy«  — ^^=50  and  2a?2  —  j:  (4y  —  1)  — Sy^  +  ^ssO, 
the  first  remainder  is(16y«— 2y-  1) j?  +  Sy' —  6y*  — ^  =  0  =  JD  ; 
and  the  last  divisor  being  now  multiplied  by  (I6y^  —  2y  —  1)^^  and 
divided  by  D,  we  have  the  final  equation  S2y*(4y  —  12y«  +  3^  +  1) 
=  0  =s:  F.  From  this  we  deduce  ^  =  0  and  i  [N°.  518] ;  and  Y  being 
then  reduced  to  the  2nd  degree^  we  find  ^  =  4  (5  +  >/  33).  Lastly, 
D  gives  the  corresponding  values  a:  =  0,  -^,  —  1  and  —  1. 

522.  It  now  remains  for  us  to  distinguish^  or  rather  to  avoids  the 
extraneous  sdutiofis,  those  which  reduce  to  nothing  M  and  T,  or  M' 
and  R,  or  &c 

Let  .y  =  f  be  a  root  of  the  equation  ilf  =  0,  which  does  not  contain 
X ;  substituting  in  T  =  0,  we  shall  have  an  equation  2^  =  0  in 
X  alone,  which  will  at  the  highest  be  only  of  the  degree  n  —  1,  seeing 
that,  from  the  very  nature  of  the  calculation,  M  must  be  a  factor  of  the 
coefficient  a  in  r=aj*  +  6j;^»....  Thus,  resolving  the  equation 
r  =  0,  we  shall  deduce  from  it  n  —  1  values,  x^s-^,  corresponding 
to  ^  =  ^,  which  render  3f  and  T  each  nothing  at  the  same  time. 
Substituting  these  values  f  and  ^o£y  and  x  in  the  identical  equations 
(1)  and  (2),  it  is  obvious  that  we  shall  have  R  and  R  each  nothing; 
and  we  might  consequently  be  led  to  conclude  that,  f  having  been 
substituted  for  1/  in  these  two  remainders,  there  are  n  —  1  valued  ^  a£ 
X  which  give  jR  =  0  and  i?  as  0.  But  this  is  not  possible,  since  If 
must  be  of  a  lower  degree  than  n  -  1,  that  of  R :  thus,  ^  =  ^  must 
render  /J'  =  0,  without  the  aid  of  any  value  of  a? ;  or,  in  other  words, 
M  divides  R.  Hence  the  factor  M,  introduced  in  the  Jirsi  division,  U 
a  divisor  of  the  second  remainder  Rf,  or  R'  =  Mr. 

Throwing  out,  therefore,  the  factor  M  from  jR',  t.  e.  replacing  Rf  by 
r,  the  operation  will  be  freed  from  the  extraneous  roots  arising  from 
M;  and  the  calculation  for  the  common  divisor  must  after  this  be 
directed  to  the  quotient  r,  instead  of  K.    It  will  in  like  mcumer  be 
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found  that  AV  exactly  divides  the  3id  remainder  R^,  which  must  be 
leplaced  by  the  quotient  of  Bf  divided  by  JfT,  in  order  to  suppress  th» 
txtnmeous  roots  introduced  by  M' ;  and  so  on>  till  we  arrive  at  length 
St  the  final  equation  F  ss  0«  which  will  thus  be  cleared  of  the  whole 
9f  these  extraneous  roots.  The  last  factor  m  of  the  equation  (8)  can« 
sot  introduce  any^  since  every  factor  ^  ss  0  of  m  and  of  Y  must  also 
tivide  D  [See  N**.  523,  4^  and  4th  case]. 

Observe,  that  if  we  assume  y^szfiaT  and  R,  the  polynomials  in  x 
which  result  must  be  identical,  since  they  become  nothing  for  the  same 
jf  —  1  values  a£  X  ss^. 

Tor  example,^  let 

3^y  -  Sx  +  1  «  0,  x«  (^  —  1 )  +  X  —  2  =  0: 
multiplying  the  first  b]^  (^  —  1  )S  and  dividing  by  the  2nd,  we  have 

1st.  remainder...  —  a:  (>"  -  5y  +  3)  +  (^  -  4y  +  1 )...  (D) ; 
multiplying  the  last  divisor  by  (y^  —  5y  +  3)^  there  results 

2nd.  remainder...  y*  —  lOy*  +  37^  —  64y*  +  52^  -  16, 
which  must  be  divisible  by  (^  —  1)^;  and  the  quotient  will  be  the 
final  equation,  clear  of  every  extraneous  root, 

^  —  8y«  +  20y  -  16  =  0...  {Y). 
The  roots  are ^  =  4,  2  and  2 ;  and  D  =  0  gives  x  s  —  1^  1  and  I. 

Should  it  appear,  however,  that  the  root  .y  s  ^  of  A/  ss  0  reduced 
7  to  the  degree  i»  —  2,  M  would  no  longer  necessarily  be  a  divisor 
of  R,  since  the  equations  jR  :s=  0  and  R'  =s  0  might  admit  the  »  —  2 
roots  4"  of  T  =  0,  and  the  reasoning  above  would  not  now  be  appli- 
caUe.  We  have  an  instance  of  this  in  the  following  example,  where 
the  factor  ^,  introduced  in  the  Ist  division,  does  not  divide  the  2nd 
remainder,  and  shows  itself  again  in  the  final  equation : 

(y-l)ar*-l=0,^jc'-«+l=0, 

1st.  remabder...  a;*  (y  —  1)  -  a:  (^  —  1)  —  y, 

2nd x{2f  -  2y  +  l)+y  +  Jf  -  1, 

3rd.     Jf  (j(*  ^  7f  +  14/  -  9^  +  2). 

523.  We  have  now  some  important  remarks  to  make  on  this 
ftalject. 

P.  If  ^  s «  and  y^0  reduce  both  Z and  T  to  nothing,  making 
3;  =  a  in  these  polynomials,  the  results  will  no  longer  contain  ar,  but 
will  be  each  nothing  for  y^0 ;  whence  jy  —  0  is  a  common  factor. 
In  order  therefore  to  ascertain  whether  x  s  «  forms  a  part  of  one  of 
tlie  solutions  required,  and  to  obtain  the  root  y  =  0  corresponding  to 
it,  we  must  assume  x=^aia  Z  and  7,  investigate  the  common  divisor 
(^  the  results,  and  equate  it  to  sera  If  this  factor  be  of  the  2nd  degree, 
« ooTKipoiids  to  two  values  of  jf,  &c. 
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2*.  If  ao^  combinatum  of  the  polfnomials  Z  and  T  give  a  moie 
fiimple  result,  we  may  employ  it  in  preference  to  Z ;  and  it  will  be  xigkt 
alao  to  arrange  in  re^Nwt  to  ^«  if  the  calculation  becomes  easier  in  ooor 
sequenoe*  Thusi,  in  the  Ist  example  of  p.  55  y  adding  the  equatjonsy  and 
airanging  relatively  to  y,  which  in  the  sum  is  only  of  the  ist  degree, 
we  arrive  at  once  at  the  solutions. 

When  therefore  Z  and  7  are  of  the  same  d^ree  m,  by  diminatiT^ 
;r"*  as  an  unknown  quantity^  one  of  the  equations  may  be  reduced 
one  degree  lower. 

3*.  If  Z  is  formed  of  two  rational  factors  Zz=P%  Q,  it  folbws  that, 
at  the  same  timp  that  7  =  0,  we  must  have  either  P,  or  Q  nothing. 
Thus  the  problem  proposed  separates  itself  into  two,  and  admits  of  the 
solutions  of  this  double  system : 

r  =  0  with  P  5=  0,  r  =  0  with  Q  =  0. 

And  if  7,  P,  or  Q  allow  of  being  resolved  into  factors,  the  problem  may 
be  still  farther  sub-divided  into  others  more  simple. 

In  the  2nd  example,  p.  5S,  the  equation  j;'  —  ^^  as  0  gives  j;  4-  ^  =  0 
and  j;  —  ^  =  0 ;  whence  we  shall  simply  make  :p  =  +  ^  in  the  1st 
equation. 

4^  In  the  case  when  one  of  the  pdljmomials  that  we  meet  witli  in 
the  course  of  the  calculation  contains  a  factor  which  is  a  function  of  y 
(and  it  must  be  a  factor  of  each  tenn  {N\  109,  1 1]),  we  cmnot  now 
suppress  thia  factor,  as  when  our  object  was  solely  to  obtain  the  greatest 
oomiBon  divisor.  According  to  what  has  been  said,  we  must  con- 
sider this  equation  separately,  and  equate  it  to  zero ;  it  contains  a  part 
of  the  solutions  required. 

For  example,  for  «=*  —  2jc*  +  ^  s=  0,  ««  (y  —  2)  +  jry  =  0, 

multiplying  the  1st  by  (jr  —  2)*,  and  dividing  by  the  2nd,  we  have 

1st  remainder y[x  (Sy  —  4)  +  y  (^  —  2)-]...  (D) ; 

and  before  we  take  this  remainder  as  a  divisor,  we  must  withdraw  the 
common  factor  j^,  and  put  y  :ss  0  in  the  2nd  equation,  when  we  have 
j;  =1  0.  The  other  roots  arc  then  obtained  by  multiplying  the  2nd 
equation  by  (3y  —  4)%  and  dividing,  &c.  The  2nd  remainder  must  be 
divisible  by  (y  —  2)® ;  which  extraneous  factor  being  suppressed,  we 
arrive  at  the  final  equation 

5^Mj^' -  6^  +  S^ -.  4)  »  0, . .  (  F) ; 
whenoey  »  0, 1,  1,  4 ;  and  consequently  a;  s  0, 1,  1,  —  2. 

In  like  manner  the  equations 
«•  +  %  -  S)  +  J^'  -  3y  +  2  =  0, ««-.  2jc  +  /  -y  »0 
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kad  to  the  xenudnder  (jf  —  1)  (x  —  2) ;  and  we  assume  y  ^  I  in  the 
dimor:  whence  ;r  =b  0  and  2.  The  calculation  being  now  continued 
kv  the  lemainder  x  —  2,  the  final  zemainder  is  found  to  be  ^  -^  ^  s  0« 
vis.  X  aa  S  with  y  s  0  or  1* 

S^.  If  Zand  T  have  a  ammon  factor  F,ZrsPFy  T^QF,  the 
problem  is  resolved  by  assuming,  either  P  and  Q  nothing,  or  F  =  0. 
The  Ist  system  is. treated  in  the  usual  manner^  and  gives  different  solu- 
tions ;  as  to  the  equation  F^O,  since  it  cannot  itself  alone  determine 
X  and  y,  the  problem  is  indeterminate.  If  F  contain  either  x  or  ^  singly, 
this  one  of  the  unknown  quantities  is  deduced  from  it,  and  the  other 
is  arbitrary ;  if  f  as  0  contain  both  x  and  y,  one  may  be  assumed  any- 
thing whatever,  and  the  other  must  be  deduced  from  it. 

For  example,  taking  the  equations 

(y  -  4)««  -y  +  4  =  0,  Jc»-««-xy  +  Jf«0, 
we  find  the  common  factor  x  —  1,  t.  e.  we  have 

(y  -  4)  (x  +  1)  (a;  -  1)  =  0,  (x^  -;y)  (x  -  J)  =0; 
and   we   shall   therefore   assume  x  =  1   and  y  any  thing  whatever. 
Besides  this  infinite  number  of  solutions,  wc  shall  have  those  also  which 
resttlt  from  the  suppressbn  rf  the  factor  (x  —  1 ),  vis.  ^  «  1  and  4 ;  and 
X  sr  —  1  aad  i  2. 

The  rule  laid  down  N"".  521  presents  four  cases  of  exoeption ;  for  it 
may  possibly  happen  that  the  final  remainder  Y  does  not  exut,  or  is  a 
number ;  or  that  the  last  divisor  D  is  in  itself  nothing,  or  is  a  number ; 
in  none  of  which  cases  can  we  assume  Y  and  D  each  to  be  nothing. 

1st  Case.  The  remainder  Y  not  existing :  its  terms  must  under  these 
circumstances  destroy  each  other,  and  Z  and  T  will  have  a  common 
factor,  which  b  the  last  divisor.  We  have  already  examined  this  case 
(5*.),  in  which  the  problem  is  indeterminate, 

2nd  Case.  Y  being  a  number:  since  in  the  equation  (3)  V 9xA  D 
cannot  now  be  both  reduced  to  nothing  at  the  same  time,  it  follows 
from  the  ansdyais  of  N*.  521  that  the  problem  is  absurd,  the  equations 
proposed  containing  contradictory  conditions.  This  exhibits  itself  in 
the  equations 

3jr«  -  6jf  +  3y »  -  1  «  0, 2x«  -  icy  +  2/  +  1  «  0. 

Aasome  any  two  equations  with  only  one  unknown  quantity,  as 
3z^  _  1  =s  0, 22*  +  I  s=  0 ;  their  coexistence  is  impossible,  except  in 
the  cane  of  a  common  factor  N^  501,  S*. ;  and  if  we  now  make 
2  ss  X  4-  y«  or  X  *—  y,  or  any  other  such  function  of  x  and  ^,  it  is  dear 
that  the  problem  wiQ  be  absurd. 

3rd  Case.  The  last  divisor  D  becoming  a  number  »,  when  in  D  we 
Sot  y  ^  root  fi  derived  ftom  7ss  0.    D  being  divided  by 
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y  -$,  the  quotient  will  be  X  in  a:  and  tf,  with  the  remainder  L  in  ^ 
alone,  or  Z)  =  (^  —  P)  K  +  L,  in  order  that,  making  ^  =  ft  D  may 
reduce  itself  to  the  value  at  which  L  then  receives.  But,  that  D  may 
be  nothing,  at  the  same  time  that  ^  ==  0,  «  must  evidently  be  infinite. 
For  instance,  the  equations 

y«»  +  a3^'(y  -  1)  -  1  =  0,  jr«««  +/-y»  -  1  =*0 

have  for  their  final  equation  ^^  (^  --- 1)  =  0,  and  for  the  last  divisor 
o:^  —  1  s=  0;  whence^  =  1,  a;  =  1,  and y  =  0,  ;c  =  oo  . 

4th  Case.  D  ^  iiself  becoming  nolkingf  when  we  make  ^  =  ft  a 
value  deduced  from  F=0:  D  will  now  [N*.  500]  have  the  form 
{y  —  P^K;  so  that,  according  to  equation  (3),  y^P  must  also  divide  F, 
and  this  factor  consequently  ought  to  have  been  separately  equated  to 
2ero  [N^  52S,  4^]].  We  must  therefore  repeat  the  calculation,  having 
regard  to  this  circumstance. 

We  will  now  show,  by  means  of  an  example,  how  to  eliminate  three 
unknown  quantities :  let 

a:  —  2y  +  2«  sc  0,  a:^  +  y»  =  2,  arz®  al. 

Eliminate  y  between  these  equations,  2  and  2 ;  when  you  will  have 
two  final  equations  in  x  and  z ;  and  eliminating  z  between  these,  you 
will  have  an  equation  in  x  alone : 

«♦  +  2j:2«  +  Sx«  =  8,  2«a;  =  1,  Sx*  —  6a?«  =  -  1. 

Hence  we  have  x  =  +  1,  5x^  a  1,  and  the  four  values  of  x  are 
known  ;^  results  from  the  equation  xz'^ssl,  &c 

£QUAL  ROOTS. 

S24f.  A  polyn<Hnial  X,  of  the  degree  m,  being  resolved  into  its  factors, 
it  will  appear  under  one  or  other  of  these  forms, 

X=:(«-a)  (x-i)(a;-c)(«-rf)...  (A), 
or 

X  «  (ar  «  a)«  [x  -  b)P  (x  -  c)  («  -  d)...  (B). 

In  the  latter  of  these  cases,  X  is  said  to  have  n  factors  equal  td 
X  —  a,  p  to  xss  b;  or  the  equation  X  sjc  0  to  have  n  roots  =  a, 
p  roots  =  6 ;  and  our  present  object  is  to  Inquire  into  the  means  of 
ascertaining,  without  knowing  these  roots,  whether  X  comes  under  the 
latter  case,  and  of  giving  to  thiB  polynomial  the  form  {B),  supposing 
that  we  are  competent  to  solve  the  equations  when  divested  of  the 
equal  roots. 

Since  the  equation  [A)  is  identical,  x  may  be  replaced  in  it  by  ^  +  ^  ; 
tod  mduog  this  substitutioni  and  developitig  the  Ui  8(49  accprdiog  to 
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thft  afloending  powen  of  y^  we  shall  have  this  identical  equation 

X+  ry  +  +Xy...  =  (j^  +  ar  -  fl)  (^  +  «  -  ft)  (^  +  «  -  c)...  ; 

wbere  2*  la  the  derivaiiye  of  X,  X"  that  of  X'...  The  second  side  is 
formed  of  factors  in  each  of  which  y  is  the  1st  term ;  and  the  product 
tberefoie  comes  under  the  drcumstanees  of  p.  109,  vol.  I. ;  and  the  coeffi- 
cients are  the  products,  taken  1  and  1,  2  and  %  3  and  S...,  of  the  second 
puts  X  "^  Q^  X  '^  6,  X  "*  €•••    Hence 

P.  X  is  the  product  of  these  m  binomials,  or  the  polynomial  {A). 

2*.  X'is  the  sum  of  their  products  taken  m  «»  1  and  m  —  1 ;  ue. 
eadi  factor,  in  the  product  (A)y  must  be  omitted  suooessivelyi  and  the 
results  added  together. 

And  similarly  for  the  other  coeffidents  ^  X'',  ^  X'",,.* 

This  being  premised,  if  X  have  but  one  fflbtor  =  «  —  a,  all  the  terms 
of  X'  will  also  contain  this  fieu;tor,  except  the  term  12  =  (jr  -*6)  {x  —  c).«. 
in  which  x  ^  a  was  omitted  in  its  turn.  Thus  X'  has  the  form 
12  4-  (JP  —  «)  Q>  and  is  not  divisible  by  ar  —  a  ;  and  it  may  in  like 
manner  be  proved  that  no  one  of  the  unequal  factors  of  X  can  divide 
X\  Hence,  if  X  have  all  its  factors  unequal,  X  and  X'  have  no  com- 
mon divisor* 

But  if,  in  (il),  we  have  asrdsse.,.,  as  is  the  case  for  the  equation 
{B),  since,  in  order  to  form  X',  each  of  the  n  factors  «  —  a  of  X  must 
be  omitted  in  its  turn,  j;  —  a  will  enter  into  each  of  the  results  in  the 
power  »  —  1,  «.  e-  we  shall  have  «  terms  equal  to  (x  —  «)*"*  {x  —  by 
(j  —  c).». ;  after  which  each  of  the  other  factors  {x  —  b),  {x  ^  c)...  will 
also  have  to  be  successively  omitted,  and  these  last  results  will  all  con- 
tain (x  —  a)\  Assuming  therefore  that  72  =  («  —  by  (x  —  (?)••.,  we 
have 

X  =  «  (a?  -a)^'  jB  +  Q  (a:  -  a)«  =  (.r  -  a)-'  [«i2  +  (x  -  a)  Q] ; 

whence  it  appears  that  X  is  divisible  by  (a;  <—  ay,  and  X'  by  {x  —  a)*"*' ; 
and  consequently  each  multiple  factor  in  X  enters  also  into  X',  but  is 
of  a  power  precisely  less  by  unity.  Hence,  if  X  contain  equal  factors, 
X  and  X  have  a  common  divisor,  formed  of  the  product  of  all  these 
factors  qfX,  each  raised  to  a  power  one  lower  than  that  in  X. 

Accordingly,  a  polynomial  X  being  given,  we  must  form  its  derivative 
X\  and  proceed  to  the  investigation  of  the  greatest  common  divisor 
between  X  and  X' ;  if  it  be  unity,  X  has  no  equal  factors ;  whilst  if  there 
be  a  divisor  F,  a  function  of  x,  no  one  of  the  unequal  factors  of  X  will 
enter  into  it ;  but  F  =  (a:  —  a)»-'  {x  -  &)»^»...  (C). 

The  calculation  will  give  F  under  the  form  «*  +  f/xf^^  +'...  +  u' ; 
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which  nual  then  be  deeompofled  into  the  form  (C),  in  Ofder  to  obtain 
the  equal  factors  and  their  exponents. 

Now,  dividing  the  proposed  equation  (B)hy  F,  the  qwdieni  q  will  be 
formed  of  all  the  satnefoctars  as  Xi  unaffected  with  Ike  exponents, 

^f  =  (a:  —  fl)  (a:  -  J)  (ar  —  c)  (jr  —  i/)...  (D). 

Let  the  equation  9  =a  0  he  stdred ;  we  shall  then  learn,  by  metna  of 
diviiioa,  what  are  the  factors  jr  —  a,  ^  -p  ^••*  of  F,  and  what  are  tbc 
exponents ;  and  these  powers  being  each  iniareaied  by  unityj  we  sbail 
have  X  brought  under  the  form  (B). 

S^.  This  theory  may  be  exhibited  under  a  more  regular  form.  Let 
[13  denote  the  product  of  all  the  unequal  factors^  QfiJ"  that  of  the 
square  factors,  f  S]]'  that  of  the  cubic,  &c. ;  also  let  F  be  the  greatest 
divisor  of  X  and  X%  and  q  the  quotient  of  X  divided  hj  F ;  then  the 
rehitions  B,  C,  D  will  become 

X  =  [l].t2]*.[3p.t4p-[5]'... 

f  =         [2] .  [S]« .  [4p .  [5]«...,  9  =  [1] .  [2] .  [S] .  [4] .  [6]... 

Repeat  on  F  the  same  course  that  has  been  pursued  towards  X, 
and  let  G  be  the  greatest  common  divisor  between  F  and  F*,  and  r 
the  quotient  of  F  divided  by  G ;  then 

G  =  CS].C4]«.  [5]^..  r  a=  r23.[S].[4].  [5]... 

In  the  same  manner,  let  us  take 

H«  W.C5T..,*-C3].C4.].[5]... 

and  so  on  till  we  arrive  at  a  polynomial  N,  for  which  the  common 
divisor  with  ^'  is  1 .  It  is  evident  then  that,  dividing  q  by  r,  the  quo- 
tient is  p] ;  for  r  divided  by  s,  it  is  Q2] ;  for  *  by  t,  it  is  Q.i],,.. ;  and 
thus,  without  knowing  the  factors  of  X,  the  polynomial  will  be  sub- 
divided into  as  many  factors  as  there  are  different  exponents,  these 
factors  being  unaffected  with  their  respective  powers.  The  first  [l'} 
will  contain  all  the  unequal  factors;  the  second  [T\  all  the  factors 
which  were  affected  with  the  square,  become  unequal ;  the  third  |~33 
all  the  cubic  factors,  reduced  to  the  simple  power,  &c«  If  any  one  of 
these  exponents  be  wanting  in  X,  the  corresponding  quotient  will  be 
=  1  ;  and,  finally,  the  factors  which  have  the  highest  exponent  are 
^ven  by  the  last  N  of  the  polynomials  G,  H...,  which  is  found  to  lead 
to  the  common  divisor  1 . 

The  operations  therefore  that  are  to  be  gone  through  may  be  thus 
tabulated : 


SQUAL  noots.  it 

PolyiumuiiLB«*«    X,      F,      G,      H,      /...      N, 

Istqaotienti*.*  tj,        r,        s,        ^.««       N, 

2iid  quotients...  [I],     [2],     [3],     [4]...      N. 

1%  ike  \H  line,  each  term  is  the  common  divixor  of  the  preceding  term 
aad  its  derivative  ;  the  polynomials  which  compose  the  9nd  and  $rd  Une 
are  the  respective  qwdsents  qf  each  term  qf  the  preceding  line,  divided 
bji  the  termJbUowing  in  that  line* 
We  shall  now  give  some  applications  of  this  theory : 

L  Let 

JJC  =  x»  -  **  +  4*'  -  4jf«  +  4dr  -  4; 

we  deduce  from  it 

jr  =  5aJ*  -  4*5  +  12x«  -  8x  +  4, 

and  the  common  divisor  JF  ==  jr^  +  ^ ;  this  has,  with  its  derivative 
Sj,  the  divisor  1  ;  and  thus  the  1st  line  is  terminated.  Passing  to  the 
^nd^  X  divided  by  F  gires 

9  =  *3  —  x«  +  2ar  —  2,  and  we  then  find  r  =  x*  +  2; 

dividing  q  by  r,  we  have  Ql]  =  x  —  1,  p]  =  ar*  +  2,  and  lastly 

J!C«=(a?-l)(j^  +  2)«. 

II.  Let 

X  «  :e«  +  4a;*  -  S«*  —  16i:>  +  ll:c«  +  12*  -  9 ; 

then 

X'  S3  6x*  +  20ar*  —  12jf5...,  and  the  common  divisor 

Fssjf'-h**—  5a?+8;  whence  F  =a  8x«  +  2x  —  5, 

ind  the  common  divisor  G  =  x— •  1,  the  derivative  of  which  is  1. 
To  form  the  2nd  line,  we  must  divide  X  by  F,  and  F  by  Q,  when  we 
shall  have 

g=34:»  +  3x«— x-3,  r=sa?«+2x-3,  *  =  x-l; 
and,  lastly,  dividing  q  by  r,  and  r  by  s, 

D]  =  *+l,ra*=JP  +  S,C3]«x-  1, 
and  consequently 

X=(x+  l)(*  +  3)«(^-l)'. 

III.  Let  us  also  assume  the  polynomial  X  => 

y»  -  12x7  ^  53j^  _  92x*  —  9jf^  +  212xS  —  153x«  -  I08x  +  108 ; 
then 

JT :s=  8x7  -  84x«...,  P=:  «*  ^  7«»  +  13af«  +  8x  -  18, 
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The  divisions  of  X  by  F,  &c,  give 

g  =  «♦  -  5  j?3  +  5ar*  +  5a;  —  6,  r  s=  or'  —  4d?'  -f  ;r  +  6 ; 
whence 

[!]«*-  1,  [2]  =  a?«  -  ;r  -  2,  PD  =  *  -  3, 
gnd  consequently 

X  «  ( *  -  I )  (x  -  2)«  («  +  1 )«  (a?  -  3)\ 

IV.  FoK  aifi  -  6a:*  —  iar*  +  9x^  +  12a?  +  4,  we  have 

F  =  or*  +  or'  -  3««  —  5a?  -  2,  G  =  a:«  +  2a:  +  1,  H«  a*  +  1, 

qssr^s:x^^x^2,  st=tz=x+  1, 

[l]  =  l,|:2]  =  «-2,[S]=l.[43  =  a:  +  l; 
and  lastly 

X=3:(a?-2)H*+1)*. 

INCOMMENSURABLE  ROOT& 

526.  Netvion's  Method.  An  equation  being  cleared  of  its  equal  and 
commensurable  roots,  there  will  remain  only  the  irrational  and  ima« 
ginary  ones ;  let  it  be  proposed  to  find  the  former  of  these.  Suppose 
that  we  have  succeeded  in  obtaining  an  approumate  value  of  one  of  the 
roots,  that  it  is  comprised  between  a  and  0^  and  is  the  onfy  one  between 
these  limits ;  making  a:  =  y,  an  intermediate  number  to  a  and  B,  we 
shall  judge  from  the  sign  of  the  result  [N®.  512],  whether  the  root  lies 
between  a  and  y,  or  between  y  and  0.  Let  the  fbrst  of  these  be  the 
case.  If  now  we  make  a?  =  j8^  between  a  and  y,  we  shall  find  whether 
the  root  is  between  a  and  0,  or  0  and  y,  &c. ;  and  continuing  thus  to 
contract  the  limits  of  x,  we  may  approximate  indefinitely  to  its  real 
value. 

This  however  is  too  laborious  a  process  to  be  carried  into  effect  for 
very  high  approximations,  and  is  in  general  employed  only  to  obtain 
a  number  a  approaching  to  x  within  at  hast  the  lOth  of  the  true  tyalne. 
Let  the  error  be  denoted  by  ^ ;  we  have  then  a;  =  « -f-  ^^  and  intro-* 
ducing  this  binomial  into  the  proposed  equation 

Ara:*  +  p**"*  + ...  +  /a:  +  w  =5  X  =s  0, 
it  gives  [503] 

X  +  r^  +  ^ry+...  +  A;y-  =  0; 

where  ^  is  by  supposition  a  vety  small  quantity,  and  a  does  not  enter 
into  the  denominator  of  any  of  the  coefficients,  which  are  the  values  of 
the  polynomial  Xand  its  derivatives,  when  we  make  a;  =  «.  The  rule  of 
Newton  consists  in  supposing  the  quantities  y%  ^«««  to  be  so  small  that 
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they  nay  be  neglected^  wbich  reduces  the  tranafonned  equaUon  to 
I^-X'^ssO;  whence 

Let  this  fraction,  or  its  approximate  value,  be  represented  by  /3;  ^  s  0 
gives  «  ss  «  +  ^  for  a  second  approximation ;  and  making  «  +  ^  =  a', 
and  denoting  the  new  correction  by^,  it  will  be  given  by  the  same 
finction,  observing  only  to  replaoe  a  by  «  ;  whence  xsa  +  0  +  y« 
a  +  jf,  and  so  on. 

Take,  for  example,  j:'  —  2x  —  5  =s  0 :  making  a;  ss  2  and  S,  the 
results  —  1  and  +  16  testify  that  there  is  a  root  between  2  and  3,  and 
that  it  is  nearer  to  2  than  to  3 ;  since  also  x  ss  2*1  gives  0*061,  we 
perceive  that  2*1  is  greater  than  x,  and  nearer  to  the  root  than  2  is ; 
whence,  making  a,  as  2*1,  the  correction  is 

^  S«*  — 2  11*23 

and  limiting  ourselves  to  the  ten-thousandths,  we  have,  for  a  first  ap« 
prozimation,  x  s=  2*0946.  Repeating  the  process  on  the  assumption 
that «  ss  2-0946,  we  shall  have 

0*000541 550536  ^..ww..  o  ^ . 

V  =  — =  —  0*00004851 : 

^  11*16204743  ^wvAi^oi, 

thos  our  4th  decimal  figure  was  faulty,  and  we  have,  for  a  more  accu« 
rate  value,  x  =  2*09455149.  And  we  might  carry  on  the  calculation 
still  fardier,  and  so  correct  the  last  decimals,  or  verify  their  exactness. 

—  X 

It  will  be  observed  that,  retaining  the  y',  we  have  y  =  ^, ^^ ; 

and  if,  after  having  determined  the  correction  y,  we  substitute  it  in 
the  denominator,  we  shall  have  a  nearer  approximation  of  ^.  Thus,  in 
our  example,  y  s=s  .  0*0054,  substituted  in  ^  X'%  gives  —  0*034 ;  and 
adding  this  to  11*23,  the  denominator  becomes  11*196;  whence 
y  =s  0*0054483,  a  value  in  which  the  last  decimal  figure  is  the  only 
one  that  is  faulty. 

Again,  take  the  equation  «^  —  x^  +  ^^  =  ^ :  it  has  a  root  between  th^ 
numbers  1*2  and  1*3,  which  lead  to  the  results  —  0*312  and  +  0*107 ; 
whence,  middng  m  =s  1*3,  we  have 


«^  -  ^*  -f-  2at  -  3 0107  _ 

^■"  3a«  — 2«-f2      "^        4-47  * 

id  the  conesponding  value  x  =  1*28.    Since  also  ^ICy  = 
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(a«  »*  1)^  as  8*0  X  yt  tbft  denomixuitor,  dimimahid  by  0058,  beoMtt 

4*412 ;  whence  y'=—  0'024>2 ;  and  consequently  x  9»  1*2756. 

Assuming  now  that  a  =  1*276;  we  find  ^  ss  —  0*00031552^  and 
subsequently  3/^'^  0000315585 ;  wbfence  a  «b  1*2756M415  ;  and  so 
on. 

It  haa  not  yet  been  clearly  demonstrated  that  we  are  at  libfirty  to 
v^ect  th«  quandtie9  y\  y  .»• ;  and«  in  fact,  since  4^  s  •  +  ^>  if  a»  6,  c*. 
be  tbe  roota  of  X  =  0|  Uie  values  of  y  are  a  —  «e,  &  --  «•••«  the  pspduct 
of  whkh  la  ;^X;  and  cooae^ uently  [N*,  502], 

+  X'  =  (6  —  »)  (c  -:  a)...  +  (a  -  a)  (c  —  a)...  +  («  —  «>  &C., 

—  ~  a  —  +  Z,  assumine  2  «s  r H [-•.• ; 

A       a— «  6  — a      c  — » 

and,  fimdly, 

-  V?  or  e  = 


1  +  (a-«)s 

Now,  that  Newton's  method  may  be  successful  in  its  object,  the  value 
«  +  /3  given  by  the  correction  /S  must  approximate  to  the  root  a,  either 
by  excess  or  defect,  more  nearly  than  a  does ;  so  that,  in  a  numerical 
point  of  view,  and  leaving  out  of  consideration  the  sign,  the  error  a  —  « 
must  be  >  a  —  a  —  6.  To  do  away  with  the  effect  of  the  signs,  let 
this  imparity  be  squared ;  suppressing  then  (a  -  a)^  on  each  side^  and 
the  factor  ft  we  have  2  (a  —  «)  >  ft  t.  e,  from  our  value  of  ft 

1  +  3  (a  — ' «)  »  >  0,  or  potitive; 

and  accordingly  as  this  imparity  proves  true  or  false,  the  method  of 
NetvUm  wUl  be  good  or  bad. 

But,  when  a  —  «  and  2  h^ve  the  same  sign,  this  condition  is  fulfilled ; 
and  it  is  not,  when  these  signs  are  different  and  the  product  is  >4^ 

If  DOW  th^  pnqposed  equation  have  two  foots  di&ring  but  sligkllj 
from  each  other,  so  that  m,  which  is  near  to  a,  be  90  also  to  ^,  to  long 
as  we  take  of  between  a  and  6,  the  expressions  a  —  «  and  2  will  hftye 

different  signs,  since  .         being  the  Ist  and  the  greatest  term  of  r,  its 

sign  will  also  be  that  of  Z ;  and  in  this  case  therefore  the  prooeas  may 
be  at  fault.  But  if  a  be  the  greatest  or  the  least  root,  and  we  deaoend 
gradually  towards  it  in  the  1st  case,  or  ascend  in  the  2nd,  tbe  process 
will  not  be  faulty,  since  a  -  or  and  X  will  have  the  same  sign,  saeing 
that  ft  is  >  in  the  1st  case,  and  <  in  the  2nd,  than  any  of  the  roots. 

The  equation  a<  -  ♦a:*  —  &p«  +  18*  +  20  =  0  has  a  root  between 
3-3  and  3-5 :  but  if  we  assume  a,  =  3'3,  we  find  ^  =  —  0*107,  and 
a"  =  3-193,  a  less  approximate  value  than  3*3;  and,  in  fact,  3*3  is  coin- 
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pated  between  two  loots  3'2S6.««  and  S'449,.«  approtcbing  very  nearly 
Ip  each  other. 

If  the  propoeed  equation  have  two  imaginary  roota^  aa...  k  ^l^  ^  \, 
and  it  will  be  proved  that  theae  roota  are  all  of  thia  form  [^N^.  533]]« 
2  will  have  two  terma 

1  ,  1  2(it-«) 

*-*  +  V-  i^*-«-V -I     (*-•)'  + P 

2 
If  now  /  be  very  small,  this  fraction  will  differ  but  little  from  ,         ; 

A:  —  » 

in  which  caae,  when  »  ia  near  to  k,  the  firaction  will  be  very  large,  and 

£  will  take  ita  ^ign.    When  therefore  a  ia  between  k  and  a,  the  aigna 

of  a  ^  •  and  2  will  be  again  different ;  and  thua  we  aee  the  poaaibility 

of  another  caae  of  exception ;  which  occura  when  the  propoaed  equation 

haa  aome  imaginaiy  root  ^  J:  /\/  --*  1»  injwhich  I  ia  very  amall,  and  k 

very  near  to  a* 

The  method  of  Newton  therefore  cannot  be  applied  with  any  cer- 

taintyj  in  aa  much  aa  we  ought  only  to  make  uae  of  it,  on  the  aup- 

poiition  of  the  fuUilment  of  a  condition  which  it  ia  impoaaible  to  verify, 

ance  it  dependa  on  roota  that  ore  not  known.    Aa,  however,  the  caaea 

of  exception  are  rare,  and  when  they  do  occur,  become  manifest  of 

tbemaelvea  in  the  courae  of  the  calculation,  the  method  ia  very  generally 

employed  on  account  of  ita  great  facility* 

527.  Method  qf  Lagrange,  The  moat  important  thing  to  be  aaeer* 
taiaed,  •  when  we  wish  to  reaolve  an  equation,  ia  the  locus  of  the  real 
TooUy  f .  e.  a  aeriea  of  limita  between  which  each  root  ia  aiirg^  oorapriaed ; 
and  this  is,  in  fact,  the  true  point  of  difficulty,  and  muat  be  the  esaential 
object  in  every  theory  regarding  the  incommensurable  roots  ;  to  which 
the  preceding  method  ia  not  an  exception,  aa  in  it  we  are  pceaumed  to 
know,  ^  priark  n  number  near  to  the  root  which  we  are  inveatigating* 
Whan,  with  Bernoulli,  whoaa  method  will  be  explained  N°.  556,  we 
have  approximated  to  the  greateat  root  a,  the  diviaion  will  give  a  quo- 
tient more  or  leaa  altered,  in  which  some  real  roota  may  be  lost,  or  some 
acquired  at  the  expenae  of  the  imaginary  ones ;  and  since  thia  belonga  to 
the  onae  in  which  the  propoaed  equation  haa  two  roota  very  near  to  each 
other,  we  shall  aee  the  necessity  of  separating  them,  and  generally  of 
knowing  their  locua* 

When,  on  aubatituting  for  x  the  numbera  -<-  2,  -^  1, 0,  1,  2,  3.»t,  we 
obtain  as  many  results  of  different  signs  as  the  degree  of  the  equation 
contiuna  units,  all  the  roots  are  real,  and  the  locus  of  each  ia  at  once 
ascertained.  But,  with  the  exception  of  thia  case,  we  alwaya  remain 
uneertnin  aa  to  the  number  of  the  real  roots  and  their  limita ;  for  two 

f2 
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results  of  different  signs  may  announce  the  presence  of  1^  S^  5...  loots 
between  the  numbers  substituted^  whilst  two  results  with  the  same 
sign  may  intimate  the  existence  of  2,  4..«  intermediate  roots  [[N^.  SIS']* 
If^  however,  a  series  of  substitutions  can  be  selected^  succeeding  each 
other  so  closely  that  at  the  most  we  can  fall  in  with  only  one  root  be- 
tween any  two  of  them,  we  shall  then  Ije  certain  that  every  change  of 
sign  in  the  results  points  cnt  a  single  root  between  the  two  numbers  sub^ 
stituted  ;  whilst  there  will  be  no  intermediate  root  if  the  results  have  the 
same  sign. 

If  now  two  roots  a  and  b  be  comprised  between  m  and  X,  the  four 
numbers  a,  a,  b  and  X  are  written  in  order  of  magnitude ;  whence  it 
follows  that  X  —  «>6  —  a;  and  if,  on  the  contrary,  X  —  •  <  6  -*  n, 
the  two  roots  a  and  b  do  not  both  lie  between  «  and  x.  Thus,  let  the 
numbers  a  and  X  be  so  selected  that  they  shall  be  less  apart  from  each 
other  than  these  roots,  and  this  will  be  sufficient  to  satisfy  us  that  there 
is  either  but  one  root  between  them,  or  none.  Hence,  if  I  be  less  than 
the  least  difference  between  the  roots,  and,  commencing  from  the  inferior 
limit  I,  we  substitute  the  numbers  /,  /  +  ),  /  +  2I.«*  up  to  the  superior 
limit  L,  we  shall  obtain  as  many  results  with  different  signs,  as  there 
are  real  roots.  Each  change  of  sign  will  prove  the  existence  of  a  single 
root  between  the  two  numbers  substituted ;  and  there  will  be  no  inter* 
mediate  ones,  if  the  signs  of  the  results  be  the  same. 

To  obtain  this  number  9,  we  ^must  form  the  equation  the  roots  of 
which  are  the  differences  of  all  those  of  the  one  proposed,  taken  2  and  2. 
For  this  purpose,  make  a?  =  «  +  ^ ;  then  X  =  0  becomes  X  +  X^y  +  ^ 
X^y^..«  =0;  and  if  a  be  a  root,  the  Ist  term  X  vanishing,  we  shall 
have,  dividing  by  y, 

X  =  0,  X'  +  iX-y  +  iXV-.  +  ^^'  =  0. 

These  equations  are  between  the  unknown  quantities  a  and  y;  and 
dnce  y:ssx^a,  y  is  the  difference  between  the  root  a  hnd  all  the  other 
roots.  Let  a  be  eliminated  [N"".  521],  and  the  result  will  be  an 
equation  F  =s  0,  the  unknown  quantity  y  of  which  will  be  the  di&r- 
ence  between  any  two  of  the  roots  whatever ;  for  this  result,  being 
independent  of  a,  is  the  same  with  the  one  that  would  have  been 
obtained  by  making  or  =  6 +^9  ^^^ +y>  &c.  Thus,  FssOis/Ae 
equation  of  the  differences. 

Since  y  is  the  difierence  between  any  one  root  and  all  the  others,  tlie 
degree  of  Y  will  be  the  number  fis  (m  - 1)  of  the  arrangements  2  and  2 
of  the  m  roots  x. 

The  differences  a  -^  b,  b  --  a;  a-^c,  c  -^  a  ;..•  are  equal  2  and  2, 
only  with  contrary  signs ;  so  that  if  y=im^  we  have  also  yss-^a,  and 
¥  must  become  nothing  in  both  cases ;  thus  Y  can  contain  only  even 
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pomers  of  y*    This  results  also  from  the  consideration  that  Y  may  be 
decomposed  into  factors  all  of  the  form  (y^  —  a^)  (^*  —  /3*)... 

We  may  therefore  assume  y^  =:  z^  without  the  risk  of  introducing 
radicals ;  and  we  shall  thus  have  an  equation  Z  s  0^  in  which  the 
unknown  quantity  z  is  the  square  of  all  the  differences  of  the  roots^ 
ie>  we  shall  have  tke  equation  to  the  square  of  the  differences. 

528.  We  are  already  acquainted  with  the  means  of  determining  a 
number  %  less  than  any  of  the  positiye  roots  of  ZssO  fN^  510] 
(» <  z  or  y^^  ^i<y)i  and  ^i,  or  any  less  quantity,  may  be  taken  for 
the  difference  I  between  the  numbers  to  be  substituted.  F  and  Z 
ha?ing  the  same  coefficients^  i  is  the  inferior  limit  also  ofy,ori<y;8o 
that  we  are  at  liberty  to  assume  either  9  s  t  or  ^  s  ^i.  Since  the  less 
1  he,  the  more  substitutions  we  shall  have  to  effect  between  the  limits 
/  and.L,  we  most  assume  9  as  large  as  possible  to  avoid  multiplying  the 
operations  unnecessarily.  Thus,  when  t  >  1 ,  we  shall  assume  ^  as  t^  or 
we  may  make  )  as  1^  t.  e.  substitute  the  natural  numbers  0,  1,  2,  3... ; 
and  if  t  be  <  1,  we  shall  take  9  =s  j^i.  But  since  it  would  in  this  case 
be  tedious  to  substitute  for  op  a  series  of  irrational  and  fractional  num- 
bers, the  following  course  is  to  be  preferred : 

1^  We  can  approximate  to  a/>>  within  less  than  some  specified  frac« 

tioDy  as  4-  or  -^••«  [|N°.  SS"} ;  and  we  shall  therefore  takeV*  within  less 

1  k 

than  T*  by  defect ;  whence  ^  =:  t*    Only,  since  the  calculations  must 
A  h 

not  be  rendered  complicated  by  assuming  too  large  a  number  for  h,  nor 

the  substitutions  multiplied  by  falling  much  below  ^t,  we  must  be 

careful  to  select  A,  according  to  circumstances,  so  as  to  meet  both  these 

difficulties^ 

i  2k  Sk 
2^.  Instead  of  substituting  0,  -,  ~  "T"**'  ^^  ^^^  meke  the  roots, 

and  consequently  their  differences,  h  times  greater  [N^.  505],  by  assum- 
ing Ax  =  /,  and  it  will  remain  to  substitute,  for  /,  0,  k,  2k*.,,  or,  if  we 
think  proper,  0,  1,  2,  S....  Thus,  every  equation  may  be  transformed 
into  another,  having  no  more  than  one  root  comprised  between  any  two 
successive  integers  whatever* 

It  will  be  observed  that  t  is  deduced  from  the  equation  F  =  0,  and 
that  it  is  unnecessary  to  form  Z.  Moreover,  by  divesting  X  of  its 
aeoond  term  [^N^.  504*^,  the  roots  will  all  be  increased  by  the  same 
quantity,  which  will  make  no  alteration  in  their  difference ;  so  that  Y 
lenudiis  the  same  both  for  x  and  the  transformed  equation,  by  which 
Ibe  calculation  is  much  dmpMed. 
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529.  Let  the  equation,  for  example,  be  a:'  —  2de  s  5,  one  tool  of 
which  has  been  already  found  [N''.  526] ;  in  order  to  convinoe  «Ntr% 
selves  tliat  the  two  others  are  imaginary,  change  x  into  «  +  jf ;  then 
3j;«  _  2  +  Sxy  +  y  =  0 ;  and  eliminating  x  [N*.  521],  there  xeaulU 
the  equation  /  -  12y*  +  mf  -f  643  =  0.     To  obtain  the  inferior 

limit  of  y,  make  y*  =  -;  this  gives  643!;'  +  36t;^...  =  0,  whence  it 

appears  that  v  <  1  +  VrV*  si^^  ^^  ^^^  ^  ^&ct,  v  <  1,  and  therefore 
^  >  1 .  Thus  ^  :a  ]  gires  as  many  changes  of  signs  as  there  are  real 
roots ;  and  therefore,  &c 

The  equation  «»  --  12df«  +  41a:  —  29  «=  0  gives 

3a;«-24a:  +  41  +  (3* -12)  2^  +  3f«*=0; 

and,  therefore,  getting  quit  of  x,  y  —  4Sy  +  4A\^  =  49.    We  make 

^  s=  -,  and  there  results  49t}^—  441  v^... ;  which  gives  v  <lO,y>  ^-^ 

t 
or  \/  Vt ;  *nd  therefore  2  =  4.    Making  or  as  -,-wo  have  , 

/3  -48/«  + 656/ =  1856; 

which  is  the  equation  now  to  be  sotved#  Assuming  I  a&  0,  I,  2...,  we 
shall  see  that  /  lies  between  3  and  4,  21  and  22,  22  and  28 ;  whence  x 
is  between  \  and  1,  >V-  cuid  -s^,  V-  fti^  -V ;  ^  that  x  has  two  roots 
between  5  and  6,  which  ooukl  not  have  been  discovered  without  tihis 
calcuktion.  The  roots  are  x  =  0-95108...,  5-35689...,  5*69203. 
In  like  manner,  ar^  —  7a;  +  7=0  gives  ^y*  —  42f/  -f  441^'=  49,  whence 

V  <9  and  y  >  ^  and  >/  i ;  S  =  i*     Assuming  a;  s  -,  &c«  we  readily 

perceive  that  Cbere  is  one  root  between  -*  S  and  -*-  Jj^,  one  between  { 
and  i,  and,  lastly,  a  third  between  \  and  2 :  viz. 

X  =  -  304892...,  *s  r35689,..,  =  1*69203... 

For  the  equation  x^  —  x^  —  2x  +  1  ^  0,  since  x  =b  0,  1,  2  gives 
4-  1>  —  1  and  +  !>  wc  see  at  once  that  there  is  a  root  between  0  and  1, 
as  also  between  1  and  2 ;  and  —  x  being  now  substituted  for  x,  we  find 
that  the  third  root  is  between  —  1  and  —  2.  Thiis  the  equation  of 
differences  would  be  of  no  service.  If,  however,  we  investigated  it,  we 
should  find  t^  —  14y^  -|*  4S^  =  49;  and  consequently  jf  >  !>  )  =  1, 
which  agrees  with  the  statement  just  made. 

These  calculations  can,  in  all  cases,  be  carried  into  eifeet,  and  would 
leave  nothing  to  be  desired,  did  they  not  rise  with  the  degree  of  the  equa- 
tion, till  their  complexity  becomes  so  great  as  to  render  them  at  length 
impracticable  [[see  N*.  5573 '  ^^^>  so  far  as  regards  the  jieory>  it  is  clear> 
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oonfilete^  and  fne  from  embamamtet.  It  will  retnaiii  to  contract  the 
limits  of  the  roots  in  order  to  carry  the  apptoiiniation  stall  farther;  and 
Lagrange  haa  given  an  additioDal  prooesi  for  eftetnig  thiit,  which  we 
shaU  eiiikin  [N**  S73> 

£30.  Du6mrM  Bmie*  When  an  aquation  X »  0  is  ttrranged^  wa 
may  frequently  presume  on  the  number  of  the  positive  and  negative 
i<oota»  simply  from  the  inipeotion  of  the  ajgnsi  When  two  successive 
ligDS  ^ira  the  same,  the  term  c&iUinuation  wiQ  be  made  use  of  to  express 
it ;  and  the  term  tforiaium,  if  the  signs  are  dififeifent.  The  theorem  of 
Deseanes  consists  in  this:  Every  eqmUkm  has  ai  the  most  as  maag 
positive  roois  as  there  are  varialkms,  and  as  many  negative  roots  as  there 
are  continuations  ;  and  this  we  have  now  to  demonstrate. 

Suppose,  in  otder  to  fix  our  ideas,  that  the  proposed  equation  presents 
this  succession  of  signs : 

If,  in  OKder  to  introduce  a  new  negative  root,  we  multiply  by  «  -i»  «, 
we  shall  have  to  multiply  first  by  x,  then  by  a,  and  to  add  the  products  ; 
aod  these  products  will  eaeh  plesent  the  same  sucoessiDn  of  signs,  but 
tbe  Sad,  in  order  to  be  in  the  same  arrangement  with  the  1st,  will  havo 
to  be  thrown  iMie  lank  to  the  rights  and  written  aa  under: 

+ + +  -+  +  +  +-  +  -  + 

+ + +  -  +  +  +  +-+-  + 

When  the  two  corresponding  signs  are  both  the  same,  thi^  sign  will 
contitttie  in  the  product ;  but,  whenever  this  is  not  the  case,  we  have  pat 
the  letter  u  to  indicate  that  an  uncertainly  exists  as  to  the  sign  of  the 
result,  so  long  as  the  magnitude  of  the  coefficients  is  not  taken  into 
account. 

Now,  since  the  two  lined  ore  composed  of  the  same  signs,  the  letter  u 
win  occur  only  when  there  is  a  variation;  and  an  even  nnmbet  of 
successive  variations  will  give  an  even  number  of  letters  ii,  situated 
bslween  iimihir  signs ;  whilst,  on  the  other  hand,  when  the  variations 
afe  odd  in  nniid)er,  the  letters  u  will  be  so  also,  and  fidl  between  diflbr- 
eat  signs*  Hence,  if  we  wish  to  dispose  of  all  the  coefficients  so  as  to 
introduce  the  greatest  possible  number  of  variations  into  the  produd,  thtf 
letters  u  must  be  changed  into  +  and  -—  alternately ;  and  since  each 
series  of  these  letters  lies  between  two  similar  or  two  different  signs* 
aocorfinj^y  as  their  number  is  even  or  odd,  it  is  evident  that  we  shall 
not  be  able  to  istMidoce  more  variations  tihan  there  a^  letters  «,  <n* 
than  there  are  variations  in  the  equation  proposed.    But,  the  product 
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has  one  term  more  than  the  original  equation;  and^  therefore^  there  will 
be  at  least  one  more  coniinuationm 

It  is  possible,  however,  that  the  letters  u  may  not  all  give  vaiiations ; 
in  which  case  the  product  would  have  so  many  additional  continuations, 
besides  the  one  the  existence  of  which  has  been  just  established, 
llius,  the  iniroduction  of  a  negative  root  implies  that  of  at  least  one 
eonlmuation. 

Let  the  proposed  equation  be  now  multiplied  by  <r  —  a,  so  as  te 
introduce  a  positive  root:  the  2nd  partial  product,  thrown  beolE  one 
rank  to  the  right,  will  be  composed  of  signs  respectively  opposite  to 
those  of  the  1st;  so  that  the  letter  u  will  in  this  case  have  to  be  written 
under  each  continuation  in  the  original  equation : 

+ + +  «  +  +  +  + _+^  + 

-  +  +  -  +  +  +-+ +  -  +  - 

4-..  «-| u   w  +  — +tt   «   «—  +  —  +  — 

And,  since  any  succession  of  similar  signs  in  the  proposed  equation  must 
be  terminated  by  a  variation,  each  series  of  the  letters  u  must  be  com* 
prised  between  +  and  — .  Let  these  letters  be  so  disposed  of,  by 
changing  them  all  into  +,  or  all  into  — ,  as  to  form  the  greatest  possible 
number  of  continuations;  there  will  be  as  many  only  as  there  are  in  the 
original  equation,  and  the  product  having  one  more  term  than  it,  will 
consequently  have  at  least  one  variation  more*  If  the  letters  «  do  not 
all  resolve  themselves  into  continuations,  there  will  be  so  many  additional 
variations;  and  thus,  the  introduction  of  a  positive  root  impUes  that  of  at 
least  one  variation. 

Thus  the  proposed  equation  being  the  product  of  the  binomial  facton 
corresponding  to  the  real  roots,  by  a  polynomial  containing  all  the 
imaginary  roots,  each  of  the  first  factors  will  introduce  at  least  one 
continuation  or  one  variation,  accordingly  as  the  2nd  term  of  this  factor 
is  positive  or  negative;  and  hence  the  truth  of  the  theorem  enunciated 
follows  as  a  necessary  consequence* 

531.  Let  the  number  of  positive  roots  of  an  equation  of  the'degree  m 
be  denoted  by  P,  and  that  of  the  negative  ones  by  N;  the  number  of 
continuations  by  c,  and  that  of  the  variations  by  t; :  it  is  demonstrated 
then  that 

KP  =  or<t;,    2^^'  =  or<c. 

If  now  all  the  roots  be  real,  we  have  P+  N^sm,  and  also  c  +  pssm, 
since  there  are  Altogether  m  +  1  terms,  and  consequently 
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Compaxiiig  P  with  c,  these  three  cases  present  themselves,  P  >  or  < 
or  s  c:  the  let  is  proved  to  be  impossiUe  P. ;  if  we  assume  the  Sod, 
l]ie  latter  equation  cannot  subsist,  unless,  by  way  of  compensation,  we 
have  N>  p,  which  we  have  proved  cannot  be  the  case  2^.  Hence, 
P  s=  c  and  N^sp;  and  when  the  roots  of  an  equation  are  all  real,  ii 
has  precisely  as  many  posUitfe  roots  as  there  are  variatUms  of  sign,  and 
as  many  negative  roots  as  there  are  continuations^ 

532.  The  mere  inspection  of  the  signs  of  an  equation  is  sufficient 
often  to  indicate  that  there  are  imaginary  roots,  and  to  relieve  us  from 
the  tedious  calculation  of  the  equation  of  differences  ;  as  the  foUowing 
examples  will  serve  to  show  :— 

P.  If  one  term  he  wanting,  and  the  signs  of  the  two  adjacent  terms 
he  the  same,  the  equation  contains  imaginary  roots.  For,  giving  the 
coefficient  +  0  to  the  term  that  is  wanting,  we  have  three  successive 
terms  As^-^  *  +  Ox*  +  Bs^^  ,•  and,  accordingly  as  we  take  +  0  or  —  0, 
we  shall  have  two  continuations  or  two  variations.  Thus,  if  all  the 
roots  were  real,  there  would  be,  indifferently,  two  negative,  or  two 
positive  roots,  which  is  absurd.  The  equation  x'  -f  ^  =  5  has  but 
one  real  root,  which  lies  between  1  and  2.  Qsee  N^.  ij29]|. 

2^.  The  three  variations  of  x^  •»  Sj:^  +  I2x  —  4  ss  0  lead  us  to  sup- 
pose that  there  are  three  positive  roots.  But  let  the  equation  be  mul-^ 
tiplied  by  X  +  A ;  then 

a;4  +  (a  -  3)  x^  +  (12  —  3a)  x«  +  (12a  -  4)  x  -  4a  =  0; 

and,  selecting  for  a  such  a  value  as  will  introduce  continuations,  we 
see  that  a  >  3  and  <  4,  for  example,  a  ss  3-f,  renders  the  four  first 
terms  positive ;  and,  consequently,  besides  our  three  presumed  positive 
roots,  this  equation  should  also  have  three  negative  ones,  which  is 
imposnUe.  The  proposed  equation  therefore  has  but  one  real  root, 
which  lies  between  0  and  1. 

3^  Change  x  successively  into  ^  +  A  and  ^  +  V,  and  let  the  result- 
ing  equations  be  represented  by  y  as  0,  F'  sb  0.  Suppose  now  that  Y' 
haveji  less  number  of  variations  than  Yi  if  then  aU  the  values  of  x  be 
real,  ITssO  vriU  have  some  one  positive  root  «,  which  becomes  a 
native  value  —  «'  in  F'  =s  0,  or  x  s  «  -f  A  ss  —  a  +  A';  and  thus 
X  has  one  root  >  h  and  <  h\  The  same  may  be  said  for  each  of  the 
variations  that  have  disappeared,  and  there  should  be  as  many  values  of 
X  between  h  and  A';  so  that  if  the  doctrine  of  limits  shows  that  these 
roots  of  X  do  not  all  exist,  vre  shdll  take  it  for  granted  that  ^  has  some 
JmagiDaiy  Tahie9« 
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For  cx&mide^  ^  —  4a:^  —  3«  +  17  ss  0  girtB,  when  we  change  « into 

and  the  two  variations^  which  lead  us  to  expect  two  positive  roots  of  ff, 
not  existing  for  y>  we  consequently  suppose  that  there  are  two  values 
of  .r  hetween^  and  3.  But,  on  the  one  hand,  the  inferior  limit  of  ^ 
[N*.  510]  is y  >  A;  whilst,  on  the  other,  changing y  into  —  y ,  the 
inferior  limit  is  4 ;  and  since  ^  ^i/  +  I,  we  find  1  —  ^  >  4  ai^d 
y  <  h  These  two  limits  therefore  being  incompatible  with  each 
other,  we  conclude  that  x  has  two  imaginary  values.  If  the  limits  had 
not  been  contradictory,  we  should,  it  is  true,  have  been  still  uncertain 
as  to  whether  there  are  two  roots  of  x  between  2  and  S ;  but  we  should 
at  least  have  contxacted  the  interval  within  which  they  ought  to  be 
compxiAed. 

IMAGINARY  ROOTS. 

,^S3.  Let  X  :±s  0  be  an  equation  the  roots  of  which  are  a,  6,  c... ;  it 
will  be  easily  seen  that  if  one  of  the  quantities  a  Hh  /9  ^/  —  1  satisfy 
this  equation,  the  other  must  do  so  also.  For,  if  we  effect  the  substitu- 
tion of  one  of  them  in  X,  the  result  will  be  of  the  form  P  +  Q  >/  —  1  • 
It  follows  also  from  the  law  of  the  development  of  powers  that,  if  we 
now  substitute  the  other  binomial  for  x,  the  result  will  be  the  same, 
except  as  to  the  sign  of  the  imaginary  parts ;  and  thus  the  double  sub- 
stitution gives  P  +  Q  >/  -*  I' 

But,  supposing  that  one  of  these  results  be  nothing,  since  the  real 
part  cannot  destroy  the  imaginary  one,  it  follows  that  each  must  be 
separately  nothing,  t.  e.  P  =  0,  Q  ^  0.  Consequently,  this  result  must 
be  nothing  for  both  substitutions.  If  therefore  there  be  one  root  of  the 
form  a  +  P  ^  —  If  there  ?nust  be  another  «  —  /3  >/  —  1.  It  must  now 
be  shown  that  all  the  imaginary  roots  have  these  forms. 

Supposing  in  the  first  place  that  the  degree  m  of  X  is  the  double 
!2t  of  some  odd  number  i{m  sb  6,  10,  14*..*),  let  us  form  the  equation 
^  ss  0,  which  duill  have  for  its  unknown  quantity  v  ss  a  4>  6  4.  rab, 
r  being  an aii»trwy  quantity.  We  riiall  have  then  to  repiaoe  xm  X 
by  a  and  b,  whieh  will  give  two  equations  X,  vsO,  X^^*  0,  and  lo 
eliminate  a  and  b  between  these  three  equations 

X,  =^  0,  X,  =a:  0,  «  =2=  a  +  ^  +  rab* 

Here^  as  for  the  equation  of  the  squares  of  the  differences  [[N**.  5283, 
VssO  will  also  have  the  roots  «  =  a  +  c  +  rac,  v  t^b  +  c+  rbc., 
and  the  degree  of  V  will  be  it  =  i  m{^m  —  1)  the  number  of  oombina- 
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dons  2  and  2  of  the  m  roots  of  x.  But  n  =  i(2i  ^  1)  is  necessariljr 
odd,  and  «  conaequently  will  have  at  least  one  real  root,  as 
v  =  a  +  6  +  raft- 
Now  r  mfty  have  an  infinity  of  values  assigned  to  it,  which  will  l6ad 
to  ai  many  equations  F^^O,  each  of  them  having  some  one  real  root 
as  a  4-  c  +  f^ac,  or  6  +  c  +  t^bc... ;  and  it  is  obvious  that,  after  ft 
▼ahies  of  r  aC  the  utmost^  wa  tnuat  meet  with  an  equation  Vi  =  0,  the 
real  root  of  which  is  formed  gf  a  combination  of  the  same  two  roots 
that  enter  into  one  of  the  preceding^  equations;  for  instance, 
»,  =  fl  +  b  +  f^ab. 

Thus  we  have  proved  that  v  and  Vg  are  real  in  the  two  expressions^ 
which,  making  a  +  b^  A  and  <d>  =  B,  assume  the  form 

• 
and  oonseqnently  A  and  £,  which  appear  in  these  equations  as  unknown 
quantities  of  the  Ist  d^ree,  are  also  real.  But  the  divisor  of  the  5hid 
degree,  corresponding  to  the  roots  a  and  6  of  X,  is  the  trinomial 
^  --  Ax+  B ;  and  this  divisor  therefore  will  be  real.  Hence,  in  the 
case  of  m  =  2i,  the  proposed  equation  has  at  least  one  real  factor  of  the 
M  degree,   and  consequently   the  roots  a  and  b  have  the  ibrm 

•  ±«v/-i. 

Tins  conclusion  may  be  admitted  for  every  value  of  m,  provided  we 
know  that  the  equation  VrszQ  has  one  real  root,  wliatever  r  be. 

If  M  flB  4^,  t  being  a^wayBan  odd  number  (m  =s  4, 1^,  20...),  the  degree 
a  of  Twill  then  be  21(41  —  1),  a  number  which  answers  to  the  si^ 
podtion  made  in  the  foregoing  case  for  m :  thus  V=0  wiQ  have  at  the 
least  one  root  of  the  form 


and,  cfaaDging  the  value  of  r,  the  nasoning  just  made  uie  of  will  de- 
monstrate the  existence  of  the  t^rresponding  equation 

r,  =  «'  4- 1?  -•  -  1  =  ^  +  f^B. 

A  and  B  being  eliminated  between  these  two  eqiMtiom,  they  will  no 
longer  be  real,  as  in  the  previous  case,  bttt  of  the  form 

i<«a  +  *«»y  +  W  — ^5*±a«=aiy  +  yv'-l. 
Thus,  X  has  the  factor  of  the  2nd  degree  x"^  -^  Ax  \-  B;  whence 

x=:^A±i^(A^-^^B]; 

and  gubstituting  for  A  and  B  their  values,  it  is  evident  that  A*  -^  43 
has  the  form  t  +  ^  V  ""'  1>  ^^  which  the  square  root  is  to  be  extracted* 
Aanime 
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then 

and  this  last  radical  being  >  k,  it  gives  its  sign  to  >]r*  and  m*  ;  whence 
one  of  them  is  positive^  >].•  =s  ife^;  the  other  negative,  «?  =  — .  f*;..  or. 
>)/  s  A'^  M  =:  f  \/  —  1 ;  and  consequently 

4.  -f  «  =  2  V  (Ar  ±  /  •  -  1)  =  ^  ±  ^  V  -  !• 

And  this  is  the  form  of  ^  (A*^4iB)  ;  whence  it  evidently  follows 
that  that  of  xlsp  ±  q  ^  --1 ;  and  since  these  results  must  always  exist 
tc^ther,  X  has  in  this  case  also  the  real  factor  of  the  2nd  degree 
(x  —  pY  +  9*.  Thus,  provided  that  Fhave  a  real  factor  of  the  2nd 
degree,  X  will  also  have  a  similar  one,  whatever  be  the  degree  m. 

If  m  =  8t,  »  =  4t(8t  —  1),  in  which  case  it  has  already  been  demon- 
strated  that  F  has  a  real  factor,  whence  X  has  one  also ;  and  so  on. 
Consequently, 

1*.  Evety  equalhn  of  an  even  degree  can  be  decomposed  into  real 
factors  of  the  2nd  degree. 

2*.  The  equadums  of  an  odd  degree  allow  of  a  similar  decomposition  ; 
only  besides  the  factors  of  the  2nd  degree  there  will  be  one  reed  binomial 
factor  of  the  \st. 

S*.  The  imaginary  roots  always  enter  in  pairs  under   the  form 

4'.  EtJery  imaginary  algebraic  function  F  is  reducible  to  this  form  ; 
for  whatever  be  the  imaginary  quantity,  as 

v^-«,^«  +  /5V-l,   (•  +  /3^-l)«•  +  •^/-^...,. 

by  equating  the  function  to  v,  raising  to  the  proper  powers,  and  making 
the  requisite  transpositions,  the  imaginary  expressions  may  always  be 
made  to  disappear;  and  we  shall  thus  arrive  at  an  equation  F^O,  In 
which  the  unknown  quantity  v  has  for  one  of  its  roots  the  value  of  the 
proposed  function  F.  But  it  is  proved  that  this  value  always  has  the 
form  p  jrq^  —  I .    Hence,  &c 

534.  Let  therefore  d;=£«4-/3\/  —  1  be  a  root  of  the  equation 
XssO:  substituting  it  for  x,  the  equation  will  take  the  form 
A  +  B  ts/  ^l^±0^  and  this  separates  itself  into  two,  il  =a:  0,  JB  =  0, 
between  which  it  will  remain  to  eliminate  the  unknown  quantities 
a  and  0.  In  regard  to  the  latter  of  the  equations,  we  must  observe 
thatj  since B^  ^l  arises  fiom  the  odd  powers  otB  V  ""  1^  ^  ^^ 
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be«&ctorcf  B;  and  this  facto  being  done  awaywitih^  there  will 
TQaudn  only  even  powen  of  0  in  the  equation  B  a  0;  also,  a  does  not 
enter  into  Ji  in  a  higher  d^;ree  than  the  (m  —  l)*^. 

If  now  we  assume  ar  ss  « in  X  and  its  derivadves  JC,  X!*.*.,  it  will 
be  caiilj  seen  [N*.  50S]  that  our  two  equations  correspond  to 

wbete  the  coefficients  liaTe  foif  divisors  the  products  1.2.  S.4.*.  sue* 
oenvelj.     Having  eUminated  «/we  mnit  take  only  the  real  values 

Suppose^  for  example  that  vt'  •*  8«  +  82  k  0  •  we  find 

.s  —  8«  +  S2  -  S|3««  «a  0,  8««  -  8  --  /P  =  0 ; 

and  elinunating  &*  s  S«^  —  8^  we  have  oi'  —  2»  —  4  a  0^  whence 

«  =5  2,  /3  =s  +  2,  and  a:  5=  2  +  2  is/  —  1. 

Tbe  other  values  of  0  are  imaginary^  and  require  no  consideration. 
The  propoaed  equation  is  =r  (a:  +  4)  («•  —  4 jr  +  8). 

535.  Let  a,  h,  c...  be  the  real  roots  of  the  equation  XsO; 
«  +  /3^/  —  1, y  +  J>/  —  I-..,  the  imaginary  ones;  the  differences 
then  are  of  four  descriptions : 

l\  Between  two  real  roots,  a  '^b,  a «-  c,...,  the  squares  are 
positive  :  (a  —  6)*... : 

2*.  Between  ifvo  imaginary  roots  of  the  same  pair^  the  squares  are 
real  and  negative  —  4lS'  —  45*..« : 

3*.  Between  a  real  and  an  imaginary  root,  the  squares  are  imag^naty, 
a8(a  —  a  +  /3>/  —  1)%«** ;  unless  we  have  a  :ssa;  in  which  case  the 
square  is  again  real  and  negative  —  /3* :  this  square  presents  itself  twice 
m  consequence  of  the  double  sign  +  of  j3,  and  is  the  fourth  of  the  square 
of  any  other  difference : 

4*.  Between  two  imaginary  roots  of  deferent  pairs,  the  square  is 
again  imaginary  [«  —  »  ±  (/5  —  |?)  \/  —  !]• :  if  however  a  =  a\  the 
a^uare  is  real  and  negative,  being  s  —  (0  —  0^)* ;  whilst,  if  ^  =  0^,  it 
is  positive  and  =  («  —  a)\    These  squares  also  recur  twice. 

Hence  the  negative  roots  of  the  equation  Z  =  0  between  the  squares 
oT  the  differences  arise  generally  from  the  imaginary  roots  of  corres<« 
ponding  pairs.  To  find  these  negative  roots,  change  z  into  •—  z,  and 
investigate  the  positive  roots  k,  t... ;  assuming  h  =:  4/3*,  t  =  4)*.f,  we 
shairhave0ssr4- VA> '  =  -f  ^/^>*«*;  and  thus  the  imaginary  part  of 
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et«h  paiif  wiU  be  known.    These  values  of  jB  being  then  snbitittited  in 
tbe  eqUatknu  (A),  the  oonespondtng  Talue  of  m  must  aattify  eadi  of  the 
equations^  and  they  will  have  a  oommcm  divisor  in  m  (N*.  529,  I^.), 
which>  equated  to  w9tQf  will  give  «, 
In  the  example  of  the  preceding  number^  the  equation  Z  »  0  i« 

»»  -  48«»  +  576«  +  25600  s  0; 

the  alternate  signs  qf  which  being  changed,  we  find  the  only  positive 
root  to  be  16;  whence  ^  =«  i  V  1^  ==  ^  Substituting  this  value  in 
the  equations  {A),  the  results  are  a^  —  20«  +  32,  and  «*  ~  i,  which 
have  a  —  2  for  a  common  factor ;  whence 

«a8  3,a?s=2±2V-'l» 
For  x^  4*  a:"  4-  20!  +  6  s  0>  the  equation  Z  s  0  is 

2^  +  82*  +  70?*  +  2282'  -  36792*  —  14602  +  63792  =s  0; 

whence>  changing  the  signs  of  the  odd  powers^  we  find  2  =  8  and  =  4 
and  consequently  &-=.  ij  9,  and  1 .     The  equations  \A)  are 

a^  -^-a^-^-lou^^-^  (6«*  +  1)  ^+  jj*  =  0, 

2«3  4.a  +  1  —  2«j8»  =  0; 

and  nialcing  /9  =  ^^  2  and  1,  we  find  the  common  factors  a «—  1  and 
«  +  I ;  whence  at  =  1  and  —  1,  and  consequently 

ar=l'±v^— 2and— 1  +V—1. 

In  the  first  example  of  N*.  529,  we  find  2  =3  5*1614  .. ;  whence 
/?  =  M  36,  «  =  —  1-0473 ;  and  lastly, 

X  =  —  1-0473  +  M36  4/  —  1. 

Should  the  equations  (il)  have  no  common  divisor,  the  conclusion  will 
be  that  the  negative  root  of  z  arises  from  one  of  the  excepted  cases,  a 
presumption  which  will  be  verified  by  the  calculation  giving  equal 
values  of  2,  &c. 


III.  RESOLUTION  OF  SOME  PARTICULAR  EQUATIONS. 

RfiDUCTION  OF  EQUATIONS. 

5S6«  The  degree  of  an  equation  ^  ==  0  may  frequently  be  reduced, 
if  we  know  a  relalmi,  J\a,  b)  =5  0,  between  two  roots  a  and  i.  For, 
substituting  a  and  b  for  x  successively,  we  shall  have  the  three  equa- 
tionsy(fl,  A)  =  0,  il  =  0,  i^  =  0 ;  whence,  eliminating  b  between  tbe 
first  and  the  third,  we  shall  have  a  new  divltior  F{a,  b),  and  a  final 
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equatioD  in  a  alone>  which  must  he  co-existent  with  ^  ^  0:  .these 
equations  therefore  must  have  a  common  divisor^  a  function  of  a,  and 
i^iieh,  equated  to  2ero,  wiU  giv6  a ;  and  Fia,  i)  cs  0  wiU  suhsequently 
gif9  i.  If  this  divisor  is  not  to  be  found,  the  given  x^^aajla,  6)  ss  0 
cmaat  exiit* 

!&  for  example,  we  know  that  two  of  the  roots  «  and  <r  of  the  equa« 
tioii  :^  —  d7x  =s  84*  are  such^  that  1  s=:  a  +  ^^ ;  eli.minDting  a  from 
o»  —  S7a  =  84,  there  results  a«*  —  3x*  —  17a:  +  SO  =  0,  which  must 
baYe  a  common  divisor  with  the  equation  proposed.  And  we  find,  in 
fact,  that  this  factor  is  x  +  S ;  whence  x  =«  —  3  and  consequently 
asl  —  2jBa7;  which  are  the  two  roots  in  question ;  the  third  is 
i=-4. 

Let  X*  —  7x  +  6  =  0:  if  we  stall  have  1  s  a  +  ^af,  eliminating  a 
from  «*  —  7fl  +  6  as  0,  there  results  (2««  —  8x  —  2)  4x  =a  0,  the 
coDunon  divisor  of  which  and  the  proposed  equation  is  x  —  2 ;  and 
therefore  x  as  2,  a  b  ^  S;  and«  lastly,  x  as  1. 

Suppose  that  2  is  the  sum  of  two  of  the  roots  of  x^  —  2x^  —  9x^  + 
22x=s22;  since  it  appears  that  +  2  is  also  the  sum  of  the  four  roots, 
the  two  others  must  give  nothing  for  their  sum,  or  a  =  -  7.  Suhsti- 
tuting  this  value  of  a  in  o^  —  2(7^...,  we  have  the  original  equation, 
except  that  the  signs  of  the  alternate  terms  are  changed,  or 
x^^^a^  ^  9x*  -« 22x... ;  and  adding  and  subtracting  these  two 
equations  in  «,  we  find 

ar*  ^  Ox*  -  22  »  0,  2x«  —  sac  ss  0  • 

equa^oDs  which  have  x^  ^  11  for  their  common  UneXmi  whence 
X  s  4-  i^  1],  and  in  the  next  plaoe  x  as  i  •][-  y  -«  L 

537.  The  reciprocal  equations  are  those  in  which  the  terms  equally 
distant  from  the  two  extremes,  have  the  same  coefficient : 

X as  jtx«  +  px"->  +  qar^...  +g**  +  px+*saO...  (1). 

If  a  he  one  of  the  ipots,  •*  will  be  so  also,  for  on  substituting  these 

two  values  and  getting'  quit  of  the  denominators,  we  obtain  identical 
results.  The  roots  therefore  present  themselves  tn  pairs  of  reciprocal 
values  ;  and  hence  the  name  given  to  these  equations. 

1st  Case.  Degree  odd :  n  +  1,  which  is  the  number  of  die  terms  in 
the  equation  (1),  is  in  this  case  even ;  so  that  the  middle  coefficient  P 
heing  repeated,  it  is  evident  that  x  as  ^  1  satisfies  the  equation ;  an^ 
this  is  the  only  root  that  does  not  pair  along  with  Its  reciprocal.  To 
divide  X  b y  x  +  1 ,  we  shaU  make  use  of  the  mode  of  calculation  laid 
down  in  N^*.  500.    Let  Q  be  the  quotient^  or  JlC  ss  Q  (x  -f:  1)  ;  if  now 
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we  change  x  into  -j  and  Qi  represent  the  oonseq^uent  value  of  Q,  there 

results,  multiplying  the  whole  equation  by  «•,  X=s  Q,  (x+  1)*^*, 
since,  by  hypothesis,  X  will  have  undergone  no  change  from  this  trans- 
formation.  Thus  Q  =:  Q^  x  J;**S  which  indicates  that  the  quotient 
obtained  is  itself  also  a  reciprocal  equation  Q  s  0  of  an  even  degree. 
Let  the  equation,  for  instance,  be 

j«  +  x8  -- 9x'  +  8««  —  8«*  —  8x*  +  3jp5  —  at*  &c  =  0; 

we  have  for  the  quotient 

x8  -  9j:«  +  12a:*  —  20a:«  +  120:^  -  9««  +  1  =0. 

2nd.  Case.  Degree  even.  In  this  case  the  middle  coefficient  P  is  not 
repeated.  Let  n  be  changed  into  2m  in  the  equation  (1) ;  divide  by 
ar",  and  combine  the  terms  having  the  same  coefficient : 

k{je^  -f  «-")  +i)(a-^»  +  a;-(«-0)  +  ^(x««  +  ar<"-«))..;  +  P=:0...  (2); 

then  assume  z  =  j;  4*  ^""S  and  elin^inate  x.  To  effect  this,  we  must 
form  the  integral  power  i  of  z ;  which,  if  t;  A\  A"*.*  denote  the  co- 
efficients in  the  development  of  the  binomial,  and  the  terms  equidistant 
&om  the  two  extremes  be  combined,  will  be 

«*  =5  (ai<  +  an)  +  »  (ar^  +  ar(«-«))  +  A'{ar^  +  «-C^))...  ; 
and,  lastly,  transposing,  we  have,  whatever  be  the  integer  t, 

I  When  i  is  even,  the  middle  coefficient  JP  is  unique ;  and  is  repeated 
when  t  is  odd;  the  last  term  of  our  formula  being  —  F  in  the  Ist  case, 
and  ^  F  {x  +  ar^)  in  the  2nd.  This  formula  gives  the  different  terms 
of  the  equation  (2) :  thus 

a:«  +  a:-*  =s  2*  —  2, 

a:*  +  jr3  =  2'  —  S(jr  +  j--^), 

x*  +  ar-«  =  2*  —  4(a:«  +  ar-2)  -    6, 

x^  +  ar-5  =t  z*  -  sia^  +  a?"')  —  10(a?'  +  *-»), 

&C.      ss  &C. 

• 

It  remains  to  assume  t=:m  and  m— 1,  substitute  and  reduce;  to 
repeat  the  operation,  making  t  =  m  -.  2  and  m  —  3,  and  so  on,  the 
powers  of  t  decreasing  by  2  successively.  It  is  obvious  that  the  tnois- 
formed  equation  in  z  will  be  reduced  to  the  degree  m,  the  half  of  9i ; 
and  the  roots  of  z  being  once  determined,  the  equation  x  +  of*'  =  z 
gives 

;ir  =  fz  + V(t«*-1). 
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The  aqpiAtion  piopoBed  aboTe^  «^  —  Qx'  +  \2jfi,.,,  becomes 

(jt*  +  x-*)  -  9(j!«+  «-«)  +  12(x  +  ar-0  =  20; 
wbence 

r*  -  1S«*  +  12z  =  0,  and  2  SB  0,  1,  3  and  -  4; 

and  eoDieqaently 

JF  =  ±  V  -  1,  i(l  ±  V  — S),  +(S  +  V  5),  and  -  2  ±  ^/  3. 

Thin  the  original  equation  of  the  9th  degree  corresponds  to 

(*  +  1)  («•  +  1)  («•- X  +  1)  (x»-  Sx  +  1)  («•  +  4x  +  1)  =  0. 

In  Hke  manner,  the  equation 

ar*- Sx* +*»  +  «•- 3x +  2*0 
beoomeiy  when  divided  hy  x  +  \, 

2,4  _  5j3  ^  6^t  _  5j.  +  2  B=  0, 
or 

2  (x"  +  O  -  5  (x  +  ar»)  +  6  =  0. 
Hence 

2z*  —  52  +  2  =  0,  and  z  ss  2  and  4^; 
oonaequently, 

X  ssB  1,  a  double  root,  and  also  x  ss  -^  (1  +  \/  —  15) ; 
and,  lastly,  the  proposed  equation  is  equivalent  to 

(x+  l)(x-l)*(2A*-a:  +  2)=:0. 

EQUATIONS  OP  TWO  TERMS :  ROOTS  OF  UNITY. 

538.   Let  the  equation  proposed  for  solution  be  Jx*  =t  B,  A  and  B 

B  B 

being  positifre.    Suppose  it  to  be  the  n*^  root  of  -^  ;  then  A"  s=  -,  or 

AH^oiB ;  whence,  by  substitution,  x*  —  ^  ss  0 ;  and  making  x^szhf, 
it  win  remain  to  solve  the  equation  y"  ^  1  s  0^  and  to  multiply  the 
several  values  of  y  by  k.  Thus,  every  number  a  has  n  different  valuet 
foriU  u^  rooi;  which  are  obtained  by  multiplying  iU  arithmetical  root 
by  then  rcois  cf  unity. 

The  equation  Ax^  +  B  =  0  is  reduced,  by  the  same  process,  to 
a*  -f  i<r  -.  0^  ana  subsequently  to  ^"  +  1  3=  0. 

The  equation  ^  ^  1  ^  0  is  evidently  satisfied  by  ^  ss  1 ;  and,  divid« 
ing  bj  ^  —  1^  we  find 

y^*  H-y'-  +y-^..  +5^  +  1  =0...  (1), 
s  rec^rocal  equation,  and  consequently  susceptible  of  reduction  [N<^. 
5S7]. 

VOL.  II.  O 
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If  now  n  be  odd>  noee  ^  —  1  b  0  can  have  no  negative  nooCSy  and 
the  equation  (1)  can  have  no  podtive  ones,  the  proposed  equation  has 
only  one  real  root. 

If  n  be  even^  ^*  —  1  s=  0  is  satisfied  by  ,y  ==  3I3  ] ,  and  is  divisible  by 
y  —  1 ;  whence  ^^  +  ^*^..»  +  ^  +  1  =  0.  And  since>  in  this 
latter  equation,  the  exponents  are  all  even  and  the  termt  poiitive»  it  cm 
have  neither  positive  nor  negative  roots ;  so  that  the  ori^nal  equatiott 
has  no  other  real  roots  than  ^  ^  ±  I* 

Let  i»  s=  2wf ;  we  have  then  ^•^  —  1  s=  0  as  (y»  +  1)  (y«  —  1) ;  and 
the  proposed  equation  separBtes  itself  into  two  others. 

For  example,  ^—1=0  givesy  +  y  +  1  =  0;  whence 

In  like  manner,  a?*  —  it*  =  0  gives  jy*  —  1  sae  0 ;  dividing  by  ^  ••  1, 
we  find  y  4- 1  =  0;  whence  ^  «•  ±  1#  and  ±  V  —  1 ;  and,  lastly, 
a?  aa:  +  ^  and  +  it  i/  —  !• 

539.  Let  a  be  one  of  the  roots  of  the  equation  ^  —  1  ss  0:  since 
then  a"  sss  1,  we  have  aV  s  1^  whatever  be  the  integer  p,  positive  or 
negative ;  and  thus  the  equation  ^  —  1  =  0  is  equally  satisfied  by 
y  =:  aP^  t.  e.  if  a  he  a  rooi,  aP  is  so  also.  Hence  the  following  series, 
the  numbers  of  which  are  all  roots: 

P.  If  we  take  p  >  n,  dividing  by  n,  p  has  the  form  nq  +  t,  t  being 
<  n;  so  that 

but  a"v  SB  I  hy  supposition ;  and  consequently  »p  «b  «'• 

Thus,  so  soon  as  p  exceeds  n,  we  meet  a  second  time  with  the  same 
Values,  in  the  same  order:  whence  this  period 

2®.  If  p  be  negative,  since  »»  as  1,  we  have  »"^  =55  a*^  =s  a*""^... ; 
and  the  exponent  —  p  may  therefore  be  replaced  by  «i  —  p ;  whence 
it  appears  that  the  negative  exponents  give  a  recurrence  of  the  same 
numbers  as  the  positive  exponents,  and  in  the  same  ordei'. 

Thus,  the  values  (2)  are  such,  thai  if  rve  take  any  one  of  them,  and 
the  n  —  I  values  which  follow  or  precede  it,  we  shall  have  a  period  which 
recurs  indefinitely  J>oth  ways.  Moreover,  the  equiftion  a^  ss  ««  is  satia- 
fied  not  only  by  p  =  9,  but  also  by  values  of  a  which  suppose  p  and'  q 
to  be  unequal.  For,  dividing  by  a9,  there  results  a^^  •—  1  ss  0 ;  and 
it  will  suffice,  for  the  existence  of  the  equation  mP  aii  «S  ^hat  •  Im  a 
root  of  the  equation  yP^  —  1  sss  0. 
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MO.  It  renMdns  to  be  seen  if  the  n  terms  of  tlie  period  (d)  are  in 
fact  unequal ;  in  other  words^  we  must  inquire  if  it  be  possible  that 
•'  =£  a^,  p  and  q  being  each  <  n.  Such  can  only  be  the  case,  on  the 
coniitioa  that  a,  already  a  root  of  the  equation  y*  —  1  sa:  0,  be  so  also 
of  jfM*.  1  «a  0,  making  p  --  g  as  m ;  and  this  supposes  these  equations  to 
kfe  A  coDimon  diTiBor,  which^  equated  to  zery,  will  give  «.  This  factor 
we  anst  inTestigate  in  the  usual  manner  [[N<^.  lOS^.  In  the  first  place, 
fividbg  jT"*  by  y"  —  I,  we  arrive  at  the  remainders  y*^  —  1, 
jT"^--*-  lf*«>  sod  lastly  at  y  —  1,  i  being  the  excess  of  n  above  the 
mvlt^les  of  m  contained  in  it.  We  shall  now  divide  ^  —  1  by  this 
remsinder,  which  will  give  the  remainder  y  —  1,  /  being  the  excess  of 
M  above  the  greatest  multiple  of  i,  6cc ;  in  a  word^  we  shall  proceed  as 
tbough  we  were  in  search  of  the  common  factor  between  n  and  m. 

l^  If  n  be  a  prime  number,  the  only  common  divisor  between  n  and 
st  is  1^  whence  that  of  y*—  1  andy"*-*  lisy— l;«=slis  therefore  the 
only  value  that  can  render  aP  vst§fl;  and  all  the  terms  of  the  period  are 
tmetfual.  A  single  imaginary  root  a  gives,  by  its  powers  {a!*,  s^...  a"  or 
1)>  all  the  other  roots.  • 

2*.  If  n  be  the  product  of  two  prime  factors  I  and  A  (it  ss  Ih),  assume 
tbe  equations  y  ^  1  =s  0,  y^  ^  1  a  0,  and  let  0  and  y  be  roots  of  these 
equations  other  than  +  1>  so  that  ^  ^l,  y^  ss  I  ;  and  consequently 
$*  =  y*  =  (/3y)  «*  =  1.  Since  then  /3»,  y»  and  (/9y)"  are  each  =  1,  0, 
y  and  /Sy  are  roots  of  y  —  1  ss  0 ;  but  (ft  ^...  ff)  form  /  different 
numbersy  which  recur  periodically ;  and  thus  the  n  powers  of  0  form 
only  i4istinct  numbers,  which>  in  (ft  0'...  ff"),  recur  h  times.  On 
the  same  principle,  (7,  7^...  y*)  form  /  periods  of  h  terms. 

But  {0y,  /?V>  0^r^'^*  ff'y*)  are  all  different,  and  constitute  the  period 
of  the  ji  roots  required.  For  that  we  may  have  (j3y)'  =  (6y)«,  or 
(^)r-i— 1  s=sO,  gymustbearootbothofy^-^—  1  =Oandy-l=:0, 
equations  which,  since  n  =  Ih,  can  have  no  other  factors  than  y  —  1,  or 
y  -  1.  Thus  we  should  have  /9V  s=  1 ;  which,  since  0'  =  1,  gives 
y  s  1 ;  and  as  we  have  also  7*  s=  1,  /  and  h  ought  according  to  this  to 
btve  some  other  factor  besides  unity,  contrary  to  the  hypothesis.  Henoe 
we  shall  conclude  that  if  we  assume  a  =  Py,  the  period  will  be 
(ct,  m\  a'...  a*)  consisting  of  n  different  terms. 

The  exponent  p  of  0PyP  may  be  reduced  below  I  for  ft  and  below  h 
for  7 ;  since  /S'  s  7^  =  I ,  and  we  may  take  from  p  all  the  multiples 
d  I  or  h.  Thus,  /9^/  represents  all  the  terms  of  the  period,  b  and  c 
bong  the  remainders  from  the  division  of  p  by  /  and  h ;  and,  conse- 
quently, to  obtain  all  the  roots  of  y  —  1  =  0,  we  must  investigate 
6  and  7,  i.  e.  one  of  the  roots,  other  than  +  1,  of  each  of  the  ^nations 
y -  1  =  0,  y  -  1  a=  0;  and  then  form  /3*7',  taking  for  b  and  c  all 

o2 
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the  comfamationfl  of  the  numbers  from  1  to  /  for  /3>  and  fiiom  1  to  A 
for  y. 

When  /  =  2,  we  make  0  es  —  I. 

When  n  is  the  product  Uu  of  three  prime  numbers^  it  may  be  proved 
in  the  same  manner  that  we  must  assume  y— IssO,  y— IrasO, 
y— 1  ss  0,  deduce  from  each  of  these  equations  one  other  root'than  r^\, 
form  the  product  of  these  roots  0yi ;  and,  lastly,  take  all  the  powers 
comprised  in  the  form  ff'y^V,  b,  c  and  d  being  the  combinations  of  the 
numbers  1,  2^  S...  up  to  /^  A  and  t :  and  so  on  for  the  other  cases. 

S®.  When  the  eicponent  n  is  of  the  form  A^  h  being  a  prime  number, 
we  shall  reason  as  in  the  following  example :  y  —  1  as  0,  where 
81  s=  S^.  Assume  y  —  1  =  0,  and  let  d  be  an  imaginary  root  of  this 
equation;  take  the  Ist^  Srd^  9th  and  27th  roots  of  this  value,  vix.  0, 
s/  ^f  ^  ^f  \/  ^9  ond  these  will  be  as  many  solutions  of  the  equation  pro- 
posed, since  the  81'^  powers  of  them  are  powers  of  B^,  which  is  ss  I :  the 
product  0.  <^  0.  ^y  d.  ^  d  =  at  is  also  a  root  of  y  for  the  same  reason. 
But  «,  a\  »^...  a^^  are  all  different  quantities,  since  otherwise  a  would 
be  a  root  common  to  ^^^  —  1  =  0  and  y  ^  I  =  0 ;  and  this  supposes 
the  equations  to  have  a  common  factor,  which  can  be  no  other  than 
y  —  1  ss  0 ;  thus  a  would  be  a  root  of  this  latter  equation,  and  a^  s=  1 , 
or  0'.  d.  ^  d.  *J^  6  s=  1  ;  whence,  raising  to  the  power  9,  there  results 
Osz\,  contrary  to  the  hypothesis.  Consequently  a,  a\  a^...  a*'  are  the 
81  roots  of  the  equation  proposed. 

Generally,  to  resolve  ^  —  1  s=s  0  when  n  =s  A*,  assume  y  —  I  e=  0 ; 
and  9  being  one  of  its  roots  other  than  +  1,  extract  the  different  roots 
of  B,  the  degrees  of  which  are  pointed  out  by  t  =  A^  A^  A^—  A*"*"*,  so 
as  to  obtain 'the  k  results  0,  y...  denoted  by  ^  0 ;  these  results  will  all 
be  roots  of  y*  —  1  =s  0^  as  will  also  their  product  a  s=  jSy)...,  and  the 
terms  a,  a\  «^...  a%  all  differing  from  each  other,  will  constitute  the  n 
roots  required. 

It  will  in  like  manner  appear  that  if  n  ss  A*  f,  we  must  resolve 
y  —  1  =s  0  and  y  —  1  =s  0,  multiply  the  several  roots  of  these  equa- 
tions together,  and  make  this  product  ss  «.  Let  0  and  y  be  roots, 
others  than  +  li  of  each  equation ;  and  assume 

we  shall  have 

Let  our  example  be  y  —  1  =  0 :  we  take  y  —  1  &s  0  and 
iy^  —  1  =  0 ;  whence 

consequently 
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•  =  +(1+  v'-8),a«a  +  (  -1  +  V-8),»'*-i>&c., 

For  y*  -  1 »  0,  make  y  -  1  =s  0  and  ^  -  I  as  0;  for  the  Ist  of 
thete  equations  take  —  1  and  >/  —1 ;  tliexr  product  is  —  >/  —  l=/3; 
y  is  the  same  as  in  the  preceding  example^  and  we  have 

wlioiee 

5»±1>±n/-1.  i+CllV-S),  ±+(^/-l±^/S). 


5il.  Since ^  s  a,  »S  ft^...,  the  equation  (1)  [N^  588]  gives 

l  +  *+ii«..,»— >  =  0,H- •«+•*...  ••^  =  0,1 +«'  +  •«...  =0,...; 
or 

/i  =  /t  =  /s-  •  =  /k  =  0,  /,  =:  n, 

denoting  hy  y*k  the  sum  of  the  powers  ^  of  all  the  roots^  k  being  integral 
and  not  divisible  by  it. 

542.  The  solution  of  the  equation  ^*  -^  1  ==  0  has  thus  been  reduced 
to  the  case  in  which  n  is  a  prime  number.  We  shall  now  show  the  use 
that  may  be  made  of  the  trigonometrical  lines^  referring  the  reader  for 
farther  information  to  Note  XIV  de  la  ResoL  numer.  des  equ. 

Making  cos.  x=:p,  it  has  been  seen^  N®.  361,  that  the  several 
cosines  of  the  successive  arcs  2x,  Sx,  ^x...  are  obtained  by  multipl3ring 
the  two  preceding  ones  by  2p  and  ^1,  and  taking  the  sum.  To  ex* 
hihit  the  law  that  these  results  observe,  we  shall  have  recourse  to  an 
analytica]  artifice.  Assume  2  cos.  x  =^  i^  +  y"^^ ;  it  follows  from  the 
nile  specified  that,  to  deduce  cos.  2:r,  we  must  multiply  oos.j?  or 
^  (^  +  ^""0  l>y  (y  +  !r^)y  ^^  yvlue  of  2  cos.  x,  and  subtract  cos.  0  or 
1 ;  whence  we  shall  find  2  cos.  2x  =s  y^  +  y~*.  In  the  same  manner 
we  obtain 

2  COS.  8*  =  ^  +  ^~^  2  cos.  4 jf  SB  y*  +  y~*,  &c. ; 

and  it  can  be  demonstrated  that  the  results  always  foUow  the  same  law. 
For,  suppose  this  law  to  be  established  for  two  consecutive  numbers 
a  —  2  and  i»  —  1,  or 

2co§.(it— 2)jf=:y"^  +  y-<-*>,  2co8.(»-l)jr=^— »  +y^'"'>; 

muldplying  the  second  of  these  equations  by  y  +  ^\  and  subtracting 
the  first,  there  will  result  2  cos.  nx  a.^"  +y~*;  which  proves  the 
pnipositiOD. 
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Thtti  we  havo 

2  COS.  4?  =  V  +  -,  2  cof .  ii.r  =:«*+  — 

whence  • 

y  -  2y  co».  a;  +  I  SB  0,  ^•^  —  2jy*coi. ««  +  1  w  0...  (1> 

If  we  know  cos.  x,  these  eqattions  will  give  y  and  cos.  nx,  so  thai 
we  shall  ^e  able  to  find  oos.  nx  without  successively  investigating 
cos.  So:^  COS.  4a:... ;  and  this  being  the  general  term  for  the  series  of 
cosines,  these  equations  might  be  employed  for  the  composition  of  the 
tables ;  only  the  calculation  would  labour  under  the  inoonvenienoe  of 
imaginary  quantities. 

If  we  suppose  the  tables  of  sines  to  be  formed,  and  take  the  valoes  of 
cos.  X  and  cos.  nx,  our  two  equations,  now  containing  only  y,  must  have 

a  common  root  «.     But  if  we  have  v  =  a,  we  sliall  also  have  v  =  -,  as 

may  readily  be  perceived,  the  equations  (I )  being  redprocal ;  and  they 
consequently  have  two  roots  common;  in  other  words,  the  1st  divides 
the  2nd.    Assume  nx^zf;  it  follows  then  that,  whatever  be  the  arc  f, 

/— 2^cos.  (-\  +  I  divides  j^*"  -  2y* cos.  ?  +  1...  (2). 

543.  To  apply  this  theorem,  which  we  owe  to  De  Moivre,  to  the 
case  under  consideration,  make  f  =s  kv,  k  being  any  integer,  and  a  the 
semi-circumference ;  then  cos.  ^  is  +  ^  or  —  1,  accordingly  as  it  is  evea 
or  odd,  and  the  2nd  trinomial  becoming  y^  T  %*  +  1,  or  (y*  T  1)%  it 
appears  that 

y  -  2y  008.  (^  +  1  divides 5f«  +  1...  (8), 

k  being  any  integer,  even  for  ^*  —  1,  odd  when  we  have  ,y"  +  1 .  It 
the  1st  trinomial  be  a  square,  we  shall  take  its  root  as  the  divisor;  that 


^fmmmm'^f^ 


*  Resolving  these  equations  (1),  we  find 

y  «  COS. jr  +  nn. x. ^  .  1,  y«  •  cos. ns  ±nn,iuh^  ^  \  i 
whence 

(cos.  4:  ±  BID.  X  V  —  1)"  9  COS.  fUr  ±  SIB.  MX  V  -«  !• 

This  beautiful  property,  of  which  frequent  use  is  made  in  the  higher  branches  of 
Algebra,  though  here  demonstnted  only  for  the  case  in  which  n  is  integral  and 
positive,  equally  tuhsbts  in  all  cases. 
We  shall  resume  this  subject  in  N°.  590, 


ROO.ys  or  ItKlTY.  W 

is  may  be  llie  tue,  the  oosine  murt  be  +  1  ;  when  k  \i  0,  ii«  in,,*, 
ittd  the  flutor  reduces  itself  totf^^l. 
The  root3  of  y*  +  1  are  comprised  therefore  in  the  formnlg 

jf  —  ooe.  ^— j  ±  sin.  ^-^j  v'  -  1...  (4). 

So  long  as  the  integer  k  does  not  exceed  n,  the  arc  —  is  a  continually 

tncraasnig  firactiaii  of  the  semi»cireuniference ;  the  successiTe  arcs  have 
unequal  cosines,  a^d  we  ohtain  factors  of  the  ^nd  degree,  all  differing 
one  from  the  other,  which  we  shall  represent  hy  A,  B,C».»  JL,  M. 
Since  n  +  i  and  n  —  t  are  both  even  or  odd  together,  let  ^  =:  n  +  t^ 

i  beini!  <  « :  we  have  then  —  s=  »  +  — ,  arcs  the  cosines  of  which  are 
®  '  n  ^  n 

equal;    whence  it  folbws  that  the  trinomial  factor  is  the  same  for 

A  s  »  —  f  and  «  +  t.   Having  therefore  assumed  for  k  all  the  numbers, 

even  or  odd,  up  to  n,  beyond  this  we  shall  again  fall  in  with  the  same 

fiKtors  of  the  2nd  degree,  in  inverse  order,  M,  L.*.  C,  B,  A> 

• 

Beyond  2«,  k  has  the  form  2^»  +  t,  and  the  arc  becomes  2^*  +  — , 

• 
the  coabe  of  which  is  still  the  same  with  that  of  a  preceding  arc  —; 

and  thus  we  have  a  recurrence  of  the  same  factors  in  the  same  order 
A,B...  L,M...  B,  A.  We  see,  therefore,  that  it  is  unneeetMr^  to  give 
to  k  values  >  n. 

W  If  n  is  €we»,  +  »  ±  •  are  even  or  odd  together;  and  A  ■»  t ♦*  ±  * 

rives  the  arcs  —  =  1 «  ±  — ,  the  cosines  of  which  are  the  same  only 
^  n  n 

im 

n 
mt  make  k>  ^n,bui  thaUtake  ike  cosines  with  the  sign  ±. 

2».  If  «  is  odd,  it  =  «  —  t  is  odd  when  i  is  even,  and  the  converse; 
and  we  are  not  at  liberty,  therefore,  simultaneously  to  assume  that 

kw  iff 

*  =s  »  -  •  and  it  =  i.  The  first  assumption,  however,  gives  --  =:*—  - , 

of  which  the  part  ~  wiU  be  <  i  v,  if,  in  taking  Ar  =  «  -  f,  we  sup- 

P«e  I  >  -i-  If ;  and  thus  the  semi-circumference  being  diminished  by  an 

arc  less  than  the  quadrant,  the  cosine  will  be  negatively  the  same  as  for 

> 

-,  I  being  among  the  integers  which  it  is  not  allowable  to  take  for  k. 

WeahaUtfa0Kel(mnftkel;aBO,l,3,3.M,a8fiu:aaiii;  which  will  give 


wth  opporitc  signs,  vi«.  =s  q:  sin.  ^.     Thus,  token  n  is  even,  we  skaU 
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arcs  <  4- «;  part  of  them,  taken  from  the  series  alteniately>  will  ooae« 
spend  to  theoiem  (3) ;  and  we  must  take  the  cosines  of  the  others  with  a 
contrary  sign. 

Lastly,^  as  -  gives**  — 2aa:  cos,  ( — j  +  a«  for  the  general  formula 

of  the  factors  of  x"  +  a". 

'  For  y  -f  1^  A;  must  he  odd;  ^  =s  1  gives  the  arc  -^ir  or 4-5^,  the 
cosine  of  which  is  i  v^  2^  and  taking  this  with  ^e  sign  ±9  we  have  the 
two  factors  y*  ±  .y  \/  2  +  1 ;  thus 

«♦  +  a*  =  (jc«  +  0*  >/  2  +  a«)  (««  —  aa:  \/  2  +  a«). 

Fory  +  1,  Ar  s=  1  gives  the  arc  -^ir,  the  cosine  of  which  is  4-  s/  3, 
and  which  must  he  taken  with  the  douhle  sign ;  k  sa  S  then  gives  the 
cosine  =:  jiero;  whence 

/  +  1  =  (y»  +  j^  ^  3  +  1)  (jf«  -  J^  n/  3  +  1)  (j^  +  1.) 

Suppose  we  have  ^  —  1 :  making  it  s  0  and  2,  the  cosines  of  xero 
and  4-  ir  are  1  and  ^ ;  which^  taken  +  and  — ,  give 

y-1  «(5^+  l)(y«  +  y  +  l)0^»-y+  l)(y-l)- 

Again,  let  ^**  ±  1  =  0:  ifc  =  0,  1,  2.. .6  gives  the  arcs  0,  Vr  w, 
-rrir***A  *>  the  cosines  of  which  must  he  taken  with  the  +  and  — 
sign  alternately^  the  1st  being  taken  negatively  for  Jf^  +  I,  and  posi* 
tively  fory"  —  1. 

S^i;  The  proposition  (3)  is  known  by  the  nan\e  of  Coie/  Theorem ; 
and  was  presented  by  that  distinguished  mathematician  under  the  fol- 
lowing geometric  form.  With  the  radius  RA  =  a  (fig.  6),  let  the  cirde 
ACHL  be  described,  and  draw  the  diameter  AH  passing  through  an 
arbitrary  point  Oor  O;  commencing  from  A,  divide  the  circumference 
into  2n  equal  arcs  Aa,  aB,  Bb».,,  each  being  the  n'^  of  «,  and  draw 
radii  vectores  from  the  point  0  or  CfXo  the  points  of  division. 

The  radius  dravm  to  any  point  C  forms  the  triangle  COP,  from  which, 
making  the  angle  CRA  s=  «,  OR  s=  x,  we  deduce 

CP  ss  a.  sin.  a,  RP  s  a.  cos.  «,  OP  =s  a  cos.  a  *-  or, 

and  therefore 

00  ax  ««  —  2fl«.  COS.  «  +  a«  =a  OC.  OL. 

If,  now,  the  tuc  AC  contain  k  divisions,  we  have  «  ss  — ;    and  the 

n 

above  trinomial  being  thus  a  factor  of  o^^i  a*,  accordingly  as  it  is  even 
or  odd,  the  radii  vectores,  drawn  to  thq  alternate  points  (rf  divisioDj  will 


•'J 
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ooutiftttte  the  tevcral  facton:  Oil  s  a  —  or,  OH  ss  a  +  s  ooirespoiid 
to  tbe  xeal  facton  of  the  Ist  degree. 

Let  Zj  Z',  7!\.*  denote  the  radii  drawn  to  the  even  divisions^  and 
2, 2*^  x\..  those  drawn  to  the  odd  ones ;  we  shall  have 

z.  /.  ^....  ss  a"  +  a:">  whether  0  he  interior  or  exterior. 
Z.  Z*.  Z^..«.  =s  a"  —  ar",  when  O  is  interior. 
Z.  Z'.  Z*'....  =  «*  —  a",  when  0  is  exterior. 


EQUATIONS  OF  THREE  TERMS. 

54*5.  Let  the  equation  he  ilx*"  +  B^  +  C  s  0^  where  one  of  the 
exponents  of  x  is  double  of  the  other ;  making  x"  ss  z^  the  result  is 

il2«  +  B«  +  C  =  0. 

1^  If  the  roots  of  z  are  real^  as^ and  gy  we  shall  have  to  resolve  the 
equations  of  two  terms  x"  sss^  ««  s=s  g.  For  example^  let  it  be  required 
to  find  two  numbers  such^  that  their  product  shall  be  10^  and  the  sum 
of  their  cubes  ISS :  the  equation  will  be 

xs  +  fl?V=s  1S3,  or  ««  -  133  x'  +  1000  s  0. 


a:3  -:  jgr,  we  get  25«  —  133  z  +  1000  «=  0,  whence  z  =  8 
and  125 ;  assuming  then  x'  s  8  aud  125^  there  results  x  ss  2  and  5, 
and,  besides  these  values  QNo.  538^^  2a  and  5aS  then  5«  and  2aS  m 
being  an  imaginary  cube  root  of  unity.  And  these  are  the  three  solu- 
tions of  the  problem. 

2®.  If  the  roots  are  equal,  we  have  jB*  —  4  AC  ss  0,  the  proposed 
equation^  is  an  exact  square,  (ax*  +  &)*  ==  0,  and  the  case  becomes  that 
of  an  equation  of  two  terms.  For  example,  to  find  a  number  such,  that, 
its  double  being  divided  by  3,  and  3  by  its  double,  2  shall  be  the  sum  of 
the  ^th  powers  of  the  quotients,  we  have 

and  since  ^^  :=  1  has  for  roots  ±  1  and  ±  \/  —  I,  we  have  x  as  ±  4. 
and  ±  4  V  -  1. 

3^.  And  lastly,  when  the  roots  are  imaginary,  or  £*  —  4  AC  <  0,  we 
sball  make  A^  ss  Cy*^^  and  the  proposed  equation  now  becoming 

it  BM^be  cQinpiNd  inth  (2)  [No.  542];  for,  nnoe  £*  <  ^tAC,^ 
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eoe6kieBt  of  y  ii  <  9.  There  it^  therefore^  lome  arc  f  wfaidi  liasihls 
coefficient  for  the  douUe  of  its  cosine^  and  this  arc  we  must  determine 
hj  log.  from  the  reladon 

Our  transformed  equation  will  thua  be  diviaiUe  bj  ^*  —  Sy  cot.  ( -  j 

4-  1  ss  0^  taking  for  f  all  the  arcs  of  which  the  cosine  is  given  by  equ. 
(5),  and  which  are,  not  only  the  arc  <  90^  given  by  the  table,  but  also 
(f  +  2v,  ^  +  4  V...,  and  generally  f  +  2  kv,  k  being  any  integer; 

so  that  if  4"  = » the  factors  required  will  all  be  comprised  in 

the  formula, 

a*  yA  -  2«»  ^{AC).  cos.  4/  +  ^  C  «  0...  (6). 

It  wiU  be  unneoesiary,  however,  to  take  A  >  ft,  since  k  ss  qn  -^  t 

gives  the  arc  2g  V  +    ■  ;  and  suppressing  the  entire  circantfer« 

ences  2qw,  it  would  remain  to  take  the  cosine  of  an  arc  which  must  have 
been  already  had  for  ^  ss  t  <  n;  so  that  we  should  have  a  recurrence 
of  the  same  factors. 

It  must  be  observed  also,  that  the  radius  is  here  supposed  s=  1 ;  so 
that  if  we  make  use  of  the  common  log.  tables,  10  must  be  subtracted 
from  the  log.  of  all  the  cosines  employed  in  the  calculation.»>[See , 
Vol.  l.p.  S12]. 

Let  the  equation,  fo^  instance,  be  or^  —  2jfi  +  1  =0:  then 
4I  s  C  Bs  1,  B  s  ^2,  fi  ss  S ;  we  find  cos.  ^  =»  ]^  which  gives  the 
area  ^aeO^j  120<»  and  2W;  the  proposed  equation,  therefoK,  has 
its  three  factors  of  the  form  x*  —  2x  cos.  ^|/  +  1 ;  and  since  the  values 
of  COS.  -i^  are  1, '—  sin.  30^  »  _  4.  and  —  cos.  60^  ^  —  -^y  we  find 
a;*  —  2a?  +  1  and  a^  +  x  -{-  I,  this  last  fiicior  entering  twice. 

Thus,  the  proposed  equation  is  the  square  of  («  —  1)  (^  +  x  +  1), 
or  of  x*  —  1- 

Again,  let  or*  +  x'  +  25  =  0 :  in  this  case  -4  =  IJ  =1,  C  =  25, 
n  VB  2,  and  cos.  ^  ss  —  -tV  :  the  tables  give,  in  consequence  of  th^  sign 
— ,  9  =  950  W  20",  of  which  the  half  4^  is  47*>  52'  10^;  and  adding 
180*^,  we  diall  form  an  arc  the  cosine  of  whi^h  is  the  same  as  die  one 
preceding,  but  with  the  contrary  sign.  Substituting  in  the  2nd  term  of 
the  general  formula  (6),  the  annexed  calcula-  cos.  4^...  T- 8266074* 
tion  gives  —  S  for  the  coeffident  of  one  oi  the  2...  0*3010300— « 

factors;    and  thus  our  factors  are  x*  ±  3x        V5...  0*34-94850 
^5,  3...0jiT7lM4-- 
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Lastlj,  for  2*^  +  S«*  +  6  «  0,  we  have  cos*  ♦  »  S^To 


S-      0-4771213-. 
2-.  -  0-SOlOSOO 
VIO...  -  0-5000000 

co8.f I-676091S* 


2 0-3010S00— 

^JO .0-1666667 

2^10 0  4676967- 


We  find  f  e  61*  4fV,  or  rather  118*  Iff,  taldog  the  tupplement,  on 
leenmi  of  the  ogB  -*.  The  third  of  this  is  4^ »  89*  26^  20^;  and  add* 
ing  120^  twice  successively^  and  taking  the  cos.  ^,  we  have  eos,  89*  26' 
20*,  -  sin.  69*  2^20^,  and  sin.  9*2ff  ^0\ 

Hence, 


2^10...  046770- 
COS.+...  IjB8779 

0-35549— 


0-46770- 
1-97141-^ 
0-43911  + 


0-46770- 
i -21 488 

1-68253- 


«nS  aasondng  «  s  —  2-2672,  +  2-7486,  -  0*48 14>  oor  three  fkctors 
apeofthefonna:*4^2  +  «a;  +  \^  5. 
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546.  Soppoibg  a  -f  i/  6  to  be  a  square,  let  us  investigate  iii  rooft, 
which  must  be  of  the  form  ^ x+  V yi  should  it  be/4-  v^ Jfi  we 
ihould  have  x  ^b/^    Assume  therefor^ 

>/  («  +  ^h)ts  »yx+  ^/y  ; 

the  square  gives 

a  +  ^iB:x  +  jr+2V^; 
and  separating  this  equation  into  two,  as  in  No.  533,  we  have 

x  +  yssa,  2k/xyss^b. 

To  deduce  x  and^  from  these  equations^  form  the  squares  and  eob^ 
tract,  when  jou  will  have 

x« -  2ay  +  y*  =  («  -  y)*  =  tf*  -  *; 

and  since  x  and  y  are  rational  by  supposition,  a^  —  i  must  be  a  known 
perfect  square.  Representing  this  square  by  ^^,  x  —  ^  ss  ^  and  x  +  y^^a 
give  the  required  solution 

Lei  the  ezpreasion  be  //  (4  +  2  -/  5) :  we  have  a  a  4,6  «  12; 


M    '  ALGEBRA: 

whence  a^  —  6  ss  it^  s  4;  consequently  it  =  2^  and  ar  s  3,  ^  as  1;  and 
the  root  requizedis  1  +V  d-     T^^^  of  4  —  2  \^  3  is  1  -*  ^  ^• 

For  V  (-  l+2v'-2),  a«-6  =  9,  *  «  3,ar  =  l,  y  =  -  2; 
and  we  have  ±  (1  +  ^/  —  2)  for  the  root. 

Ita  +  ^  &  be  an  exact  cube,  we  shall  assume 

z  being  an  indeterminate  quantity  to  be  disposed  of  at  pleasure,  so  as  to 
facilitate  the  calculation.  Raising  to  the  cube  and  comparing  the  rational 
terms,  we  find 

and  squaring  these  equations  and  subtracting,  we  have 

«•-.&  =  2«[(«^  +  Sxyy  •  (3««  V^  +^  ^y)']; 

where  the  factor  of  s*  is  the  difference  of  two  squares,  and  is  evidently 
equivalent  to  (j:  +  v'^)'  X  («  —  V  i^Y,  or  («*  —  ^)';  and  con^i 
sequently 

But  X  and  y  are  supposed  to  be  rational ;  so  that  the  1st  side  must  be 
an  exact  cube ;  and  we  shall  always  be  able  to  determine  jsr  so  as  to  fulfil 
this  condition,  be  it  only  by  making  «  =  (««-!  b)\  If  a*  —  6  be  itself 
a  cube,  we  shall  make  z  =  1 ;  and,  generally,  we  must  decompose  a*— 6 
into  its  prime  factors,  and  we  shall  readily  see  what  factors  ought  to  be 
introduced  or  suppressed,  in  order  that  we  may  have  an  exact  cube.  Thus, 
z  and  k  will  be  known  in  the  relations 

whence 

5^  =  jt«-^,  4sar»  —  SAxsjssa. 

The  hist  of  these  equations  gives  a:,  our  attention  being  directed  only 
to  the  rational  roots ;  the  preceding  one  then  makes  known  if,  and  we 
have  the  root  required. 

For  10  +  6  >/  8  we  have  a  =s=  10,  5  =  108,  a«  -  6  a=  -  8;  so  that 
a  =  1,  and  A  =r  —  2.     Consequently, 

4*5  +  6*  =  10,  whence  a:  =  1 ;  this  leads  to^  =»  S; 
and  lastly 

-^(10  +  6^8)«1  + VS, 
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dn«  let  the  expression  be  8  +  4  V5:  wehaTenow  a*.--&  «  —16; 
we  shall  therefore  make  z  as  4fj  and  it  «=  —  1 ;  whence 

A:^  -4-  3  j;  as  2^  which  gives  x  s  4-^  then  ^  s  4 ; 

sad,  lasdy,  +  ^4«(l  +  >/5)  for  the  cube  root  of  8  +  4  V!  5. 

^'"i^^S  C^C^  +  ^/  J^)  ^  (^  +  \/  ^)  i0^z>  and  maHng  use  of  the 
some  reasoning,  we  shaU  be  able  to  determine  x^jfi  z,  in  all  cases  in  which 
a]+  V  ^  ^  an  exact  nf^  power. 

547«  In  any  other  formula,  in  which  radical  quantities  appear,  it  will 
not  be  enough  to  substitute  merely  their  approximate  values,  as  we 
should  thus  pass  over  all  the  imaginary  values  of  which  these  quanti* 
ties  are  susceptible:  l^ A  must  be  replaced  by  »!/ A,  a* i^  A.,»,  sup- 
posing 1,  a,  «*•••  to  be  the  roots  of  the  equation  ^"^  -*  1  =s  0. 

If  we  have  x  ^a^g  +  bl^/f^  +  cj^g^..,,  it  will  su£Soe  to 


y  =s  ^*  a? = «y  +  *y  +  cy*. .., 

and  to  eliminate^  between  these  two  equations;  the  several  roots  of  the 
final  equation  in  x  will  be  the  required  values  of  x. 

When  we  have  a  function  X  involving  radical  quantities  !!J  A,jy  £•••, 
to  obtain  all  the  values  of  X,  assume  ^*  s=  ^1,  ^  s  1^...^  and  introduce, 
in  plac^  of  the  radicals,  the  n  values  of  ^,  the  m  of  /,•••,  combined  one 
with  the  other  in  all  the  ways  possible. 

An  equation  X  ^  0  is  cleared  of  the  radicals  which  enter  into  it  in 
the  same  manner ;  X  is  changed  into  a  function  of  x,^,t,*.^  and  we  must 
then  eliminate  y,  <•••  by  means  of  ^*^  ss  ^,  /"*  ^  £••• ;  -the  final  equation 
in  x  will  be  the  one  required. 

For  example,  let «  ss^/^  +  '^  ^*  ^^  *^^  assume^  ss  A,i^  ss  B, 
and  therefore  or  s  ^  4-  / ;  substitute  for  if  the  three  values  ^,  «y,  a*^, 
and  in  like  manner  /,  a/,  ttH  for  / ;  and,  combining  these  substitutions  2 
and  2,  we  shall  have  the  nine  values  of  x;  or  we  may  eliminate^  and  i 
between  the  three  equations,  and  the  final  equation  in  x  will  have  for 
its  roots  all  the  values  required. 


EQUATIONS  OF  THE  THIRD  DEGREE. 

548.  To  solve  the  equation  kx^  +  tix"^  +  6.r  +  c  =  0,  getting  quit  of 

-  ,  J?'  —  flf 

the  2nd  term  and  the  coefficient  of  the  Ist  by  assuming  [p.  38]  x  s=      .    , 

we  have 

«^  +  8/  (9  W     ««)  +  2fl'  -  9abk  +  27cit*  «  0; 
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and  thut  ereej  equttion  of  the  Srd  degree  u  redudUe  to 

x^  +  px  +  qs:  0...  (1). 

If  now  we  assume  ff=sy  +  z,  this  gives  x^  s=  S^«  {y  +  z)  +^»  +  «'; 
and  thus  the  proposed  equation  hecomes 

s 

But  this  partition  of  x  into  two  numbers  y  and  «  may  be  effected  in  an 
infinity  of  ways^  and  we  are  at  liberty  to  assign  the  product  of  these 
parts,  or  their  differenoe,  or  their  tatio>  &c.  Assume,  therefore^,  that  the 
Ist  factor  is  0,  or  that 

jf2  Bs  —  ^p,  and  consequently  ^  +  s*  ^  —  9, 

Taking  the  cube  of  the  Ist  of  these  equations^  ^  z'  =s  —  (•Vp)^  it 
appears  that  ^  and  2^  have  —  q  for  their  sum  and  —  {^py  for  their 
product^  t.  e.  the  unknown  terms  ^  and  z^  are  the  roots  t  and  if  of  the 
equation  of  the  2nd  degree  [N'^.  137^  5^] 

(*+qt^{^py...  (2), 

which  is  called  the  reduced  equation.  Having  determined  i  and  f^  we 
have  y^  jsit,  z^i=f ;  and  1>  a>  a^  being  the  three  cube  roots  of  unity 
QN*.  5403,  these  equations  give 

We  must  not>  however,  in  order  to  obtain  x  s=  ^  4.  z,  take  the  sums 
of  all  these  values  2  and  2 ;  which  would  ^ve  us  9  roots  instead  of  3. 
When,  in  lieu  of  the  equation  ^rz  :s  —  -i-  p>  we  employed  its  cube,  the 
number  of  the  roots  was  tripled ;  but  of  these  values  of  y  and  z,  those 
only  must  be  added  together,  the  product  of  which  is  really  ss  —  .^  p^ 
or  =s  ^tf ;  since,  the  2nd  side  of  the  equation  (2)  being  — /^,  the 
cube  root  of  this  quantity  is  =  -^p.  Thus,  a'  being  ss  ],  it  will  be 
easily  seen  that,  of  the  9  combinations,  we  can  admit,  besides  xtss^t+^f, 
only  the  two 

x  =  a^t  +  a^ijt'y  and  a-  =  »«4/<  +  aHjL 

The  values  of  «,  a*  are  -.-4-  (1  ±  \/  —  3)  N^  538;  substituting 
which,  and  supposing,  for  conciseness,  that 


we  have 


^r^l/i-\-^t\'d^l/i^::/e,l 

0-  =  J,  or  =  -  i  (j  ±  <f  V  -  3).  $  •'•  ^^^- 


Hence,  to  resolve  the  equation  (1)  of  the  Srd  degree,  we  must  first  of 
ail  solve  the  reduced  equation  ( 2) ;  and  having  thus  determined  t  and  f, 
introduce  their  values  in  the  formule  (3).  # 

For  example,  oi'  +  6;r  k  7  gives p  bs  6, 9  a  -*  7,  and  the  reduced 
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eqnatioii  u  ^ -*  7  (  K  8;  wbeii«e/aB4.  + f,f  ««8^  ^n  —1;  md  did 
cube  roots  of  these  values  being  2.uid  -*  1,  we  baye 

*  =s  1,  J  =  S,  «  =  1  and  -  +  (I  ±  S  v^  -  S). 

Let  If*  —  8y*  +  12  jf  »  4:  aMuming  ^  ss  «  4.  1,  in  order  to  remove 
te  2iid  term,  we  have  or'  -h  9  jr  +  6  as  0;  whence  p  k  9^  9  s  6«  and 
the  ndneed  equation  is  ^4*61^827;  this  gives  tm$,  ^9  ^9. 
cossequentlj  .     . 

*  =:  ^  -  4/9  ax  -  0*6S7835  =  X,  rf  as  3-522S33; 

and,  ksftlj, 

^  «  0^362165,  and  a  1*318918  ±  1-761167  ^/  —  3. 

The  equation  0?^  —^3  j?  =  18  gives  <«  -  18  /  +  1  =  0,  whence 
t=^9±^4/5;  the  cube  root  of  which  [p.  91]  is  t±i^\^5; 
thus,  *  =  3,  d^  sf  5j  and,  lastly,  x  =  3  and  —  4^  (3  +  ^  —  15). 
4r»-27j?  +  54a:0  gives  <«  +  54 f  +  729  =: 0,  or  [t  +  27)«  =  0, 
whence  /  sai  —  27 :  thus  x  ss  •«-  6  and  3  (a  double  root], 

549.  So  long  as  the  ifvo  root*  t  and  t^  of  the  reduced  e^uiHon  are 
real,  l/t,  l/(,  and  therefore  s  and  </  are  so  also ;  in  which  case  it  follows 
from  the  formuls  (3),  that  the  proposed  equation  has  but  one  real  root. 

At  the  same  time,  if  /  =3  ^^  we  have  (f  =  0,  and  all  the  three  values  of 
X  are  real,  two  of  them  being  equal  to  the  half  of  the  drd  taken  with 
the  contrary  sign.    Of  this  we  have  an  instance  in  the  last  example. 

But  if  the  reduced  equatioH  have  Us  roots  imaginary  (p  must  in  this 
case  he  negative,  and  also  4fp^  >  279*),  the  expressions  (3)  being  all  of 
them  intermixed  with  imaginary  quantities,  it  would  appear  that  not  one 
of  the  roots  is  real,  contrary  to  what  has  been  proved  elsewhere  [N°.  515, 
l^].  This  paradox,  which  long  engaged  the  attention  of  algebraists, 
has,  from  its  circumstances,  been  denominated  the  irreducible  case.  We 
shall  proceed  to  show  that,  in  fact,  all  the  three  root*  are  in  thi*  case 
real.  The  imaginary  values  of  t  and  f  being  represented  by  a  +  6>/ — 1, 
the  cube  roots,  or  the  powers  i,  of  these  values  may  be  obtained  in  the 
form  of  two  series  [p.  15],  Without,  however,  effecting  this  develop* 
ment,  it  is  evident  that  imaginary  quantities  cannot  present  themselves 
except  in  the  terms  in  which  b  »y  —  i  is  affected  with  odd  expo- 
nents ;  and  since  one  of  these  series  is  dedudble  from  the  other  by 
changing  &  into  —  b,  it  is  obvious  that  they  are  both  comprised  in  the 
form  P  +  Q  ^/  ^  1 ,  the  sum  of  which  is  «  s  2  P,  and  the  difference 
(f  ss  2  Q  ^/  -  1 .  Thus,  the  formulae  (3)  reduce  themselves  to  the  real 
expressions 

dP=:2P  and -P±Q^/  3...  (4); 
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and  our  roots  consequently  are  real,  precisely  when  the  equations  (8) 
present  them  under  an  imaginary  form. 

The  origin  of  this  siogular  case  is  that,  in  the  assumptions  x  ^y  +  z 
and  ^  s=  —  4-  p>  there  is  nothing  to  express  that  if  and  z  are  actually 
leal ;  and,  in  fieicty  our  calculation  proTes  that  they  are  imaginary  when 
the  three  roots  are  all  real.  To  obtain  these  roots,  we  must  develop  the 
power  ■i-ofa+ft^/  —  1  under  the  form  P  -f  Q  ^/  —  1 ;  when  P  and 
Q  will  be  known  in  the  equations  (4). 

550.  As  this  however  would  require  the  series  to  be  convergent,  we 
prefer  making  use  of  the  following  process.  It  follows  from  the 
theorem  (2),  N^.  542,  that,  making  n  ss  s,  and  supposing  4he  radius  to 
be  unity, 

y«  —  2y  COS.  4^+1  divides  y*  —  Sy*  cos.  ?  +  1. 
Now,  make  xsssm(y  +  y')  inar'  —  /w+^=:6;  then 

«*(y'  + jT*)  +  (8«i^-»t/>)  (y +.rO  +  7  =  0; 

and  getting  quit  of  the  2nd  term  by  assuming  Sm*  sp,  orm  as  i/  -fp 
we  arrive  at 

But,  in  the  case  now  under  consideration,  I  is  supposed  to  be  ima- 
ginary in  the  equation  (2),  or  (4  qy  <  {^pY ;  so  that,  the  half  of  the 
ftctor  of  y  being  <  1,  we  can  find  an  arc  f  the  cosine  of  which  is 
equal  to  diis  half,  or 

COS.  ^  s= i— — r  •••  (5) ; 

and  then  the  proposed  equation,  being  reduced  to  our  2nd  trinomial,  is 
divisible  by  y^  —  2y  cos.  4^4-  1=0.  Hence,  dividing  by  y,  we  have 
y  4-  y >  sss  2  cos.  4-  f ;  and  since  «  =  m  (y  +  y""*),  where  tn^s  j^  ^p^ 
we  find 

a  s  2  ^  (4  p).  COS.  4-  ^.t*  (6). 

A  logarithmic  computation  will  give  the  arc  p,  of  which  we  must 
take  the  third;  and  to  this  we  shall  add  120^  and  240» ;  since,  brides 
the  arc  found  in  the  table,  we  may  also  take  the  arcs  p  +  2v,  f  +  ^w, 
which  have  the  same  cosine.  The  equation  (6),  in  which  cos.  4-  f  thus 
takes  three  values,  will  determine  the  three  real  roots. 
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Taking,  for  example,  oj^  -  5j?  —  S  «  0;  we  g 0-6989700 

r,«««  «-i:«^       qnr«A-        ^                           3....!.  0-4771213 
nave  p  =  5,  o  =  —  j>  cos.  9  sb  ^-- — 7—.  

'^        ^  ^       2.i>/i  diff. 0-2218487 

The  annexed  calculation  gives  9  =:45<»  48' Sr,       half. 01109243 

theaiiidofwhichi«15»16'S";andtothi8we  ^ 0-301 0300 

must  add  12a>  and  240°,  and  take  the  corines,  ^enom...  --  J^'^JJ^^OSO 

which  are    COS.  15°  l&  3^  -  ain.  45«  16'  3",  ^''  +^'^77121 3 

—  COS.  75°  1  ff  3".  ^**  f'"      ^  '8433 1 83 
We  have  now 

'2^/4 0-4119543,  0-4119543,  0-4119543 

COS.  i  f 19843955,  1-8515032  >->        I  -4053576  — 

X 0-3963498,  02634575  —        i-8173119  - 

9  ss   2-490862         -1-834245         —0-6566166 

For  the  equation  j:'  —  5^  +  3  ss  0,  only  change  x  into  —  x,  and  it 
will  hecome  the  same  with  the  one  preceding,  and  we  shall  therefore 
have  the  same  roots  with  contrary  signs.  Otherwise,  treating  this 
example  directly,  since  the  equation  (5)  now  gives  cos.  (p  negative,  the 
arc  9  is  >  90°,  and  is  the  supplement  of  the  preceding  value  of  ^;  in 
other  respects  the  calculation  is  the  same. 

Let  the  equation  bear*  —  4ar  +  l=0:  then  cos.  9  s= ;  the 

calcuktion  gives  f  ss  108°  57'  3''.  5 ,-  and  we  finally  obtain 

X  =  1-860807...,  -  2-1 14907,  0-254099. 
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551.  Let  the  equation  proposed  he  x*  +  pjfl  4-  ^j*  4-  r  =s  0;  to 
reaolve  it,  we  shall  follow  the  same  course  as  for  the  3rd  degree,  and  in 
the  first  place  consider  x  as  composed  of  two  parts  ^  and  s;,  ;r  =  v  +  -  ; 
whence 

y  +  (62«  +  p)y*  +  (2'  +  P2'  +  <?2  +  r) 
+  42y»  +  (4::'  +  2p2  +  9).V  =  0. 

For  the  additional  relation  that  we  are  at  liberty  to  assume  between 
jf  and  s,  we  shall  equate  the  2nd  line  to  j?ero;  which  gives 


and,  if^  being  eliminated  between  this  and  the  1st  line,  the  transformed 
equation  becomes 

TOIr.   II.  B 
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tn  equttioQ  which  contaiiifl  only  even  powers  of  «.    Simplifyiiig  it,  by 
maldng  2*  as  -^  ^,  we  shall  have 

t'  +  2p<*  +  (p*  -  4r)  /  -  9«  =  0 {A) ; 

and  this  is  the  reduced  equation  whidi  is  of  the  Srd  degree^  and  neoea- 
sarily  has  at  least  one  red  and  positive  root* 

Let  this  root  be  denoted  by  < ;  we  have  then  2  a*  -f  i  ^ «,  where 
ihe  sign  is  arbitrary ;  whence,  substituting  in  xssy  +  z  and  in  (1), 
there  results 

and  eliminating  y,  with  due  regard  to  the  corresponding  signs,  we  find 
lastly 

'-^'V(-i-?+^-^.) 

Thus,  we  must  resolve  the  reduced  equation  {,A) ;  take  its  positive  root 
iy  and  substitute  it  in  the  formule  (£),  which  will  give  the  four  values 

of  jr. 

Take,  for  example,  2a?*  — 19*«  +  24a?  =  V- :  p  —  -  -^d^,  9  =  12,  &c.; 
and  the  reduced  equation  is  /^  —  19<*  +  ^6^  s=  I**.  The  positive  root 
/  =  3  gives 

jr  =  ^V3±v'(4-2V3),and-4^^/3±^(4.  +  2VS); 
and  since  [p.  91]  y'  (*  ±  2  -/  3)  =  1  ±  V  S,  we  have 

x=sl+4.v'S,  a?  =  -l±ti/8. 

The  equation  of*  —  25x*  +  60af  —  86  =:  0  has,  for  the  one  of  reduc« 
tion,  ^  —  50(^  +  769^  =  3600;  and  taking  /  =  9,  we  shall  have 
or  ss  3,  2,  1  and  —  6. 

For  or*  —  ar  +  1  aa  0,  we  have  <5  —  4/  as  1 ;  whence  t  =5^2-11 4907.. » 
[see  p.  97] ;  and  we  deduce 

a  «  -  0-7271360  ±  0-9340992  ^/  -  1, 
X  =a  +  0-727236    ±  0-4300139  ^/  -  1. 


*  This  equation  moit  be  cleared  of  its  2nd  term,  by  assuming  t  ^\{yk^^fi\ 
whence 
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Laatlj,  the  equation  a^  —  Sx^  —  42x  s  40  gives 

^-6/*+  169<  =  1764; 
wlienoe 

/  5=  9,  and  ooiuequendy  a-  =:  4,  —  1  and  +  (3  +  \/  —  Si ). 

552.  We  sliall  now  examine  tlie  different  cases  which  may  present 
themselvea.  Denoting  the  roots  hy  t,  f,  f^  it  appears  from  the  equation 
(if)that 

the  Ist  of  which  gives*. •  —  ^  —  2p  =  Z'  +  f,..  (S), 
the  2nd    v'(<'-0=4-^    •••(*)• 

In  consequence  of  the  extraction  of  the  roots^  it  might  seem  necessary 
to  introduce  the  sign  +  ;  hut  it  will  be  sufficient  to  observe  that^  if  q 
bepositive^  ^  {f'^')  cu^d  */  i  have  the  same  sign,  whilst  the  contrary 
is  the  case  if  9  he  negative.  Since  the  reduced  equation  {A)  contains^ 
not  q,  but  9%  it  remains  the  same^  whatever  be  the  sign  of  q,  which 
requires  us  to  distinguish  two  cases^  both  of  them  comprised  in  the 
equation  (4). 

If  9  he  positive  in  the  proposed  equation^  substituting  the  values  (S) 
and  (4)  in  the  equation  (2),  in  which  regard  will  have  been  already 
bad  to  the  sign  +  of  y^  < ;  we  shall  have 

whence 

The  double  sign  +  must  agree  with  that  of  the  equation  xs=if^  iV^f 
ss  it  results  from  the  calculation  above. 
Consequently,  q  being  positive,  we  have 

X  «  ^  V"  <  ±  i  (  ^/ '' -  ^/ <^ )  and  -  4- ^/ ^  ±  +  ( ^/ «' +  \^  O  • 

If  9  be  negative,*  \f  (f.  t")  zs  '^  S^  ;  the  substitution  of  which  in 
Ae  equation  (2)  causes  only  the  modification  of  sign  of  the  last  term ; 


*  It  IB  not  neoesBury  to  make  this  disUnGtion  in  the  formuls  {B),  because  in 
^Mm  we  always  sabstitute,  for  p,  9,  r,  their  given  vaiues,  affected  with  the  signs 
vUch  behMDg  to  theoD,  and  it  is  obvious  that  if  9  be  negatire,  the  sign  of  the  last 
ton  of  the  equations  {B)  changes  of  itself. 

h2 
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the  calculation  therefore  continues  the  same,  except  as  to  this  Agn,  and 
the  ^ues  of  y  take  only  ±  \^  f^  instead  of  +  V  '"• 

1^7/*  the  reduced  equation  have  its  three  roots  real,  there  can  he  hut 
two  cases :  since  their  product  1. 1.  f  s=:  (f  is  positivej  either  two  of 
the  roots  are  negative^  or  not  one  of  them  is  so. 

In  the  latter  case,  s/  iy  s/  ty  s/  f  are  real,  and  our  four  roots  of  » 
are  therefore  real  also.  In  the  other  case,  on  the  contrary,  tj  t  and 
n/  f  9xe  imaginary,  and  the  four  roots  of  x  will  he  so  too.  Hence, 
when  the  equation  of  reduction  comes  under  the  irreducible  case,  the 
proposed  equation  has  its  four  roots  all  real  or  all  imaginary,  accord" 
ingly  as  t  has  three  positive  values  or  only  one.  Of  this  we  have 
examples  ahove. 

If,  however,  it  occur,  in  this  second  case,  that  f  ^szf^  since  two 
of  our  values  of  x  contain  the  difference  of  the  radicals  %/!',  s/ f, 
these  imaginary  parts  will  destroy  each  other,  and  the  proposed  equa- 
tion will  thus  have  two  real  and  equal  roots,  and  two  imaginary 
ones. 

^.  If  the  reduced  equation  have  hut  one  real  root  t,  since  /  is  then 
positive,  >/  <  is  real.  Likewise,  denoting  if,t  hy  a  +  6  V  "^  1>  we 
have 

the  square  of  which  gives 

where  the  radical  part  is  obviously  real  and  >  a.  Thus,  our  square 
has  two  real  values,  one  positive,  the  other  negative;  and  consequently, 
on  extracting  the  root,  which  is  «//'+«/  /^,  we  shaU  have  on  the 
one  hand  a  real  quantity  V  A,  and  on  the  other  an  imaginary  result 
^  —  B.  Hence,  recurring  to  the  foregoing  values  of  x,  it  will  be 
clearly  seen  that,  if  the  reduced  equation  have  but  one  real  root  t, 
this  is  positive,  and  the  proposed  equation  has  two  roots  real  and  two 
imaginary. 


PO\¥ERS   OF   THE   ROOTS   OF   EQUATIONS.       lOJ 


IV.  SYMMETRICAL    FUNCTIONS. 

POWERS  OF  THE  ROOTS  OF  EQUATIONS. 

553.  A  function  is  said  to  be  syfmnetrical  or  invariable,  when  it  un- 
^tstfftesi  no  alteration  on  any  two  of  the  letters  which  enter  into  it  being 
dianged  one  into  the  other :  such  are  the  functions  a^  +  U^,  \/a  +  ^/^> 
a  +  6  4-  sin.  a  sin.  b,  &c.^  which  continue  the  same  when  b  is  put  for  a 
and  a  for  6.  The  coefficients  of  the  several  terms  of  an  equation  X  :=  0 
aresTmrnetrical  functions  of  the  roots  a,  b,c,,.  [N^  502]. 

For  the  future^  we  shall  represent  by  [a*  b^  cir ,,.],  the  symmetrica] 
fonctum  of  which  a^  bf  cr  >••  vi  one  terni^  and  the  other  terms  of  which 
are  obtained  by  changing  each  root  a,  b,c...  into  all  tlie  others  succes- 
nTdy;  whilst  /»  will  denote  the  m^  powers  of  these  roots,  or 
/,=sa*  4-  6*  +  «*••••  And  we  shall  now  prove  that,  diough  these 
nwtsbe  not  known,  we  can,  whatever  be  the  integers  m,  «>  /9, 7. . .,  always 
find  the  quantities  f^  and  [a*6^c^ ...],  in  functions  of  the  coefficients  p, 
q,  r.««  of  the  proposed  equation 

X  =r  4^  +  /W"~'  +  74?"*^..  +tx+  U^  0. 

X  is  identical  with  (x  —  a)  (x  —  b)  (a?  —  c)...,  and  it  has  been  seen 
[N".  521-,  2*»]  that  the  derivative  X'  is 

whence,  dividing  by  X,  we  find 

Now,  developing  (x— a)^',  we  have  [p.  14,  1] 

a:i::^""x  +  ^  +  i^  +  i"*+'"'^ 

80  that,  changing  a  into  b,  €»••,  and  taking  the  sum  of  these  results,  our 
Sndsideif 


X  X'    *      3p     *      X* 

and  consequently,  multiplying  the  equation  by  »*+/>**"•*  +  jx^^^+t.., 
we  have 
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wj?"-*  +  (m— l)pj?"-«  +  (hi— 2)^0^*"*...  +  i 


mr 


'  +  /. 


•m— 5 


+/» 
+1'/. 

+9/. 


r*-«...&c. 


••■  ••• 


I  •■•  ••• 


...  +qfi^ 

...  +rfu3 


••• 


•.•  ••( 


t*.  «tt 


>•  .«• 


The  Ist  side  has  m  tenns ;  the  2nd  extends  to  infinity,  each  line  hav- 
ing ite  first  term  thrown  one  rank  farther  to  the  right  than  in  the  pre* 
ceding;  the  numher  of  these  lines  is  m  +  J.  Hence,  comparing  the 
coefficients  of  the  same  powers  of  x  in  this  identical  expression,  we 
obtain  an  infinite  number  of  equations.  The  m  first,  each  containing  one 
more  term  than  the  preceding,  are  (suppressing  mp,  019. ••  on  both 
sides) 
/.  + f>  =  0, /,+;>/.  + 2g=:0,/,  +  p/,  + 9/. +  3r«0,..., 

A  +  p/fc-i+  9/ib^+  r/fc^...  fa;=s:0...  {A), 

k  being  an  integer  <  m,  and  i^  the  coefficient  of  a?"^  in  X. 

After  these  m  equations,  the  1st  side  no  longer  gives  any  term  to  be 
compared  with  those  of  the  2nd,  and  we  therefore  find 

/  being  an  integer  =  or  >  971.     We  have  /.  =  a®  +  &*•••  =  *». 

554f,  These  equations  are  due  to  Newton :  to  exemplify  their  use,  the 
]  st  gives  /i  =s  —  j9,  a  value  which,  introduced  in  the  2nd,  gives  /« ;  we 
have  then  J\,*, 

and  so  on  step  by  step.  The  value  of  /i  leads  to  this  general  rule  r 
under  the  m  terms  which,  in  the  series  of  the  successive  sums  /,  precede 
the  one  that  we  wish  to  calculate,  write  the  coefficients  of  X  in  inverse 
order,  with  their  signs  changed ;  multiply  each  term  by  the  one  below 
it,  add  the  results,  and  you  will  have  the  following  term  /o 

J  i-«i  J  I'-M-i  •  •  •*  y  i-»»  J  !<-«>  y  !-»> 

—  «,       —  /...,  —  r,   ^  q,  -^p. 

Take,  for  example,  the  equation  x^—  Sj:*  +  2x«-16s0!  here 
j)=  —  3, 9  =  2,  r=  —  1;  and  the  factors  therefore  are  1 ,  —  2  and  S. 
We  find  in  the  first  place  J\  =  3,yi  =  S,  /,  «=  5;  and  the  series  of 
the  /  is  continued  as  follows,  each  term  being  formed  of  the  product  of 
the  three  which  precede  it,  multiplied  respectively  by  1,  —  2  and  3, 

8,  S,6, 12, 29, 68, 158, 867, 858, 1988,  Wio'l  10717, 2491*«, 


1 


POWERS  OF  THB   ROOTS  OP   EQUATIONS.       103 

For  d^  -*  S «^  +  12x  xB  4,  the  factors  aw  4,  -i- 13  and  S,  and  we 
obtain 

3,  3,  -15,  -69,  -15,728, 2073,  -2517,  -29535,... 

Lasdj,  for  x^  -  2x  as  5,  the  multipliers  are  5, 2, 0 ;  and  we  have 

3, 0, 4, 15, 8, 50, 91, 140, 432,.. 

Applying  this  theorem  to  j*"*  —  1  ss  0,  we  obtain,  as  in  p.  85, 

It  is  an  easy  matter,  therefore,  to  obtain  the  sum  of  all  the  integral 
powen  of  the  roots  of  an  equation  without  knowing  these  roots.  Should 

the  negatire  powers  be  required,  we  must  change  x  into  — ,    and    apply 

our  formulae  to  the  transformed  equation  in  ^ ;  when  we  shall  have  the 
powers  in  question.  For  the  equation  x'  —  dar^+2ars=sl^  the  factors 
CQgreqponding  to  the  transformed  equation  will  be  I  —  3  and  2 ;  whence 
the  sums  of  its  positive  powers,  and  therefore  those  of  the  negative 
powers  of  the  original  equation,  are 

3,2,  -2,-7,  -6,7,25,23,  -22,  -88... 

555.  Let  us  now  investigate  an  expressionjor  aiMf  eynmeirical  Junc^ 
tiom  [a^Vcr..*],  in  terms  of  /i  ft  ff-,  the  number  of  the  roots 
a,  ^9  c—  comprised  in  each  term  being  n.  This  function  may  be  ob- 
tained by  taking  all  the  permutations,  n  and  n,  of  the  m  letters  a,  b,  c..., 
snd  giving  to  the  Ist  letter  the  exponent  «,  to  the  2nd  /?,...;  the  num- 
ber ci  the  tenns  will  be  m  Pn.  In  case,  however,  that  two  of  the  expo« 
nents  were  equal,  as «  =  0,  since  the  initial  letters  ab,  ha  would  now 
produce  no  change  in  the  resulting  term,  the  number  of  the  terms  would 
only  be  one-half  of  its  previous  value ;  it  would  be  the  6th  of  that, 
should  three  of  the  exponents  be  equal,  &c.  QSee  N^.  493^. 

To  obtain  the  value  of  Qo*  ¥  ]],  in  which  the  terms  contain  only  two 
of  the  fli  rooCii,  we  nuiat  form  the  permutations,  as  in  N^  492,  by  multi- 
plying 

fjssia^  +  *•  +  c«M«  by  /  =0^+  i^+  c'...: 

when  the  partial  factors  contain  the  same  root,  the  partial  product  will 
have  the  form  o"*^^;  otherwise,  this  product  will  be  nmilar  to  a*£^. 
Thus  Ubit  result  will  be  /«  +  ^  +  [a«W] ;  and  therefore 

i:«.4^:)«/^x/^-/,^,...(C). 

In  like  matumer,  for  tlie  function  lat^Vcl,  mnlti^ying  Co"^!  ^ 
/^,(C)  will  become  «  /^  x  /,  X  Z^-  /,+  ^  X  // 
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Novr^  to  form  the  product 

(a«A^  +  ai»c?  +  b^c?  + ...)  X  (av  +  4v  +  O  ...)> 

P.  If  the  partial  factors  have  not  a  common  root^  the  partial  product  is 
such  as  a'  6^  erx;  and  these  results  comhined^  form  the  function  [af^UaPf'] 
the  value  of  which  we  are  investigating. 

2°.  When  the  partial  factors  do  contain  a  common  root^  the  term  will 
correspond  to  (V*  "^  y  l^ ,  ox  a^b^  "^  y,  accordingly  as  this  common  root  is 
the  1  St  factor  or  the  2nd ;  and  hence  result  the  functions  Qa*  '*'  ^  ^  1> 
\j3,^b^  +  y[],  of  whidi  the  equation  (C)  gives  the  values: 

Thus,  collecting  our  results,  we  havct  (D) 
:«.  A?  cr]=/^,/^. /,-/,,,./,-/.,,./-/,,,• /,+  2/.^,,,. 

The  spirit  of  this  species  of  calculation  will  readily  he  comprehended ; 
and  we  may  apply  it  to  symmetrical  functions  of  four  or  more  factors. 
Thus,  we  shall  be  able  to  determine  the  values  of  these  functions  simply 
by  means  of  the  coefficients  of  the  proposed  equation,  the  sums  f  being 
known  in  terms  of  those  coefficients  from  the  rules  of  the  preceding  N°. 

Should  the  symmetrical  function  proposed  be  fractional,  by  reduction 
to  a  common  denominator,  it  will  form  a  fraction,  each  term  of  which 
will  be  an  invariable  function  v  thus 


K 


o      a      c      u        CO  aoc**» 


We  shall  now  proceed  to  apply  these  general  formulc. 


ON  THE  NUMERICAL  SOLUTION  OP  EQUATIONS. 

556.  Assuming  tlie  diiBTerent  values  of  /  to  be  already  known,  the 
greater  a  be  in  respect  to  the  other  roots  b^  c.«.,  the  more  closely  will 
fk  approach  to  an  equality  with  its  1st  term  a*,  and  /*_!  with  a^' ; 
whence,  by  division,  we  have  the  approximate  value  «  =  /^r  f^^. 
Thus,  having  formed  the  series  of  the  numbers  /©,  /i,  yV->  the  quo- 
tient of  each  term  by  the  one  preceding  will  become  more  and  more 
nearly  equal  to  the  superior  root  a,  as  the  index  of  /  rises  gradually 
higher.  And  the  transformation  of  N*".  506  will  enable  us  by  the  same 
means  to  approxhoate  to  th^  least  ^t« 


\ 
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In  the  case  of  imaginary  roots,  it  wiU  be  necessary  to  modify  our 
propositian.  For  let  j?s=«-f0i/—  1:  making  «  ss  X  cos.  f >  0  as 
X  sin.  ^  (and  this  supposition  is  always  allowable,  for  there  results 
fimm  it 

x«3s=«^4-/3J,tan.  J=-, 

equstioiis  whence  X  and  the  arc  p  may  be  deduced  in  all  cases],  we  have 
X  s=  X  (cos.  <p  +  sin.  p  \f  —  J ) ;  and  consequently  [[note  p.  86] 

(•  ±  0  V  —  1)*  ==  ^*  (cos.  kp  ±  sin.  kp.  ^  —  1). 

Thus  the  supposition  of  our  two  imaginary  roots  introduces  into  /» 
the  term  2x^  cos.  kp ;  and  in  order,  therefore,  that  the  preceding  theorem 
nay  be  established  in  this  case,  we  must  have  X  or  ^{m*  +  ^)  less  than 
the  greatest  root  a. 

For  the  1st  ex.  of  N".  554,  we  have  /u  =  57918, /„  =  24914; 
and  the  quotient  i^STv  =*  2*324717  is  an  approximate  vfJue  of  or. 


557.  Let  it  be  proposed  to  form  the  equation  of  the  square  of  the  dif- 
lierenGes 

Z  ss  2«  +  P;^'  +  Qs«-^...  +  t/  =  0, 

where  the  unknown  quantities  are  P,  Q...  U.    We  have 

(js  ^cf  =  a^'-fc*^'  +  ^  V  **-•  &c. 

I,  if,  ii'\«.  being  the  coefficients  of  the  binomial  for  the  power  /•    Let 
these  SI  equations  be  added  together ;  the  2nd  side  will  be 

and  f  being  changed  successively  into  tf,  t,  c.,.,  we  get 

•    (fl-ty  +  (a-c)'...  ^ma^-^l/.a^'  +...  ±  fu 

{b-ay  +  {b^cy...  ^  mb^^lf,  b'^'  +...  ±  A 
(c—ay&c. 

And  these  equations  being  also  added  together,  the  1st  side  wUl  be  the 
««  of  the  powers  I  of  the  differences  of  the  roots,  each  of  Ihetn  subtracted 
Jrmn  all  the  others :  the  2nd  side  will  be 
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If,  ndW^  /be  odd,  notliing  can  be  gained  from  tbii  formula;  fer,  on 
ibe  lat  aide,  the  several  pain  of  di&rencea  are  equal,  and  of  oontcary 
aigni,  and  tbeir  powers  I  dettroy  each  other;  whilst  the  2nd  side  ia 
composed  of  temui,  of  woich  those  that  are  equally  distant  from  the  ex« 
tremes  have  the  same  coefficient,  and  the  same  index  for  /,  with  oppo- 
site signs ;  and  these  terms,  therefore,  also  destroy  each  other :  thus  the 
result  is  nothing  more  than  0  s=  0. 

But  if /be  even,  (a— -6)',  (6— a)';  {a-^cY,  (c— «)';•••  are  equal  two 
and  two,  with  the  same  sign,  and  the  terms  on  the  1st  side  form  them- 
selves into  pairs ;  also,  the  parts  of  the  2nd  are  still  equal  two  and  two, 
and  have  now  the  same  sign ;  they,  therefore,  also  pair  one  mth  another, 
except  the  middle  term,  which  has  no  other  corresponding  to  it.  Taking 
the  half  of  these  two  sides,  each  term  becomes  angle,  and  the  middle  term 
must  be  reduced  to  its  half.  Thus,  on  the  one  hand,  making  /  ^  2f, 
the  1st  side  becomes  the  sum  of  the  powers  2i  of  the  differences  of  the 
roots,  or  that  of  the  powers  i  of  the  squares  of  those  differences,  a  sum 
which  we  shall  represent  by  Si.  On  the  other  hand,  the  coefficients  of 
the  binomial  for  the  exponent  2i  being  denoted  by  2i,  A^,  A'^,,,,  there 
results 

The  values  of  the  coefficients  2t,  A^,  A".»*  are  the  numbers  of  the  tine 
2t  in  the  table,  p.  6;  stopping  at  the  middle  term,  of  which  we  must 
take  the  half.    These  factors  are  for 

f  >»1...  j,  1 

f  a  2...  1,  4,  3 

i  n  S.^  1,  6, 15, 10 

i  s<ii  v«««  Ji  o,  2o)  OOj  S3 

i  a  5...  1, 10,  45, 120,  210,  126 

t  «  6...  1,  12,  66,  220,  495,  792,  462,  &c. 

And  hence  we  deduce 

«.«»t/.-(/i)S  S,^m/.^SfJ,  ..+35(/J«, 

^.=»«/4-*/i  /a  +  3  (/JS  ^5=»*/.o-10/,/,. 126(/J«, 

^r=«/s-6/ ^-,+15/./,-  \0(/,)\  ^6=i«/,.-12/J-„...+462(/J«. 

This  bemg  premised,  when  we  have  calculated  the  series  /«  f^  /,..., 
we  shall  be  able,  making  t^  1,  to  deduce  from  our  equation  the  value  of 
{a^by  +  (i^— ^}S«>ji  which  will  be  the  sum  S^  of  the  simple  powers  of 
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the  roots  of  ZssO;  isS  will  in  like  manner  give  (a-^i)^  + 
{a  — cy...5  or  S„  Sec, ;  and,  generallf,  the  equation  (N)  will  give  the 
mm  ^i  of  the  powers  t  of  the  roots  of  the  equation  between  the  squares 
of  the  differences.  But«  according  to  the  equations  {A),  [p.  102]  we  have, 
far  this  equation. 

The  calcokdon  fat  S  must  be  continued  up  to  the  index  n  s: 
■^M  (m  —  1),  the  degree  of  Z ;  and  that  for  /,  to  an  index  the  douUe 
of  this. 

For  Jf'+  qx+  r  asO,  the  values  of /^  /i...  are 

3,  0,  —2^,  -  3r,  2j«,  Sqr,  ^  2f  +  St*; 
whence 

5,  =s  —  6q,  ^,  =  18^%  i5,  =  -•  66^  —  81r«, 

and  these  are  the  coefficients  of  the  equation  of  the  aquaits  of  the 
di&rences  for  the  Srd  degree*  The  fonnulv  for  the  4th  and  Sih 
degree  will  be  found  in  the  Re9oL  numer*  at  Lagrange^  N~.  SS,  3Q»  and 
Note  111. 


EQUATIONS  OF  THE  SECOND  DEGREE. 

558.  The  equation  a^  +px  +  qssO  having  a  and  b  for  its  unknown 
roots,  let  z=ia  +  mb,  m  being  an  arbLtrary  number ;  since  then 
a  +  6  ss  ^  py  these  two  equations  will  serve  to  determine  a  and  b, 
when  2  is  known.  But  this  value  c(£  a  +  mb  cannot  be  detennined, 
without  our,  at  the  same  time,  obtaining  that  of  b+  ma;  90  that  z, 
having  these  two  roots,  is  given  by .  another  equation  of  the  2nd 
degree 

[z  —  (a  +  mb)2  X  [2  —  (*  +  ma)]  =  0. 

Thus,  so  long  as  m  continues  indeterminate,  nothing  can  be  gained 
finm  this  calculation.  But  if  this  equation  in  is  be  deprived  of  its  3nd 
term,  which  will  be  done  by  making  m  s=  —  1,  we  have 

s«ia  (a  -  A)«=s  a«  +  6«  -  3fl6  =»  /,  -8^; 
and  since  (p.  10^]  f^ssp*^  2g,  we  find 

2=aa  —  i-sHh  's/Cp*-  *9%  tt  +  4  ta  — p, 
whence^  lastly^  we  deduce  the  two  roots  a  and  4. 
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EQUATIONS  OF  THE  THIRD  DEGREE. 

559.  The  roots  o{x^  +  px  +  q^O  being  a,  b,  c,  the  quantity 
z  zs  a  +  mb  +  fic,  where  m  and  n  are  any  numbers  whatever,  is 
susceptible  of  six  values  [see  equ.  2  below] ;  and  since  not  one  of  these 
values  can  be  found,  without  the  calculation  ^ving  at  the  same  time 
the  five  others,  z  must  be  a  root  of  an  equation  of  the  6th  degree :  under 
these  circumstances  therefore  we  cannot  hope  to  obtain  z  before  x. 
Admitting,  however,  that  in  and  n  can  have  such  values  assigned  to 
them  that  the  equation  in  z  shall  be  of  the  form  ::fi  +  Az^  4.  £  s=  0, 
this  equation  will  be  resolvable  by  the  method  of  the  2nd  degree  QN^. 
5453>  and  we  shall  from  it  readily  deduce  z,  and  then  x.  In  effect, 
assuming  z'  s  u,  we  have 

Now,  denoting  the  two  cube  roots  of  u  by  :^,  z",  and  those  of  unity 
by  1,  di,  a*  [[N^.  5S9'2f  the  six  values  of  z  must  result  from  the  several 
alternations  of  position  between  a,  i,  c  in  the  trinomial  a+  mb+  nc: 
assume  therefore 


:/  ssa+  mb  +  nc,  'z"  =»  a  +  fib+  mc,*» 

a:/  =:  b  +  mc  +  fta,         a  z' 
a*zf  =  c  +  wa  +  tib,         a^z' 


:"  :s  a  +  nh  +  wc.«.l 

t"  =  *  +  «c  +  ma...  V  (2) ; 

j"  =  c  +  fta  +  mb...  3 


where,  in  respect  to  the  position  of  a,  b,  c,  the  1st  term  in  one  equation 
tales  the  last  place  in  the  following,  and  each  of  the  other  two  letters 
passes  from  its  previous  place  to  the  one  on  its  left. 

It  remains  to  determine  the  arbitrary  quantities  m  and  n  so  that  these 
six  equations  may  be  realized.  For  this  purpose,  multiply  az  by  «* ; 
the  result,  smoe  »'  s  1,  is 

z'  1=  a*b  +  »««V  +  fiA^a  =  a  4"  fnb  +  «c, 

and  the  supposed  identity  of  these  equations  requires  that  the  respective 
coefficients  of  a,  6,  c  be  equal,  or  «*  3=  m,  mx*  =:  n,  n%^  sc  1 ;  and  there- 
fore m  ^  a%  n  ss  «• 

Substituting  these  values  in  the  six  equations  (2),  it  appears  that 
they  are  a  consequence  of 

z'  «B  a  +  «c  +  ek%  /'  =s  fl  +  «6  4"  ••c...  (3). 

Tkus,  taking  m  =  a^  n  r=  a,  our  trinomial  has  six  values,  which 
form  only  two  different  cubes  s'-*,  z"^ ;  for,  multiplying  the  equations 
(S)  by  1,  m  and  a^,  the  results  are  the  six  equations  (2),  and  the  Ist 

^es  of  (besQ  evidently  hare  only  s^^  and  z^'^  for  their  cubei. 
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It  is  now  proved  therefore  that  the  six  values  of  z  are  roots  of  an  equa- 
tion of  the  form  2«  +  Az'  +  S  =  0,  or 

and  it  only  remains  to  detennine  A  and  B,  viz. 

for,  i4  and  B  heing  known  in  functions  of  the  coefficients  p  and  q,  the 
equation  (1)  will  give  the  values  of  z\  of  which  the  cuhe  roots  s'  and.  2^ 
will  thus  be  known ;  and  the  equations  (9)  will  then  give  a,  b^  c,  as 
we  shall  show  below. 

.  In  the  mean  time,  developing  the  cube  of  z'  s=  a  -|-  ac  +  a%  and 
nikstituting  1  for  a^,  whenever  it  occurs,  we  have 

2'*  =  /,  +  6abc  +  3«(aV  +  6*a  +  c*b)  +  3a*(a'i  +  d'a  +  b^c); 

and  2^^  is  obtained  from  this  by  changing  b  into  c. 

Let  the  two  results  be  added  together ;  since  abc  =r  —  g,  and 
•  +  *•  =s  —  1,  they  give 

-^  =  2/,-12y-3|:a«6], 

and  the  formula  C  [p.  108]  giving  [«•*]  =  /,  /,  ^  Z,.  of  which  /,  =  0, 
there  results 

-  il  =  2/,  -  1 2(,  +  3/3  =  5/,  -  1 29, 

and,  /j  being  =s  —  3^,  we  finally  have  A  =  27<^. 
On  the  other  hand, 

which,  since  /,  =  •—  2p,  (^oA]  =p,  «  -|.  «« s=  —  J,  becomes  z'z^as—Sp; 
and  the  cube  is  5  =  —  27p\ 
Thu8, 

and  since  the  factors  of  27  in  this  expression  are  the  roots  f  and  f  of 
the  equation  f*  -{-  ql  sz  (\  py,  we  have  s'  =  27/. 

Eliminating  a,  by  c  between  the  equations  (3)  and  the  one  a  +  b 
+  c  =  0,  which  exists  in  consequence  of  the  proposed  equation  being 
devoid  of  the  2nd  term,  we  have 

Sfl  =  c'  +  z\  Sb  =  az'  -t-  aV,  3c  =  «V  +  az"; 

and  since  /  =  3  ^  t*,  2"  =  3  -^  /",  we  arrive  again  at  the  values  of 
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EQUATIONS  OP  THE  FOURTH  DEGREE. 

560.  To  reflolve  the  equation  x*  +  px^  -4*  9:^  +  r  bs  0,  we  thall  not 
attempt  to  fonn  the  values  of  z  ^=i  a  +  Ih  •\-  mc  -^  nd^  which  are  24>  in 
number ;  but  of  «  «  a  +  6  +  w  (c  +  rf),  which  has  only  six  values ; 
find,  in  fact,  making  m  s  —  1,  we  shall  assume  'zasa  +  6-^c—  if, 
the  six  values  (^  which  ara  equal  two  and  two  with  oppoaiie  signs. 
The  root  %  will  then  be  given  by  an  equation  of  the  6th  degree,  as 
a^  +  Az*  +  Bz^  ^  C  =  0,  containing  only  even  powers,  and  conse- 
quently, these  six  values  will  have  but  three  difiere&t  squares.  Assum- 
ing z^  s=  t,  we  shall  reduce  our  equation  to  one  of  the  3rd  degree;  this 
will  give  ty  and  we  shall  thence  deduce  z,  and  lastly  ar» 

Developing  the  square,  we  have 

(a  +  *  —  c  —  ei)«  =  (a  +  6  +  c  +  <i)«  —  4.(flc  +  arf  +  5c+  W); 

but,  since  the  2nd  term  is  wanting  in  the  proposed  equation,  the  lat 
part  of  the  2nd  side  of  this  is  ^  0;  consequently,  adding  and  subtracting 
4  [ab  +  cd),  we  obtain 

(a  +  6  -  0  -  (0*  =*  -  4.  [tf 6]  +  *  (aft  +  «0  ; 
and,  {aV^  being  =  p,  we  have,  changing  b  into  c,  and  then  into  d, 

(a  +  c  —  ft  —  rf)«  =  —  4-1}  +  4.(flc  +  W), 
(a  +  rf  -  c  —  ft)«  =  —  4p  +  4(arf  +  he) ; 

and  these  are  the  values  of  our  three  squares  2*.  The  calculatbns  will 
be  simplified,  if  we  assume  for  the  unknown  quantity  «  =s  ^  z*  4-  p^ 
sinoe  the  values  of  u  will  thus  be 

aft  +  cd,  ac  +  ftrf,  ad  +  ftc. 

To  form  the  equation  which  has  these  three  roots,  since 

/i  =  0,  /.=.-2p,  /j^-S^r,  /,  =  2p«-4r, 
/s^5pq,  /fl=-.2p»  +  6pr  +  S9*, 

we  find,  from  formula  (D),  and  dividing,  when  it  is  possible,  by  2  or  6, 
that 

P.  The  sum  of  the  binomials  is  [aft]  =  p ; 

2<».  The  sum  of  their  products  2  and  2  is 

[a-ftc]  =  /,-.^(/.)-  =  -4r; 

S®.  The  product  of  the  three  bbomials  is  abed  X  /,  +  [a*ft*c!],.or 


ELIMINATION.  Ill 

Thus,  we  have 

u^  ^  pu^  -^  4fru  +  4pr  —  5*  ss  0, 

m,  mhitjiuting  ^:^+  pforu, 

«•  +  8p5*  +  16^(p^—  4r)  -  64^9 0. 

Having  firom  this  determined  the  three  values  of  zP,  and  then  their 
loots  +  {z,  z',  ^,  we  must  deduce  a,  b,  c>  d  from  the  equations 

/^^aa  +  b  +  c-^doiO,  a-^e^h^d^if, 

a  +  b^c^d^z,  a  +  d^b^C9B7/'. 

These  equations,  added  2  and  2,  give 

a+  b^-^z,  a  +  csss+s',  a  +  dss^i^; 

from  the  sum  of  these  we  find  assi(z  +  7/  +  3/^),  and  the  values  of 
h,  e  and  d  foUow  of  course. 

But  z,  s^,  7^'  being  taken  with  the  sign  +>  ^^  have  8  roots  instead 
of  4;  and«  in  fact^  the  equation  in  2  being  dependent  on  9%  and  not  on 
9^  our  calculation  leaves  the  sign  of  q  arbitrary*  Now  the  product  of 
the  three  last  equations  is 

and^  since  —  a=s64-c  +  ^>  this  becomes  ■;  zs^z^  s  —  q. 

The  sign  therefore  of  the  product  x  x' 2^  is  the  opposite  to  that  of  q ; 
snd  consequently,  as  in  p.  98,  we  have  the  two  systems 

q  positive,  x  =  ^  («  ±  2'  +  vT]^  and  ^^'-^  z  -^^li  -jf^iS^y 
q  negative,  a?  =s  ^  (2  +  2'  +  «^),  and  ^  (—  2  +  2'  +  2"). 


ELIMINATION. 

561.  Let      Z «  0,  or  ito*  +  p«»-»  +•••  -f  «  =0, 
TrsCor  *'x«+  p'a*-*  -h...  +  ti'  =  0, 

be  two  equations  in  x  and  ^.  Supposing  the  2nd  of  these  equations  to 
be  solved  in  respect  to  x,  and  the  results  to  be  rr  ^=^fy»  ^y^  4;y***>  if 
these  fanctums  of  ^  be  substituted  for  x  in  Z  ss  0,  we  shsJl  obtain  as 
many  equations  ii  ss  0,  £  s  0,  C  s  0...,  in  y  alone.  And  if  the  first 
ef  these  be  solved,  the  values  y  =  a,  «,  a^...,  substituted  in  x  ^=ify» 
wiU  give  the  corresponding  values  xssp,  ff,ff\„  ;  whence  we  have  the 
pairs  (»,  g),  (»,0')...  which  will  render  Z  and  T  simultaneously  =s  0. 
And  the  same  will  apply  to  B  s  0  and  x^s^y,  C  ss  0  and  x  =  ^^y.** 
If  now  we  assume  the  product  i4  x  J3  X  C  »  0,  this  equation  will 


L 
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have  for  roots  all  the  values  of  y  thus  obtained ;  and  it  will  therefore 
be  the  Jitml  eqtialion  in  y,  clear  of  every  extraneous  root.  Our  object 
at  present  is  to  compose  this  product  A.  B.  C... 

Let  fyy  (py,  ^.y—  be  denoted  by  a,b,  c* ;  if  then  x  be  changed  in  Z 
into  a,  h,  c.«.  successively,  we  shall  have  different  polynomials  Z,  Z^^iT... ; 
and  forming  their  product,  it  would  be  the  one  required,  did  it  not  con- 
tain a,  b,  c«...  But  since  the  product  Z.  Z\  Z^\».  is  not  to  vary  when  a 
is  changed  into  h,  into  c,...,  the  coefficients  must  be  symmetrical  func- 
tions of  these  letters,  which  we  suppose  to  be  i-oots  of  the  equation 
7  s  0,  resolved  in  respect  to  jc.  We  shall  be  able  therefore  to  express 
these  coefficients  in  terms  of  /,,  /^  Z,...  deduced  from  7=:  0,  that 
is  to  say,  in  terms  of  the  coefficients  of  7,  which  are  functions  of  y. 
And  thus  the  product  Z.  Z'.  7!'^  being  cleared  in  the  first  place  of  x,  and 
then  of  a,  6,  c.*.^  will  contain  only  the  unknown  quantity  y^  and  be  the 
required  product  A,  B*  C,,\ 

Hence,  substitute  for  x  successively,  in  Z  =  0,  \he  letters  a,  b,  c..., 
their  number  being  that  of  the  degree  of  or  hi  7;  multiply  the  resulting 
polynomials,  and  the  coefficients  of  the  product  will  be  symmetrical 
functions  of  a,  6,  c... ;  then  deduce  from  7  =  0  the  values  of  /|,  /«... 
in  y ;  express  your  symmetrical  functions  in  terms  of  these  values,  and 
you  wiU  have  the  final  equation  required. 

Let  the  equations  be 

we  take,  according  to  our  rule, 

(a3^-.Sa  +  1)  (%  -  35  +  1)  =0, 
whence 

«'*y  +  yf^  -  ^abyf^  +  9ab  -3/.  +  1=0. 
But  from  the  2nd  of  the  proposed  equations  we  find 

and  substituting,  we  obtain  the  same  final  equation  as  in  p.  57- 

Adding  the  exponents  which,  in  each  tenn  of  Z,  affect  x  and  y,  let 

the  greatest  of  these  sums  be  denoted  by  m'\  m  then  is  said  to  be  the 

degree  of  the  equation  Z^s^Qi  y  can  at  the  most  enter  but  in  the  1st 

degree  into  the  coefficient  p  of  x^~\  in  the  2nd  degree  into  that  q  of 

a:™—*...  &c. 
Let  n  be  the  degree  of  7=0;  we  will  now  prove  that  the  degree  tjf 

the  Jinal  equation  cannot  exceed  the  product  mn  cf  the  degrees  qf  the 

equaiums  proposed. 
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In  tbe  first  place,  we  know  that  the  value  of  /i  contains  no  othei^  <c^ 
eflkient  than  p',  that  of  /.  contains  also  9'... ;  and  thus  /n  /t»  /,..*^ave 
their  highest  degree  in  y  expressed  by  their  respective  indices.  V)n  the 
other  hand»  a  term  of  the  product  Z.  Z'\  Z^\.*y  as  y  C^"6^cy]]>  ^^^  ^^^ 
degiree  1  +  «  +  ^  +  7*««=  fnn  at  the  mosti  since  any  term  of  Z  is  at  the 
most  but  of  the  degree  ni,  and  there  are  only  n  factors  Z,Z'*»*'  It  folr  , 
lows  alio  from  the  formulae  of  N**.  555,  which  give  the  expression  for  in- 
variable functions,  that  [a" 6^  cv . •  .3  will  have  its  degree  in  y  =  a-f  /S-t-  y  ••• 
Heooe,  the  term  itself  will  not^  at  the  most,  have  its  dtgne  higher 
than  mfi. 

£See  a  MemQir  by  M*  Foisson^  11'  Journal  PofyUckmque»2 


y.  CONTINUED  FRACTIONS, 

O^NERATION  AND  PROPERTIES. 

562«  Suppose  that,  in  approximating  to  the  unknown  quantity  x  of 
an  equation  X ssO,  we  have  arrived  at  the  integer  y  immediately  less, 

we  shall  have  then  a:  as  ^  +  -->,  ar' being  a  new  unknown  quantity  >  1 ; 

and  substituting  this  value  in  X  s  0,  we  shall  obtain  a  transformed 
equation  in  a<  of  the  same  degree.  Repeating  the  operation  on  this 
equation,  and  investigating  the  integer  y  contained  in  a/,  we  shall  mak^ 

/as  y  +  --^,  then  «''  =s y  +  -77/.-*  **>  JJ^"...  being  >  1 ;   and  thus 

we  shaU  obtain  the  series  of  equations  {4) ;  whence,  by  substitution, 
will  result  the  value  of  x  under  the  form  [B),  which  is  denominated  a 
continued f r actum  s 

y+ 


^'-y+i  .<+-T^ 


y    -J , ^ 


''=^  +  J^'      (^)     ■  •^"'+7T&^ 


jf» 


X 

1 


TOJU.   II. 
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The  inftegeny,  y>y'*y"-  «"  **  '^''^  ^'  *•  amdnuea  fieaedoD^ 
ivhich  we  Aall  xmxe  under  tbe  abridged  form 


••• 


The  value  of  « in  the  form  of  an  ordinary  fraction  is  oljteincd  bf  a 
jttocess  similar  to  the  following.    Let  the  fraction  be 

1  + 


s+— ^ 


«+• 


4^ 

Commencing  from  the  extremity,  2  +  i  reduces  itself  to  4 ;  the  unit, 
divided  by  -l^^ves  ^,  and  x  becomes 

1 


jrs2  + 


1  +  ^ 


3+ 


4 


In    the    same   manner,    8  +  4s=^,    l!-V-  =  *;    whence 

8  2+  ~i —  =!  2  +  1  :  44  =  2  +  44  a-TTT*  the  value  required. 
1  +-A-  w 


This  calculation  evidently  corresponds  to  that  of  N®.  80 ;  the  lit  li 
containing  the  terms  of  the  continued  fraction,  and  the  2nd  being  con- 
structed by  this  rule :  multiply  each  term  of  the  Ut  line  hy  the  number 
Mvhicrihed  below  it,  and  to  the  prdduct  add  the  number  which  stand*  of» 
the  rif^ht  of  the  me  mbicribed;  then  place  the  turn  in  the  next  rank  cm 
the  left.  ^ 


jr  =  3,    2,    1,    1,  S,2,4 
617,182,71,40,31,9,4,1 


araK2,    1,  3,2,4 
111,40,31,9,4,1 

For  JP  as  3, 2, 1, 1, 3, 2, 4  we  have  x  =  44*.  When  the 
fraction  extends  to  infinity,  an  approximate  value  of  it  is  obtained  by 
neglecting  all  the  terms  after  some  specified  one.  Let  a^''  be  n^lected 
in  the  4th  of  the  equations  {A) ;  we  have  then  x"'  as  y,  and  x*^  is 
thus  rendered   too  small;   consequently,  on   substituting  this  value, 

J'  rsi^  +  — .  becomes  too  great;    whilst  the  next  value  *'  is  too 

small,  &c.  Generally,  the  continued  fraction,  when  broken  off  at  a  term 
of  an  odd  order,  is  <  x;  and  >  x  in  the  opposite  case ;  and  if  the 
fraction  be  successively  limited  to  the  Ist  term  y,  to  the  2nd  y',  the  Srd 
y...,  the  values  will  be  successively  <  and  >  x,  which  is  tbeidbre 
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ccmprUed  between  any  two  of  these  resuUe  taken  coneectUiveljf*    Tkese 
ie6iilts>  which  are  called  convergent  fractions ^  we  shall  represent  by 

abed      m   H    p       s^^ 

tatoDg 

•  ■ 

fir  the  term  to  which  the  fraction  is  limited* 
We  have  thus 

and  the  last  of  these  fractions  is  evidently  equivalent  to  ->  =  ,,,,       ,, 

c       by  +  a 
J  1 

To  obtain— ,y  must  be  replaced  in  this  expression  by^''  +  "/T/* 
o  y 

nnce  x  ^y^%l^^   on    the    introduction   of   this   fraction    becomes 
*^^3i}f»}(\y'"-  'But  the  numeraior  is  changed  by  this  into 


c'  V     +  y 
whilst  the  denominator  becomes  ■  ^     , — ;    and  therefore 

y 

d  _cf'^b 
d^cY'+b'' 

c         ^d        , 

From  a  comparison  of  these  values  of  -^  and  -^  we  infer  this  law :  the 

numerator  of  a  convergent  fraction  is  dedacedfrom  lie  two  preceding  imn 
merators,  by  muliiplyitig  them  respectively  by  ,1  and  by  the  integer  which 
terminaies  the  continued  fraction,  and  taking  the  sum  of  the  products. 
The  denominator  observes  the  same  law,  which  extends  to  the  whole 
series  C  of  the  convergents,  being  the  result  of  a  calculation  which  sub- 
sists for  each  particular  fraction.    Thus 

.  p  s  »y(0  +  m,p'^  n'y^^  +  «/.••  (Z>), 
and 


p  _   nif^m        . 


y 

Hayings  therefore^  formed  the  two  first  convergents^  we  shall  from 
them  be  aUe  to  deduce  all  the  others  consecutively* 
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In  thin  manner  we  And,  for 

or  s=  2, 1, 3, 2, 4,  the  fractions  i,  -f,  .'^,  J^S  -W- 

These  fractions  are  altematelj  <  and  >  jc,  until  the  last^  whidi  ii  the 
value  itself  of  x ;  this  theorem^  therefore,  gives  us  a  second  mode  of  ob- 
taining the  value  of  x. 

If^  in  the  equation  {E),  y  be  replaced  hy  the  total  value  z  of  the  oon« 
tinned  fraction,  taken  from  the  terra  y  to  the  end,  «  =  y,  y+ »,  y+*..., 
it  is  dear  that  instead  of  a  convergent,  we  shall  have  the  exact  value  of 
0*,  yiss, 

nz+  9n 
u  z  ■^  tn 

and  this  is  denominated  a  complete  fraction. 

563,  Eliminating  y  between  the  equations  (D),  there  results 

p «'  —  ji' «  5s  —  (n m'  — .  wn') ; 

1.  e.  the  difference  of  the  products  of  the  terms,  taken  crosi»mse,  ^  inw 
consecutive  convergefits  is  constantly  the  same,  or  varies  only  in  sign  ; 

y%f  4-   1 

and  since  for  the  two  first,  which  are  y  and  ^J^ — 7 — ,  this  difference  is  I, 
we  conclude  that 

^  '  "       p       n  p  n      ^^    ^ 

The  sign  +  must  be  taken  when  y  and  — -  are  of  an^  even  order,  ^ 

being  then  >  -7 ;  and  the  sign  —  in  the  contrary  case. 
From  this  theorem  we  derive  many  consequences : 

1*.  Since  every  divisor  of  p  and  //  must  also  divide  1,  it  appears  that 
p  and  p'  are  prime  to  each  other ;  and  the  same  is  the  case  for  p  and  n, 
p'  and  «'.     Thus  the  convergcnts  are  all  irreducible, 

2**.  Let  -,  and  S  be  successively  subtracted  from  x  =  ^r ; ,    the 

n         J)  p  z+n . 

complete  fraction,  in  \vhich  z  =?  y"^  \  y '''^••«  >  the  differences  are 

±  g +  1         _^ 

n'{p'z+ny  t/ij/z  +  n')]^    ' 

and  of  these  the  1  st  tsiceeds  the  2nd ;  for  ;/ ;;  4-  ft'  is  a  common  divisor. 


CONTINUEir  FRACTIONS.  Uf 

fi  <  ff  {a',  &^  </••.,  from  tlieir  oompoatunif  becdming  greater  and 
greater),  and  s  >  1  (.y*'^  ^  is  contained  in  s)«    Thu8>  x  in  nearer  to 

n  It  ^ 

',  than  to  --7;  and  the  signs  +  and  +  arise  from  or  lying  between  these 

p  H 

two  convergents.  The  fractions  {C),  iherrfare,  are  nearer  and  nearer 
appraximatiottSi  hy  defect  and  by  excess  alternately,  to  the  true  value  qf 
x;  and  bence  their  name  of  convergents. 

MoieoTer,  S  is  the  error  incurred  by  limiting  the  continued  fraction 

p' 
b^the  integer  y>  i.  e.  by  taking  x  ss.^^  Put  1  for  s,  and  also  neglect  n' ;. 

we  find  then 

ind  these  are  limits  of  the  error  incurred ;  we  should  have  one  still  lower 
hf  sssoming  z  ss  y  +  \  the  integer  contained  in  s.  For  any  convergent, 
therefore,  the  error  does  not  amount  to  1  divided  by  the  square  of  its  de- 
nominaior.    This  results  also  from  the  fact  that 

^  --  =  —  <± 
p'       n'      p*vl       n'* 

In  our  last  example,  -k«l  is  not  in  error  by  Vr>  tiof  even  by  ,v  or 

h    k    I 
S^.  Let  T#*  p  7 ^  ^7  ^hree  increasing  fractions;  the  diflSsrence  be* 

tween  the  extremes  exceeds  that  of  either  of  them  with  the  intermediate 
one.  Soppose,  likewise,  that  h,  K,  I  and  t  have  been  so  selected  that 
lif^  f  h:ssl;  we  shall  have  then 

I       k         1    >kk'^k'h      je-^kt 


? 

^  h' 

^  m 

VK      """ 

ut    •     * 

»11ie 

successive 

dMbrences  between  the  convergents 
m         \      e       If       ^\     p 

are 

It 

+  1 

The  sum  of  all  these  equations  gives 


p       u    *  a  b        he       Cu'  pH 


Pi. 


sod  we  thus  obtain  a  devetoped  expression  for  the  exsct  value  of  s,  wben  -,  b  the  last 
eoDvcrgenty  and  for  an  approxinate  value  In  any  other  case.    In  our  example, 


mttm 
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But  these  niuneraton,  being  inlegral  and  pomtbre,  mnat,  at  tbe  Itest, 
be  I ;  let  them  be  replaced  by  I ;  we  lind  then  f  V  <  if  h'  and  4<r,i.€; 
suppressing  the  common  factors^  V  >  t  and  K :  U^  therefbie^  is  the 
greatest  of  the  three  denominators ;  and,  reversing  the  three  fractions,  it 
may  be  proved  in  the  same  manner  that  k>  h  and  L  Thus,,  the  middle 
fraction  is  composed  of  higher  terms  than  the  extremes. 

Now,  X  lies  between  — ,  and  ^ ;  and  in  order,  therefore,  that  the 

]^ 
fraction  p  may  be  nearer  to  «  than  either  of  the  convergents^  it  mask 

fall  between  them,  and  consequently  be  composed  of  higher .  tecme* 
Hence,  enery  convergent  approaches  more  nearly  to  x  than  any  other 
fraction  conceived  in  lower  terms, 

4*".  From  ->>  ~>  form  the  two  fractions 
m    n 

h  _  m+  (/  -  l)ft    I  ^  ni+  in 

/  then  being  changed  successively  into  1, 2,  $•••  y,  y  being  the  integer 
contained  in  the  foUowihg  convergent,  we  have 

f A  .  m  4- n    m  +■  2fi     m  -¥  f^  n  __p      ... 

-  £ut  'k'^  f^  *pyf  whatever  be  the  integer  i.  Hence,  these  frac- 
tions are  irreducible  [l°3;  th^  approach  more  nearly  to  x  than  my 
other  fraction  in  lower  terms  [S^3 »  ^^^^^  consecutive  diffeicnees  havisg 
the  same  sign,  they  go  on  increasing  from  the  first  to  the  last ;  they  axe 
all  <  or,  if  the  ei&tremes  occupy  odd  ranks ;  and  they  jtesoend  towards  x 
in  the  contrary  case ;  lastly,  the  error  ^,  incurred  in  taking  one  of  them 

■J  for  X,  is  less  than  —,  —  p  =  -7%,  since  x   lies    between    these    two 
P  n       f      nf 

fractions.  - 

Thus  it  appears  that,  between  our  principal  convergents,  we  may  iiL« 

sert  y  —  1   fractions  possessing  the  same  properties,  and  so  obtain    a 

number  of  intertnediate  convergents.     These  fractions  altogether  form 

two  series  ;  in  the  one,  the  fractions,  derived  from  the  odd  ranks,  ascend 

towards  x;    in  the  other,  they  descend  towards  that  quantity.      The 

fractions  themselves  are  formed  by  adding  the  respective  terms  of  ihe 

successive  convergents  —,,  — ,  this  addition  being  repeated  y  times* 

In  our  example,  we  have  jr  =  2, 1,  3,   2,    4>: 
principal  oonvergeuts    •,.•!>  +*J,'-i -^S  -W*  • 


DETERMINATE  EQUATX0K8  OP  THE  FIRST  DEGREE.    Itf 

.  GomBoieiiig  widi  4  «ii  4»  ^e  deduce  4, 4,  v^  the  Itst  of  whieh  is 
the  third  et^vergent*  at  wliicb  we  hare  arrived  after  three  operatioiii( 
y  being  =  S.  Taking  new -V.  ittd  ^,  we  fad  44,  4*>  44>  J«V- ;  and 
tiius  we  have 

(4),4,4,(V-),44,«,44,  <««^^ 

The  fractiane  derived  in  the  same  manner  from  the  even  ranks  pre* 
sent  this  series  (it  is  unlimited) 

(4),  V->  (V),  VA  ^4^>  «4,  444.-  >  *. 

The  series  of  the  principal  conve^nts  (C)  might  be  made  to  com« 
£pom  4  and  4,  which  fulfil  all  the  specified  ocmditaons* 


DETERMINATE  EQUATIONS  OF  THE  FIRST  DEGREE. 

564.  To  reduce  the  value  of  or  in  the  equation  Ax^atBX/o  the  form 
of  a  continued  fraction,  we  must,  according  to  the  principles  of  N"*.  562, 

TO  P  t 

extract  the  integer  y  contained  indr=--TS=^  -|-~=jf-|--^,A  being 
tke  remaiiider  firm  the  division  of  B  by  ^4 ;  aiid  repeat  the  opisra- 

tiOBOB 


This  opeiation  gives^  for  the  terms  qfike  continued  fracium,  the  9uc» 
casive  quoiienU  obtained  in  the  calculation  for  ike  grealesi  common 
^fimior  between  A  and.  B,  vis. 

or  =^, y,  y>y".-  •    This  expression  is  always  finite. 

Thus,  for  the  equation  2645  x  s  9752,  we  have 


97521264511817 


1    S   I    1    i  2 


828 


5 


23  424 


y*  *  *  TTs  **  ^^  ^'  ^'  ^'  '^' 


Henoe,  bj  the  calculations  (£}  and  (/),  may  be  deduced  the  principal 
and  intermediate  convergents;  and  we  thus  obtain 

(*)#    h    h  W*  **  (-'^O*  «>    VAVr^-M.  <4;a4»i 
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Any  on6  of  kheae  fractionsj  as  V>  ^  ^  nearer  apptOkimadiMi  thao  any 
other  of  a  more  umple  form^  and  does  not  differ  from  jc  by  -^ 
In  like  manner,  we  find^  for  a:  s  fff  as  3,2^  3^  2, 7, 

We  can  therefore  solve  this  problem :  A  fraction  being  given,  to  Jind 
ttkers  more  simple,  and  which  are  more  nearly  equal  to  it  than  any  value 
composed  ofloiver  terms. 

The  following  are  some  imp(»tant  applications  of  this  theory. 

-   \:  We  have  found,  N*.  24^^  for  the  ratio  of  the  diameter  to  the  circuPn* 
Jerence,  v  zs  3'1415926>  or  i-hi-im^;  which,  reduced  to  a  continued- 
fraction^  gives  v  s  3,  7, 15,  1, 243>  1, 2...:  and  hence  result  the  prin-i 
cipal  and  intermediate  convergents. 

All  these  fractions  are  approximate  values  of  or,  simpler  than  any  other ; 
Among  them  are  comprised  the  ratios  given  by  Archimedes  and  Adrian 
Metius. 


II.  The  solar  tropical  year,  or  the  time  that  the  sun  employs  for 
turning  to  the  same  equinox  is  about  365^.  242264  [See  T  UranqgmpUe, 
N*«  33^.  Thus,  assigning  only  365  days  to  the  civil  year,  the  equinox 
would,  very  nearly  every  four  years,  r^scur  one  day  too  late,  and  tibua  pan 
gradually  through  the  whole  of  the  calendar;  but,  to  restore  the  agree* 
ment  between  the  civil  and  natural  divisions  of  time,  th^  civil  year  is 
made,  at  stated  epochs,  to  consist  of  366  days.  These  years  of  B6G  days, 
which  are  denominated  Bissextile,  recurred,  in  the  calendar  of  Julius 
Cssar,  eveiy  four  years.  This  intercalation,  however,  suj^posed  the  solar 
year  to  be  365^^.25;  so  that  it  was  thus  exceeded  in  a  very  small  dq;ree 
hfj^  the  civil  year.  Let  us  see  how  these  differences  may  be  balanced,  so 
OS  to  arrive  at  greater  exactness, 

Beducing  0.24226419  or  tV^VAVoV  to  a  continued  fraction^  we  have 

or  :=  0, 4,  7,  1,  4, 2,  !,•••  -i-,  ^,  Vt*  -iVt*  -aVr*'** 

If,  now,  we  take  for  the  value  of  x  one  of  these  principal  convei^lits, 
as  -/■,,  this  supposes  the  solar  year  to  be  365  ■i^  days,  so  that  It  will  ex- 
ceed the  common  year  by  -/?''  atmually;  and  consequently,  in  S3  years 
there  will  be  8  da3rs  to  be  intercalated;  every  fourth  year  theiefoie 
should  have  366  days,  only  after  7  bissextiles,  the  8th  should  be  deferred 
to  the  5th  year ;  and  we  must  then  recommence  with  a  new  period  of 

33  yeiars.    This  was  the  arrangement  of  the  comtnon  year  lunong  tha 
«ioieQt  Persians* 
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The  JuMan  coxrection  was  established  on  the  fraction  4,  the  bissextiles 
lecuiring  eYery  four  yean :  in  the  Gregorian  calender,  the  same  plan  is 
adopted ;  but  only  one  secular  biasestiie  year  is  retained  out  of  four^ 
i.  e.  97  days  are  intercalated  in  400  years.  The  fraction  -^  not  being 
found  among  our  convergents^  it  is  not  so  exact  as  others  that  might 
have  been  taken ;  but  the  variation  is  too  small  to  be  of  any  importance 
[See  tUranographie2' 

III.  The  lunar  month  consists  of  29^.5305887,  the  solar  month  of 
30^.4368535 ;  the  ratio  of  which  numbers,  x  s  iiliSttSy^  being  con* 
Ttrted  into  a  continued  fraction,  we  deduce  the  convergents 

(-K),  (44),  -ViS  (it?)...  <  X ;  (u),  («)>  444.-  >  x- 

Anume,  for  this  ratio,  x  sss  4^^  and  it  will  follow  that,  in  235  lunai^ 
Bonths,  there  have  elapsed  only  228  solar  months,  or  19  times  12  solar 
months;  the  difference  between  which  numbers  is  7.  Hence,  in  19 
solar  years,  there  is  an  excess  of  7  lunar  months,  which  must  be  inter- 
calated ;  and  after  this  time  the  sun  and  the  moon  will  be  found  in  the 
sante  positions  as  at  first,  and  will  begin  to  present  a  recurrence  of  their 
selects  in  the  same  order.  If  therefore  1 9  tables  be  formed  recording 
Ae  epochs  of  the  lunar  phases ;  in  all  following  years,  we  shall  be  able 
to  predict  the  return  of  any  one  of  these  phates,  by  referring  to  the 
time  in  the  tables  at  which  it  occurred  in  its  periodic  order.  All  this 
was  taught  by  Meton  to  the  Greeks,  whose  calendar  was  luni-solar^ 
itnd  who  gave  the  name  of  Solar  Cycle  or  Gdden  Numbers  to  the  num- 
berr  which  mark^  the  order  of  recurrence  of  each  year  in  the  period  of 
19  years. 

INDETERMINATE  EQUATIONS  OP  THE  FIRST  DEGREE. 


565.  It  has  been  shown  [N^.  118]  that,  having  deduced  one  integral 
flolution,  xssa,  y  SS0,  of  the  equation  ax  4-  by  =  c,  we  shall  from  it 
be  Me  to  deduce  all  the  others ;  the  values  of  x  and  y  forming  equi« 
difierences,  the  ratio  of  which  is  6  for  a;  and  ^afory,  vix.  xsia  +  bit 

The  processes  however  which  have  been  made  use  of  for  determining 
this  solution  are  less  elegant  and  less  expeditious  than  the  one  which  we 
ifaall  now  derive  from  the  principle  of  continued  fractions. 

Resolve  ?  into  its  convergents,  and  let  ^  be  the  last  but  one,  that 

wbieh  precedes  the  fraction  proposed :  it  has  been  seen  then  QD,  N<>« 
562]that 


•The  ttga  4-  ib  to  be  osid  when  the  eontinoed  fHctiaik,  itkm  iksdagh 
its  whole  extent,  is  oompoaed  oi  en  even  number  of  tenna;  and  the  lign 
-^  in  the  oontrary  oaee.  Comparing  this  eqaation  with  aie+  b^^m^. 
It  it  dear  that,  if  the  second  tides  hate  the  same  sign,  the  latter  equa« 
tion  wiU  be  satiified  hj  assuming  j;  aas « » p'c,  ymtfimx^pc; 
whilst,  if  the  signs  of  c  be  different,  we  must  make  x  ae  «  sbs  -^  p% 

Nothing  is  easier  therefore  than  to  obtain  an  integral  solutidii  of  the 
equation  ax  +  bjfiK^c;  me  muH  resolve  ^  into  a  continued  fraction  f 

take  the  convergetU  ^,  wUcb  results  from  this  fraction,  when  Us  last 

ierm  is  neglected;  then  form  the  equation  ap'  -^pb^  ±\,  and  wtuUply 
U  bjf  c*  It  wUl  remain  only  to  compare  this  equation,  term  by  term, 
irith  the  one  proposed, 

.  Take,  for  example,  the  equation  lOSx  ^  43y  s  17 ;  the  mediod  of 
theeomnumdiTisorffives  W-»%2>d>  li^; 

This  latter  fraction  is  obtained  by  neg-  >  ^  >  y  * 
lecting  the  term  4f,  and  making  use  of  the  process  described  p.  114;  and 
subtracting  Jijl  from  V^,  we  find  105  X  9  —  4d  X  22  «  -  1  (the 
sign  --*  is  used  because  the  continued  fraction  has  5  terms;  besides  tlui^ 
from  the  products  of  merely  the  figures  of  the  units,  it  is  at  onee 
obvious  that  the  difference  is  negative).  This  equation  being  now 
multiplied  fay  —  17,  and  compared  with  the  one  proposed^  we  have 
a;  ss  —  9  X  17,  ^  =  ^  22  X  17 ;  and  consequently 

a?  =  -  153  +  43/,  5^  =  -  374  +  105^ 

In  )ike  manner,  for  the  "equation  424x  +  115^  a589^  we  have 
444  ss  3,  1,  2,  5,  7 ;  suppressing  the  final  7>  there  results  4f ;  subtract* 
ing  these  fractions,  we  find  424  X  16  —  115  X  59  =  -  1 ;  and  multi- 
plying this  equation  by  ^  539,  and  comparing  it  then  with  the  one 
proposed,  we  have  a:  =  —  16  X  539,  ^  =  59  X  539;  viz. 

XT>x^  8624  +  115/,  y  s  31601  -  424^ 

These  equations  will  be  simplified  by  changing  t  into  t  +  75 ;  which 
will  make  it  requisite  to  subtract  from  8624  and  31801,  the  prtiducts  of 
115  and  424  by  75  respectively;  and  we  shall  thus  find 

a;  =  l+  115/,  ^=1  -424/. 

19j?  +  7y  =  117  gives  j^  ss  2,  1,  2,  2;  whence  4  =  2,  1,  2;  and, 
by  subtraction,  19x3«-8x7«a»l;  this  being  multiplied  by  117, 
&c,  we  find 

^«3x  117 -7/,y  ■•-8X117+ 19/,  or«i»l**7/^,y«U+19<- 
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-•Tli*ffn]Ueiii  is  Chronology,  wUch  ocmskts  in  finding  tli^  year  «  of. 
which  the  talar  cycle  is  c,  and  the  golden  number  h,  cotaen  to  the  Huner 
thing  with  finding  the  integer  x,  which,  divided  by  28  and  19,  gives 
for  remainders  c  —  9  and  n  —  I  respectively.  The  methbd  of  N^  121 
givei^  for  this  year, 

«  a  56 (c -►«)  + c  +  75  +  632^ 

■  • 

Thus  the  same  numbers  c  and  n  recur  together  periodically  every  SS9 
yean ;  an  interval  whicb  is  called  the  Dionysian  Period.  [Set  C  Uranom 
graphic,  N®.  75.] 

And  if  it  be  likewise  ze^pured  that  the  year  x  in  question  should  have 
t  for  its  indkUon,  u  e,  that  a  divided  by  15  should  give  the  remainder 
i  —  3^  we  have  the  period  of  7980  years,  styled  JuUan,  and  devised  by 
Scsliger  ;  we  find 

X  ss  4845c  +  4200f>  -  1064t  +  3267  +  7980^ 
The  examples  of  N^  120  vnll  serve  for  additional  practice. 
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566.  Let  ns  now  reduce  to  the  form  of  continued  fractions  the  roets 
of  the  equation 

in  wUch  A,  a,  k  are  integral,  and  A  positive.  We  shall  soppoas  the 
irrational  root  to  be  positive ;  for,  should  x  be  negative,  we  have  only 
to  change  a  into  —  «,  to  give  to  this  root  the  sign  +•  If  the  coefficient 
of  the  Sod  term  be  not  an  even  number,  the  whole  equation  must^be 
multiplied  by  2.    We  shall  have  then 

supposing  that 

/  «te  *«  +  i!*...  (2),      . 

a  value  we  presume  to  be  known,  positive  and  not  a  square.  Let  ^/  i 
be  taken  first  i^A  the  sign  -\-,  and  let  y  denote  the  greatest  integer 
contained  in  x,  viz. 

■■  ■   :  ■  ■  as  V  +  -%,  where  z  *e      ■■  ,■ — ---» 


/8  «  4y  -  Ho,  (d)| 


lU  ALGBBRAr 

And  multiplTtiig  the  value  of  />  above  and  below,  by  s/^t  +  fit  ^^  ^^ 
kavc 

But  it  follows  from  the  equations  (2)  and  (3),  that  /^/3*3=:' 
^  (Jt-  i4y  +  2»y)i  80  that  i4  is  a  common  factor  of  the  terms  of  x'; 
and  assuming 

A—  Af  +  2»^  =s  -B...  (*), 
there  results 

/  ^  |8*  =  ^B,  and  ^^  =  5^^!^...  (5). 

This  value  of  j/  being  of  the  same  form  ^as  x,  we  may  now  extract 
the  integer  y  contained  in  jf  by  means  of  a  similar  process^  which  will 

give  x"  = ;  then  x'^  =  — j- — ,  &c. ;  and  we  shall  thus  have 

i^m,^+Ak^0»+AB^y^  -{^BC  =  J«  +  CD  =...  (a\ 

*; 3~'*^  =  — g— '"^ c~'* 5— •(*)* 

fizsAya,  ya=By-ft  >  =  C/ -  y...  (c). 

tnstead  of  applying  the  calculation  directly  to  the  complete  fractions 
(1),  (5)9  such  as  they  are  given  in  the  example  proposed,  we  may 
successively  deduce  /3,  y«*.>  B,  €•••  from  the  equations  (c)  and  {a), 
which  will  successively  give  these  complete  fractions,  and  consequently 
the  integers,  y,  ^''••^  contained  in  them. 

567*  Let  one  of  the  complete  fractions  be  s  ss —^  s=  yo  +...j 

the  corresponding  convergent  being  ^  ss  ^,  y,  y,..  yo,  and  -7*  -> 

f  lit    I* 

being  the  two  convergents  preceding. 

We  know  then  [p.  116]  that  x  ==    ,"         , ;  and  substitutiug,  for  x 

K  Z  "^  9ft 

and  jsr,  the  complete  fractions  which  they  represent,  there  results 

*>/(+  a  _  H(>//  +  y)  +  Pm  ^     *' '  >. 
A  n'{^t  +  m)  + Pm'' 

This  equation  being  reduced  to  a  common  denominator,  and  then 
divided  into  two,  in  consequence  of  the  irrational  parts  separately  de^ 
stroying  each  other,  we  have 
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wbence,  eliminating  v,  and  obserting  that  fn'n  —  mt!  ^  +  1>  there 
results 

Bot  this  process  is  eqiiiralent  to  the  eliiaination  of  m  and  m'  between 
the  three  equations  above ;  and  consequently  the  equation  {  f)  expresses 

ikai  the  fractioH  -^  is  some,  one  of  the  ccnvergents  towards  :r :  the  sign  4* 

ladicaiea'that  thia  fraction  is  of  an  even  rank ;  the  — ,  that  its  rani  is 
odd. 
Two  cases  here  present  themselves : 

1^  If  2  be  of  an  odd  ran^,  the  sign  -|-  must  be  adopted*    But  in  this 

case  -  is  of  an  even  rank  and  >  x;  so  that  this  convergent,  substituted 

for  a;  in  Ax*  —  2«x  —  k^  must  give  a  positive  result ;  and  in  or'ler  there* 
fore  that  this  condition  m^y  be  fulfilled,  P  must  have  the  sign  4*. 
Tho^  the  denominators  of  the  complete  fractions  of  the  odd  ranks  are  all 
positive. 

^.  When  2  is  of  an  even  rank,  the  sign  -  must  be  taken.    But,  if 

->be  comprised  between  the  two  roots  ^^  ^>  ^^^  ^^^  ^^  ^^  {/)  iv 

native,  which  requires  P  to  be  positive,  as  in  the  1st  case;  whilst, 
when  this  convergent  is  less  than  both  roots,  the  contrary  is  the  case. 
The  denomhttttors  therefore  of  the  even  ranks  are  not  negative,  except 
ithen  the  convergents  of  the  odd  ranks  are  at  the  same  time  less  than 
both  roots. 

The  denominators  therefore  of  the  complete  fractions  or,  x%  a/^••  can 
he  negative  only  for  the  odd  ranks ;  and  not  for  them,  unless  also  the 
roots  of  X  have  such  a  proximity  to  each  other  that  the  convergents  shall 
not  fall  between  them ;  in  which  case  the  continued  fractions  of  the  two 
soots  will  have  the  same  initial  letters.  But  it  cannot  be  long  before 
"Sre  arrive  at  ^eh  an  approximation  to  the  greater  root,  that  the  oon« 
^ergents  of  the  odd  ranks  shall  fall  between  it  and  the  least ;  and  after 
that  negative  denominators  will  be  no  more  to  be  met  with,  onwards  to 
infinity. 

Each  complete  Jraction  being  >  I,  if  the  denominator  P  have  the 
sign  — ,  the  Tiumerfttor  ^/  /  +  v  must  have  it  also ;  thus  «r  must  be 
negatite  and  >  >/  /^  and  the  fraction  consequently  will  have  the  form 
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Let        jT  ,  ,        V,      '••  ^  fractions  taken  among  those 

wliioh  have  not  negative  denominatora  (and  this  will  be  the  case  fiN>m 
the  very  first,  when  the  two  roots  of  x  have  not  a  common  integet)-^ 
then  the  equations  (a)  give  DE  -¥  t*»0  whence  A  £  and  •*  are 
<  t}  and  therefore 

♦  * 

U  mm  it  b0  poasiUej  let  — ^p^  he  one  of  our  fSraetiona;  thei^ 

i^cmding  to  the  equations  (4^  foid  c),  £F  «■  t  -  9^•••  Eg*^  a  ■  —  f  ^ 

but  the  Ist  of  these  gives 

whilst^  from  the  2nd»  £y  <  1;  whenoeJ?  <  ^//^  and  our  complete  finu^ 
tion  would  therefore  be  <  1,  which  is  impossible.  Hence,  it  is  possible 
ihat,  so  long  as  we  have  n^ative  denominators,  the  parts  a,  /3...  may  be 
negative  also;  but,  beyond  that  point,  they  will  be  all  positive,  and 
ihra  ly  xs  •  +  f  gives  E  <§  +  f,  or  E  <2  y/ 1:  the  denominators 
therefore  cannot  attain  to  the  double  of  tj  U 

Since  then  these  constants  i,  f  ••.,  X>,  £..«  are  all  integral,  pqailive 
and  infinite  in  number,  whilst,  at  the  same  time,  they  cannot  exceed 
^rtain  limits ;  we  must,  sooxkj  or  later,  fall  in  a  second  time  witii  some 
complete  fraction  that  has  been  already  obtained ;  and  we  shall  then 
consequentiy  have  a  repetition,  in  the  same  order,  of  the  complete 
fractions  subsequent  to  it,  and  of  the  terms  of  the  continued  finction, 
which  will  recur  periodically. 

Thus,  after  a  certain  number  of  initial  terms,  we  must  discover  a 

period.    We  shall  write  Uiis  contiuued  fraction  under  the  form 

jE  s  jfj  y«..  [u,  u',  »'^••),  inclosing  the  periodic  part  in  a  parenthesis;,  in 

order  to  exhibit  it  in  a  dear  and  succinct  manner. 

a'^  »J  t  .    ^ 

As  to  the  second  root  x  =  -: — - —  supposed  to  be  positive,  we  must 

xommence  the  calculation  in  the  same  manner  as  for  the  first:  v  being 
the  integer  nearest  to  jt,  we  shall  find 

,  _  A  _  Aja-^Av  +  ^/t) 

the  second  expression  being  multiplied,  above  and  below,  hf 
« -—  ilv  +  V  /.  It  may  now  be  proved  as  before  that  ^4  is  a  common  fiictor 

in  the  last  fraction ;  and  x  will  take  the  form  — p,     ■,  where  V  ^  J>*" 
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'iStut  rigQ  +.    And  this  bringi  ni  agcon  to  the  theory  that  has  been  just 
explained. 

Take,  for  example,  the  equation  5914^  —  S19  dr  +  4^31  sK  0 :  doubling 
it,  in  order  to  render  the  2nd  coefficient  eren,  we  have  dieae  sncceitire 
lendts: 

^      319+s/45_^   ,    V^45-B3  _  ,    .    ^/45+gg  _  ^  , 
118  ^'      —68  ^'        10 

aadtenee,  x  «  3, 1,  S,  (5, 1>    For  tbe  ^nA  loot 

319-^45      -  .    V4S+8S      ,   .    ^45-25  _  ,. . 

tie  lait  of  these  fractions  hu  been  met  with  already,  and  we  have 
*«2, 1,1,1,4,  (1,6). 

Por2a«-  14*  +  17  »0,  *  =  l^jf!^} 

j/'5+7  _  .    .    V15+3  _            n/15+3_           V/16+3 
-^—  =  S  +,  — g «  2  +,  — ^—=  S  +,  —5 &c. 

—5 —  =  1  +.—5—  =  1  +'—8—  *  *  +'— a—  *"• 

Thui  4!  =  5,  (2, 3),  and  =  1, 1, 1,  (3, 2). 

Lastly,  the  equation  1801  ^  —  S991  x  +  2211  «  0  gives,  represent- 
ing ^37  simply  by  >/, 

S991  +  V37  _          V-889  _            V'+ll  __ 
8602 *  +'      -42    ~   •  "*"'  ~2 ^' 

Hence,  x  =s  1, 9,  8,  (1, 1, 5) :  the  other  root  is  obtained  in  the  same 
numner,  and  we  find  j;  ss  1^  9,  2,  2,  (5,  1,  1).  It  appears,  moreover, 
fitmi  these  examples,  that  the  trvojraciions  have  their  periods  formed  of 
the  same  terms  in  inverse  order*  [See  M.  Legendre's  Theorie  des 
Nambres.^ 

The  continued  fraction  being  once  found,  it  is  easy  from  it  to  deduce 
a  series  of  oooTergentt  approaching  more  and  more  nearly  to  the  root, 
md  posKssing   the  properties  peculiar  to  that  species  of  expressions 
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When  the  equation  of  the  2nd  degree  is  4^  ss  /,  all  the  same  opera« 
tions  may  be  put  in  practice  for  developing  ^i  in  the  form  of  a  con- 
tinued fraction.  We  shall  only  observe^  in  regard  to  this  fraction,  that 
it  fulfils  the  following  conditions:  1*.  The  period  commences  from  the 

2nd  term ;  2*.  the  last  term  of  this  period  is  2y,  the  double  of  the  initial 
jf  which  does  not  make  a  part  of  the  period;  S*.  except  as  to  the  last 
tenuy  the  period  is  sj^mmeiricai,  t.  e.  it  remains  the  same  when  taken  in 
the  reverse  order :  thus  \//  s=  y,  (y,  y ...  ^"^y,  2y). 
We  find^  for  instanc^«  for  x*  ^  61,  \/61  ^  7  +••• 

^/^-7_.'^/^fg_^    ^/+7_,    ^/^f5      ,    V+4      « 
12  '3  '4^*9*5^ 

whence  x  =  7,  (i,  4,  3, 1, 2, 2, 1,  8, 4, 1, 14). 

The  table  I.  [p.  ISO]  gives  the  periods  for  all  the  integers  /  <  79; 
for  the  most  part  only  the  semi-period  has  been  set  down,  the  middle 
term  being  marked  by  ",  when  it  is  to  be  repeated  twice,  and  by  \  when 
it  is  unique ;  we  have  also  frequently  dispensed  with  putting  down  the 
initial  term  y,  or  the  greatest  integer  contained  in  ^t, 

« 

568.  A  periodic  continued  fraction  being  given,  let  it  be  proposed  to 
trace  it  back  to  the  equation  of  which  it  is  a  root. 

1st  Case.  The  period  commencing  from  the  first  term,  or 
z  as  («,  n',!^ u<^').    Find  the  two  final  convergents  of  the  period ; 


we  have  then  [F,  p.  1 16] 


2* 


iz  +  h 


i'z+h" 
whence,  making  2ti  ^=-t  ^  k,  /  =  */«  +  /*  i;  there  results 


t'  2*  —  2  •;  C  =  /l,  S  5= 


t 


For  example,  s  *=  (1,1,2,1)  gives   1,1,2=:;5;    1,1,2,  l=s|; 
whence  A  =  5,  li  =  3,  i  ='7,  T  =  4,  »»  =  2 ;  and  lastly,  4s«  —  4  s  as  5. 

2nd  Case.     If   the  period   is   preceded   by  an  irregular  part,  aa 

^^S^y'f!/'***  (u,u',„  «(')),  take  the  two  convergents^,  -„  which 
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temunate  this  part  y,  y,  ^"•••^  and  assume  z  s  {u,  u'..,  uO);   then 
J = jf,  y •••  y^^f  z ;  whence 

nz-\rm       _  m' x  —  m 

X  =s  -; — - — •  and  z  =  — ; 

n  z-^m  n'x  ^  n 

aad  sobatitQting  this  value  of  z  in  the  equation  i'z^  -^  2tjz  =  k,  we 
shall  obtain  the  equation  in  x,  one  of  the  roots  of  which  is  equivalent  to 
the  continued  fraction  proposed. 
For  example,  j:  =  1, 1,  (1, 1,2, 1)  gives  the  convergents  -j-  and  4; 

thus  »  =sr  2,  »'  =:  m  =  m'  =  1,  and  z  =  —  — -rr;  which  beinc  substi- 

X  —  z  ° 

tuted  in  4z^  —  4  z  =  5,  there  results,  for  the  equation  required, 

Sx^  =  8, 

The  fraction  proposed  is  also  equivalent  to  a:  =:  1,  (1 , 1, 1, 2),  and  we 
may  withdraw  from  the  period  any  number  of  terms  we  think  proper. 
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569.  Let  it  be  proposed  first  to  resolve,  in  integral  numbers,  the  equa« 
tion  wi  V  =  x*  ±  fl,  I.  e.  to  render  integral  the  quantity  ,  r  being 

the  negative  remainder  <  m  from  the  division  of  a  by  m* 
If  we  assume  a:  =  1, 2,  S,  4«...,  and  or^be  divided  by  m,  the  remainders 

will  exhibit  a  very  remarkable  property. 
If  m  be  even,  assume  x^=s-^m  ±  a;  then 

—  5- =  X  a  4 -; 

mm  m 

and  the  remainders,  therefore,  of  —  are  the  same  for  both  of  the  num« 

m 

bers  x^s^m  ±  x:  thus,  from  or  =  -£•  tiz,  onwards  to  «r  =  m,  we  find  the 

same  remainders  recur  in  inverse  order. 

Thus,  for  the  divisor  14,  wc  find  the  following  remainders : 

1. 4. 9. 2. 11. 8. 7.8.11. 2. 9. 4.  U 

If  m  is  odd,  the  numbers  ^  (m  ±  1)  are  integral;  and  making 
x=z^(m  ^  I)  T  »,  the  remainders  from  x^  divided  by  m  are  still  equal ; 
90  that,  past  x  =  4.  (m  —  1),  we  shall  again  find  a  recurrence  of  the  same 
remainders  in  inverse  order.    The  middle  term  is  in  this  case  repeated. 

VOL.  II.  K 


ISO 
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We  find,  for  example,  that,  for  the  divisor  17,  the  fluccearive  iemain« 

ders  are 

1.4.9. 16. 8. 2. 15. 13. 13. 15. 2. 8. 16. 9.4.  L 

When  X  >  w,  viz.  a:  ==  <OT  +  »*  anee 

m  m 

the  remainder  is  the  same  as  though  we  had  taken  xtam  <m:  and 
hence  we  conclude  that 

1".  Iffue  take  x  =  1,2,3.,.  ad.  inf. ,  the  remaindeisfnm  the  divUion 
qfx*  by  m  will  recur  and  form  a  symmetrical  period  ofm  terms. 

Tahle  II.  gives  these  periods  for  the  more  simple  divisors. 


Tablk  I.— periods  of  V  L 

.    [See  p. 

128] 

i- 

Period. 

t. 

Period. 

*. 

Pfriod. 

t. 

Period. 

t. 

Period. 

2 

1(2) 

19 

2.1.3' 

34 

(1.4.1.10) 

50 

7(14) 

65 

8(16) 

3 

1(1.2) 

20 

4(2.8) 

35 

5(1.10) 

6(12) 

51 

7(7.14) 

66 

8(8.16) 

5 

2(4) 

21 

1.1.2^ 

37 

52 

4.1.2' 

67 

5.2.1.1.7' 

6 

2(2,4) 

22 

1.2.4' 

38 

6(6.12) 

53 

(3.1  3.14) 

68 

8(4.16) 

7 

(1.1.1.4) 

23 

13' 

39 

6(4.12) 

54 

2.1.6' 

69 

3.3.1.4' 

8 

2(1.4) 

24 

4(1.8) 

40 

6(.H.12) 

55 

(2.2.2.14) 

70 

2.1 .2* 

10 
11. 

3(6) 

26 

5(10) 

41 

6(2.2.12) 

56 

7(2.14) 

71 

2.2.1.7' 

3(3.6). 

27 

5(5.10) 

42 

6(2.12) 

57 

1.1.4' 

72 

8(2.16) 

12 

3(2.6) 

28 

3.2' 

43 

1.1.3.1.5' 

58 

1.1.1" 

73 

1.1.5" 

13 

(1.1.1.1.6) 

29 

2.1" 

44 

1.1.1.2' 

59 

1.2.7' 

74 

(1.1.1.1.16) 

14 

(1.2.1.6) 

30 

5(2.10) 

45 

1.2.2' 

60 

1.2' 

75 

(1.1.1.16) 

15 

3(1.6). 

31 

1.1.3.5' 

46 

1.3.1.1.2.6' 

61 

1.4  3.1.2*' 

76 

1.2.1.1.5  4 

17 

4(8) 

32 

i.r 

47 

6(1.5.1.12) 

62 

7(1.6.1.14) 

77 

1.3.8' 

18 

4(4.8) 

33 

1.2' 

48 

6(1.12) 

63 

7(1.14)     1  78 

(1.4.1.16) 
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m. 

5 
6 
7 
8 
9 
10 

11 
12 
13 
14 

15 
16 

Periods. 

m. 

Per.  1.4.9.16. 

m. 

Per.  1.4.9.  l6.8fi.S6. 

(1.4.4.1.0) 

(1.4.3.4.1.0) 

1.4.2'... 

1.4.1.0'... 

1.4.0.>"... 

1.4.9.6.5'. 

17 
19 
21 
23 
25 

o.«.lO*l»}  ... 

6.17.11.7..5'... 
4.15,7.1.18.16"... 
2.l3,3.l8.12.8.6^.. 
0.11.24.14.6.0. 
21.19"... 

37 
41 
43 

47 
49 

53 

12.27.7.26.10.33.21. 

11.3.34.30.28'... 
8.23.40.1 8.39.21 .5..^2. 
20.10.2.37..33.31^.. 
6.21.:i8.14.35.15.40.24. 
10.41 .31 .23.1 7.13.  ir... 

1.4.9.4.1.0'...      ^ 

1.4.9.3.12.10-... 

1.4.9.2.11.8.7... 

1.4.9.1.10.6.4'... 
1.4.9.0.9.4.1.0... 

27 
29 

31 

25.9.22.10.0.19. 

13.9.7\.. 
25.7.20.6.2,3.13. 
5.28.24.22-... 

25  5.18.2.19.7. 
28.20.14.10.8"... 

2.17.34.6.27.3.28.8.37. 
21.7.42.32.24.18.14.12*.,. 
0.15.32.2.23.46.28.0. 
29.11.44.30.18.8.0.43. 

.39.37"... 
49.11.28.47.1.5.38. 
10.37.1.3.44.24.6.4.'). 
29.17.7.52.46.42.40"... 
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«<*  —  r 
2*.  cannot  be  rendered  integral^  unless  r  be  one  of  the  terras 

of  this  period  ;  if  «  be  the  rank  of  this  term,  x  :=  «  gives  r  for  the  re« 
mainder  from  the  division  of  x^  by  m ;  and  we  have  the  indefinite  num- 
ber of  aolutioiis  compriaed  in  the  form  x^sim  ±  a,i  being  any  integer 
whatever.  Each  time  that  r  entara  into  the  period,  we  have  a  new  value 
of  a,  and  a  nmikr  equation  giving  a  system  of  solutions.  It  will  not 
Ibe  necessary,  however,  to  extend  our  examination  beyond  the  semi-period, 
as  the  eoincidenoe  in  respect  to  the  remainder  r  takes  place  in  the  ranks 
a  and  m  —  dK,  equally  distant  from  the  extremes,  and  the  latter  of  these 
values  of  solution  does  not  lead  to  any  such  recurrence. 

*•  +  40      «*  —  12 
For  example,  ISy  =s  ar«  +  40  gives  — r-—  or  — -- —  =  an  integer. 

In  the  aemi-period  of  the  divisor  13,  the  remainder  12  occurs  only  in 
the  5th  rank;  and  thus  x  ==  13  /  ±  5. 

The  equation  x*^  ==  ITy  +  7  \s  impossible  in  integral  numbers,  7  not 
being  found  in  the  period  of  the  divisor  17. 

Lastly,  for  x^  —  4  =  12^,  since  4  appears  in  the  2nd  and  4th  ranks 
of  the  semi-period  for  the  divisor  12,  we  have 

xssl2t  ±  2  and  ±  4. 

Should  the  divisor  m  be  a  product  p  p',  it  is  evident  that  4^  —  r  is  not 

X*  —  r     x^ r 

diviable  by  m  unless  it  be  so  also  by  p  and  by  p',  and   ,    y— 

P  P 

must  therefore  be  rendered  integral  by  values  such  as  x  =r  /  p  ±  «, 

x's=-t p'  ±:a.  And  it  will  then  remain  to  adjust  these  solutions  in  re- 
spect to  each  other,  for  the  values  of  t  and  f  must  be  so  selected  as  to 
^ve  the  same  number  for  x.     Thus,  we  shall  assume  [N*.  121]] 

j,«-.yj.«-y  X  ±m  x±a 

,  — — ,  and  -— -,  —7—  =  mtegers. 

P         P  P         P 

If  p  be  also  decomposable  into  two  factors,  the  1st  fraction  may  be 
replaced  by  two  others,  and  so  on. 

For  example,  to  obtain  integral  solutions  of  the  equation  3i5y=x'— 46, 
nnce  315  =  9.  7. 5,  x**  —  6  must  be  rendered  divisible  by  9, 7  and  5 ;  i.  e. 
extracting  the  integers,  we  must  have 

x^  —  I  x'  —  4  X*—  1 

— ^,  — y— >  —J-  each  =  an  integer. 

The  periods  of  these  divisors  give  «  =  1, »'  =  2, «''  =  1 ;  thus  (with- 
out  any  mutual  dependence  between  the  sign  ±),  we  must  render 

«±lx±2x±l 

— — ,  —J-  =  mtegers  ; 

k2 


i 
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and  we  shall  finally  find  that  if  k  denote  any  one  of  the  four  numbers 
]  0, 89>  26  and  4'4>  we  have  x  =  Sl5t±k,  whence 

±  j?  =  19, 26, 44,89, 226, 271...,^  =  1,2,6,25, 162, 283... 

For  the  equation  my  s  im^  +  2  &r  +  c,  multiplying  by  a,  and  assum-* 
ing  aj:  +  6  c  z,  6*  «  AC  ==  Z),  we  have 

(ax  +  by  -  (A«  —  flc)       2«  -  D 
fly  =       ■  = ; 

and  to  obtain  integral  solutions  of  the  equation,  we  must  first  inyesti- 

*•  —  2> 

gate  the  solutions  z^mt  ±  «,  which  will  render  this  fraction  

integral;  and  then  solve  the  equation  of  the  1st  d^ree  ax'\-h=^nU  ±a, 
t.  e.  take  only  those  integral  values  of  t,  which  will  render  x  also  inte- 
gral. If  a  and  tn  are  prime  to  each  other,  2^  —  P  will  be  a  multiple  of 
a  and  of  m  (since  we  have  multiplied  by  a),  and  dividing  the  result  by 
a,  we  shall  have  ^.  When  a  and  m  have  a  common  factor  d,  it  must  be 
a  factor  also  of  2  6a:  +  c ;  we  must  therefore  investigate  the  general 
form  of  the  values  of  x,  which  fulfil  this  condition  x^:  Ox^  -^^  y,  and 
substituting  in  the  equation  proposed,  0  will  disappear. 

Let  7y  =  Sx*  —  5  or  -h  2 :  this  being  first  multiplied  by  2,  in  order 
that  the  coefficient  of  x  may  be  even,  we  have  a  =^  6,b=i  —  5,  c=:4, 
D  =s  1.  Also  z  =s6x  ^  5 ;  z^  —  lis  rendered  a  multiple  of  7  by  as- 
suming 2  =  7  «  ±  1 ;  and  we  deduce 

or  =  7  /  +  1  and  +  S. 

The  equation  ll^sSx*  —  5x4-6is  absurd,  if  the  solutions  are  to 
be  integral. 

For  15^  =  6  jr«  —  2  x  +  1,  we  first  render  2ar  —  1  a  multiple  of  the 
factor  S,  common  to  15  and  6,  by  assuming  x  ^  Sx'  +  2,  whence 
5y  =  18  y^  -f  22  ar'  +  7 ;  extracting  the  integers,  it  remains  to  make 
3x'«  +  2  a;^  +  2  a  multiple  of  5 ;  we  find  z  =  5  ^  ==  3  a:'  +  1  ;  and 
consequently  or' =  3,  X  =  11,  and  generally,  or  =  15^  +  11. 

570.  Let  the  equation  be 

of  which  integral  solutions  are  required. 

Ist  Case,  &^  —  ac  =  0:  multiplying  the  1st  side  by  a,  it  becomes  an 
exact  square,  (az  +  &y)^  ss=aM;  thus  aM  must  also  be  a  square  AS 
otherwise  the  problem  would  be  absurd ;  and  it  will  remain,  therefore, 
to  obtain  integral  solutions  of  the  equation  az-\-  btf  =i  /i.  We  must 
take  z  and  if  with  the  sign  ±,  since  h  ought  to  be  so  affected. 
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From4£«  — SO  2y  + 25^^  =  49,  we  have  22  -  5y  =  ±  7;  whence 

2ttd  Cases  ft*  —  ac  <  0 :  the  proposed  equation  is  now  equivalent  to 

(az  +  fty )«  +  Dy*  =  fl  itf ,  or  tt«  +  jDy«  =  a  Jtf , 

making  &«-  acs  -  D,  anda^  +  fty  =  «.  Thus,  3f  must  be  positive. 
We  shall  assume  jf  =s  0, 1, 2...,  and  retain  those  values  only  which  ren- 
der aM  ^  2>S^  asquare.  These  trials  will  be  limited  in  number,  l>y« 
being  <  aM  ;  and  having  thus  determined  y  and  «,  we  shall  take  those 
only  of  the  results  which  will  render  z  integral. 
For  Sz*  —  22y  +  7j^«  =  27,  we  find 

(8z-3r)«  +  20j^^  =  81,  or  tt^  =  81  -  20y,  where  3z  -^  =  « * 
whence 

±  y  =  0  and  2,  +  tt  =  9  and  1, 
±  2  s=3and  1. 

3rd  Case.  If  &•  —  ac  be  a  positive  square  k\  still  multiplying  by  rt, 
and  equating  the  1st  side  to  ^ro,  in  order  to  obtain  its  factors,  we  find 

Let^and  g  be  two  factors  producing  aM;  if  we  assume  them  equal 
to  those  ci  the  1st  side,  there  vnH  result 

'^         2k    '  a  • 

Thus,  having  decomposed  a  M  into  two  factors  in  every  way  possible, 
we  must  take  them  successively,  one  for^^  the  other  forg*,  and  retain  those 
systems  only  by  which  first  i/,  and  then  z,  are  rendered  integral.  We 
khaD  take  y  and  z  with  the  sign  ±,  since  we  might  give  toy*and  g  the 
sign  +  or  — .  For  instance,  2z*  —  9^z  +  7^  =  88,  being  first  doubled 
in  order  to  render  the  coefficient  of  yz  even,  gives  a  =  4, 6  =s  9,  c  =  1 4, 
^  =  5,  aM  =:  304  ;  the  several  pairs  of  factors  of  304  are  2  X  152  = 
8  X  SB  =  4  X  76  =^1  X  304  =  16  X  19;  the  two  first  systems  alone 
answer  the  conditions  and  give 

±  yxlS  and  3,  7  z  ss  53  and  1. 

4th  Case,  i*  —  ac  being  positive  and  not  a  square :  in  order  to  com* 
pare  this  case,  the  last  that  remains  for  discussion,  with  what  has  pre- 
ceded, we  shall  write  the  proposed  equation  under  the  form  ilzj— 2»  zy — 
hf*  =  P.  The  roots  of  the  equation  Ax*  —  2  a  x  =  ^  are  irrational,  or 
tssza^  +  Akh  positive,  and  not  a  square.  Let  these  roots  be  developed 
in  the  form  of  continued  fractions ;  it  follows  from  the  equation  (/) 
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CN*.  567]>  tbat  the  convergent  which  ptecedes  the  compile  fimction 

— zr —  is  ->,  with  this  condition 
P  n 

An''  -  2»  W  —  ib'*  sc  ±  P, 

the  sign  of  P  being  dependent  on  the  even  or  odd  rank  of  the  oonveigeiit 
And  this  equation  being  now  compared  with  the  one  proposed^  it  will 
be  seen  that,  if  the  sign  of  the  second  sides  is  the  8aiiie>  we  have  this 
solution 

2  fis  n>  ^  as  a'. 

Hence,  to  find  tf  and  z,  develop  the  roots  x  in  continued  fractions ;  if 

then,  among  the  convergents  — r , j^ — -.,  there  be  tound  one, 

the  denominator  of  which  is  the  second  side  P  of  the  proposed  equation, 

we  must  limit  the  continued  fraction  to  the  integer  ^ven  by  the  preceding 

n 
complete  fraction,  investigate  the  corresponding  convergent  -7,  and  we 

shall  have  s  s  n,  y  ss  n  ;  only  this  convergent  must  be  of  an  even  rank 
when  the  2nd  side  P  is  positive,  and  of  an  odd  one  when  P  is  negative, 
if  the  development  be  that  of  the  greatest  root ;  and  the  contrary  for 
the  least  root.  Eaxh  complete  fraction  that  occurs  in  an  available  rank 
gives  a  solution ;  so  that  if  it  form  part  of  the  period,  we  have  an  infi« 
nity  of  values  for  z  and  y. 

For  example,  let  2z*— 14^  z  +  17y  s  5 ;  it  has  been  found  [p.  127] 
that  2jr«  —  U  X  +  17  =  0  has  for  its  least  root  a:  =  1, 1, 1,  (3,2),  and 
that  the  2nd  complete  fraction  has  5  for  the  denominator  ;  thus  the  con- 
vergent 4)  which  is  of  an  odd  rank,  gives  this  unique  solution  2=1, 
jy  ss  1  ;  the  period  has  nothing  to  do  with  the  question. 

Had  the  2nd  side  be^i  +  3,  instead  of  5,  there  would  have  been  no 
integral  solution,  because  the  complete  fractions  which  have  3  for  their 
denominator,  being  all  in  even  ranks  for  the  greatest  of  the  roots  x,  and 
in  odd  ones  for  the  least,  arc  not  available. 

But  if  the  2nd  side  be  —  3,  developing  the  greatest  root  x  tsz  5  {2, 3), 
we  shall  put  a  stop  to  it  at  the  ranks  1,  3,  5, 7«««  successively,  because 
the  following  complete  fractions  have  the  denominator  3  ;  and  hence  we 
get  the  convergents  4,  J^,  -Vt-****  which  give  as  many  solutions.  The 
least  root  •r  =  1, 1, 1  (3, 2),  terminated  at  the  2nd,  4th,  6th...  term^  in 
likemanncrgives-f,-^*-,*^"...;  and  consequently  with  ±y==  1,7,55».«, 
we  shall  take  ±2  =  5,  38,  299...  or  2, 11,  86...  • 

Lastly,  when  the  second  side  is  2,  wc  similarly  fmd  ±  ^  =  0, 2, 16» 
126,992...  with  ±  2=  1, 11, 87, 685, 5393..., or  1,3,25, 197,  1551... 

Since  the  convergents  are  always  irreducible,  this  method  will  giye  us 
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no  solutions  but  what  are  prime  to  each  other.  Suppose  that  the  pro- 
posed equation  admit  others  which  have  a  common  factor  0^  z  =  6  z'^ 
^  =  Oy ;  wc  shall  have  then 

10  that  P  is  a  multiple  of  0 ;  let  P'  be  the  quotient^  and  it  will  remain 
to  deduce  z'  and  y'  from  an  equation  similar  to  the  one  proposed^  the 
second  side  being  V.  Thus^  taking  all  tlie  square  factors,  0^  others  than 
lyoiPf  we  shall  have  as  many  values  of  Q  and  as  many  equations  to  be 
solved,  the  only  difference  between  them  being  in  the  2nd  terra,  which 
will  be  P'  =  P  :  ««. 

Let  the  equation,  for  instance^  hez"^  +  2ztf  ^  5^  =  9;  it  does  not 
admit  of  any  solutions  prime  to  each  other ;  but  since  9  b=  3%  we  must 
solve  ai'*  +  22'y — 5y*  =  1 .  For  this  purpose,  the  equation  jp*-f  2a:=5 
gives 

whence  we  havens  1,  ("A  4),  and  the  convergents  i,4,7S>4{i.... 
The  terms  of  these  fractions  are  the  values  of  2!  and  y ;  and  multiplying 
above  and  below  by  3,  we  finally  obtain 

±  s  =  3, 9, 87, 861 ....  ±  y  =  0, 6, 60, 594... 

The  second  root  of  x  does  not  lead  to  any  new  solution. 

The  denominators  of  the  complete  fractions  being  all  <2  <s/  /  [p.  1S5], 
when  the  second  side  P  exceeds  this  limit,  we  cannot  expect  to  meet 
with  it  among  these  denominators,  and  our  method  can  no  longer  deter- 
mine the  solutions.  But,  f  being  a  factor  of  P,  or  P  ssfP^,  and  u 
iome  integer,  assume  t^ss  nz  -Vfy  ;  whence 

..         Y  +  y  *  {*+cm)  +  cfi/^  =  K 

Let  n  be  now  so  determined  [p  132]  that  the  first  coefficient  shall  be 
integral ;  as  many  times  then  as  6^  —  oc  enters  into  the  semi-period  of 
f^  so  many  values  shall  we-  have  of  ±  n,  and  so  many  equations  to  be 
solved,  of  the  form  ilz*  +  2  %'  2  +  C/'  =  P,  in  which  C  and  F  will 
be  the  same,  as  also  J3*  —  AC.  Thus,  P  may  be  reduced  to  a  value 
P  <  2  v^/,  and  in  fact  to  P'  =  ±  1 . 

For  instance,  the  equation  66s'  —  18^  2  +  y  =  34,  taking  y=  17, 

-      m—  18w  +  ««  . 

requires  us  to  render     ■■—   .^  5=  an  integer ;  whence  n  ^st^ 
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and  16,  and  consequently 

y:=:ni/'+  2z  OX  +I62,  2s'  ±14/2+  iV^f-sS, 

One  of  these  transformed  equations  has  heen  ahready  solved  [p.  134], 
whHst  the  other  differs  only  in  respect  to  the  sign  of  jf;  and  we  find, 
therefore^ 

±  2  =x  1>  11,  87...  3, 25...  with  ±  5^  =  2,  56,  4.46...  40,  322..t 

or  with  ±y^\e,  142, 1120...  14, 128... 

We  shall  suppress  the  demonstration,  by  which  it  might  be  proved 
that  this  process  will  serve  to  determine  all  the  integral  solutions. 

'^ 5T\*  These  calculations  may  be  applied  with  great  facility  to  the 
equation  z^  ^ty^^s,  ±\;  we  must  develop  >//  in  a  continued  fraction 
x:=i  t^/t  :siu  (1/,  u".:  ^  u\  2»),  and  stop  it  at  the  several  complete 
fractions  of  which  the  denominator  is  1 ,  the  rank  being  odd  for  + 1 ,  and 
even  for  —1.  But  it  is  easily  proved  that  the  only  complete  fractions 
which  have  1  for  their  denominator  (except  the  1st  V/),  are  those  that 

give  the  last  integer  2u  of  the  period,  and  which  have  the  form  — - — • 

Thus  the  convergents  —^  corresponding  to  the  several  recurrences  of  the 

term  u'  which  precedes  2ti,  if  they  are  in  available  ranks,  give  ±  2  =s  iii 
±  y=zn',  the  signs  being  independent  of  each  other.  When  the  period 
consists  of  an  even  number  of  terms,  each  period  gives  a  solution  in  the 
case  of  + 1,  whilst  there  is  not  one  in  the  case  of  —  1.  When  the  period 
has  an  odd  number  of  terms,  the  recurrences  in  the  1  st,  3rd,  5th...  periods 
answer  to  the  conditions  of  the  question,  if  the  second  side  be  —  1 ;  but 
if  it  be  +1,  we  must  take  the  2nd,  4th...  periods. 

For  the  equations  s*  —  14y  =  ±  1,  we  have  [p.  130] 
^/  14=s3,  (1,2,1,6);    the  term   1,  which  precedes  6,  occurs  only 
in  the   even  ranks;    and  thus  the  question  b  absurd   for  integral 
solutions,  in  the  case  of  —1.     In  thai  of  -f  1,  we  take  the  convergents 
h  '*->  rih  VtW  •••4  and  we  have,  the  signs  being  quite  arbitrary, 

±2=1, 15, 449...,  ±  y  =  0, 4, 120... . 

Lei  2'  -  13tt*  =  ±  1 :  since  ^13  =  3,  (1,  1,  1,  1,  6),  the  conver- 
gents corresponding  to  the  recurrence  of  the  term  1,  which  precedes  6, 
are  ;,  -V-,  i«,  -VAV— • ;  whence  2  =  1,  649...,  y=0, 180...  for  -f  1 ; 
and     =  18,  23382...,  y  =  5,  6485...  for  —1. 

]«et  z"  —  3^"*  ss  1 ;  since  v^3  s  1,  (1^2),  all  the  convergents  h h  h 
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TT>  ih  41i—  give  solutions;  there  would  not  be  one,  were  the  second 
side  —1. 

The  equation  ^<  -  5/  s  ±  1  has  its  solutions  in  the  alternate  frao 


572.  The  equation 

az^  +  9bzy  -{-  cf  +  dy  +  ez  +/=  0, 

the  most  general  one  of  the  2nd  degree,  comes  under  the  form  of  the 
preceding  (me,  when  it  is  divested  of  the  terms  of  the  1  st  dimension.  To 
effect  this,  we  must  make 

2  =  *2'+  «,^  =  /y  +  ft 

ft  and  0  being  such  that 

2aa  +  2i0+rf  =  O,  2c/5+26«+e  =  0...  (1), 
or,  assuming  b'*^  acssD, 

•  "^  "25"'  ^         W 

AU  our  coefficients  are  supposed  to  be  integral.  But,  it.  is  obvious 
that  this  transformation  can  be  of  no  use  unless  z*  and  y*  be  integral  at 
the  same  time  with  z  and  y.    To  ensure  this,  let  the  indeterminate 

quantities  k  and  /  be  each  made  =  t^  viz. 

2 2D^'^^~W ^^^* 

Then  the  values  that  result  for  i/  and  z'  will  answer  to  integral  values 
of  ^  and  z ;  but  the  converse  does  not  necessarily  hold,  and  we  must 
reject  those  of  the  integral  solutions  of  /  and  y,  which  do  not  render  z 
and^  also  integral.  Thus  we  shall  arrive  at  all  the  values  required,  re« 
taining  for  z'  and  y'  those  only  of  the  solutions  obtained,  which  are  of 
the  suitable  form  [N^  565].  Now  multiply  the  equations  (1)  by  «  and 
6  lespectively,  and  add ;  when  we  shall  have 

,      o.oi    «.    .«N       dx+ep      a€'^-2bed-^cd' 
-(«  a^+2bafi+C0^)  s=:  — ^—  = jg ; 

and  denoting  the  numerator  of  this  by  N,  the  transfotmed  equation 
will  be 
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««'«  +  Si/y  +  cy»  +  4f  !>«/+  iVD  s=  Om.  (3), 

which  we  have  already  seen  how  to  resolve. 

When  b^  ^  ac  =  0,  this  calculation  cannot  be  carried  mto  effect ; 
hut  multiplying  by  a,  the  three  first  terms  form  the  square  of  a^r  4-  by  ; 
and  assuming  this  binomial  =2^  the  rest  of  the  calculation  is  easy. 

Let  the  equation  be 

7s*  -  22y  +  Sy^  —  30k  +  lOy  +  8  sbO; 

the  equations  (2)  became 

a'- 80  y'+40 

--40'  ^         -40  • 

so  that  y  and  z  are  not  integral  unless  40>  the  common  factor  of  the  con* 
stants^  be  so  also  of  z'  and  y :  change  these  letten  into  40  z'  and  40^  ; 
when  this  factor  40  will  disappear^  and  we  shall  have 

z^7f+2,yz:z^'^  l,7z'2-22y  +  3y«  =  27. 

9 

This  equation  has  been  discussed  [p.  1 SS],  and  has  given 

i:  s^  =s  0  and  2,  ±  y  =  3  and  1 ;  and  we  consequently  have 
z  ss  4^  0, 2  and  %  with  y  =  0,  —  2,  2  and  —  4. 
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573.  Let  X  e=  0  be  an  equation  which  has  been  so  prepared  that  none 
of  its  roots  are  commensurable^  or  equals  or  more  than  one  of  them  com- 
prised between  two  sucoeesive  integen  [N*.  518,  524,527];  suppose 
alao  that  for  each  irrational  root  we  know  the  integer  y  which  is  imme- 
diatdy  leas  [|N^  528^  and  let  us  ^itioeed  to  the  ulterior  i|^pn>xi« 
matioiL 

According  to  the  rule  given  f  N^  562],  make  «  =  y  +  -y  ;    when 

X  =  0  will  become  X'  =  0,  tbe  unknown  quantity  of  the  equaAiim  being 
a'.  By  supposition  then,  there  is  one,  and  only  one,  of  the  values  of  x' 
which  is  >  1 ;  and  this  root  corresponds  to  the  value  of  x,  of  which  y  is 
the  integral  part,  and  to  which  we  wish  to  approximate.  Following  the 
same  course  in  regard  to  X'  =  0,  let  y  be  the  integer  nearest  to  or' ;  we 
know  that  there  is  but  one  value  of  x*  which  is  positive  and  >  I  ;  and 
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attumuig  «'  s=  y  4-  ~>  we  shall  get  a  transformed  equation  X^  =sO, 

luTing  sf  for  its  unknown  quantity^  and  in  which  af'  has  one  value  >  1, 
and  only  one.  And  thus  we  see  that^  carrying  on  the  process,  the  root 
X  wiU  be  developed  in  a  continued  fraction  x=sjf,i^^  y,  nT'"'  >  whence 
we  shall  deduce  oonvergents  approaching  more  and  more  nearly  to  the 
true  value  by  excess  and  by  defect,  alternately ;  and  for  each  of  which, 
the  error  that  results  has  a  known  limit.  As  to  the  construction  of  the 
equations  X\  X^.«.,  it  presents  no  difficulty ;  for  let  X  =  iLc*  +  px*~^ 
•f  ^j:*^,.  +  «  ss 0  j  if  we  assume  j:  =  jy  +  /,  the  transformed  equa- 
tion [N^  503]  is 

but,  in  the  present  case, /=  -;;  and  consequently,  multiplying  the 
whole  by  x'*,  the  result  is 

The  coefficients  X,  X',  X"*,.  are  the  values  of  X  and  its  derivatives, 
when  we  make  arss  jf ;  and  these  we  must  calculate  [see  note,  p.  37], 
and  substitute  in  the  above  equation. 

Let  the  equation  proposed  beo:'— 2ar  —  5  =  0,  which  has  but  one 
real  root,  and  that  comprised  between  2  and  3  [|N^  529^.  Applying 
our  method,  and  making  x  =  2  in  j:^  —  2«  —  5,  34;*  —  2,  5x  and  1, 
we  find  —1,  10,  6  and  I  for  the  coefficients  of  the  equation  in  a/. 
The  value  of  x'  is  between  10  and  II,  whence  we  similarly  find  for 
the  coefficients  of  the  equation  in  x^,  61 ,  —  Q^,  &c..«. ;  and  we  thus  ob- 
tain these  successive  results,  in  which  we  have  dispensed  with  writing 
the  different  powerd  of  x,  as  being  sufficiently  indicated  by  the  ranks  of 
the  terms: 

(0) «»  +  Ox*  —  2x  —  5  e=  0,  integer  2, 

(I)..,-      1+    10-f      6+      1=0, 10, 

(2) 61-   94—  20-      1=0, 1, 

(3).. —    54—    25  4-    89+    61=0, I, 

(4) 71  -  123  -  187  -    54  =  0, 2, 

(5) 352  +  173  +  303  +    71=0, 1, 

(6) 195-407  —883  —  352  =  0, 3, 

&C, 

And  hence  x  =x 2,  10, 1, 1,2,  1, 3.^  «s  4|} «  209455..-,  a  value 
which  is  exact  to  five  places  of  decimals,  since  its  error  does  not  amount 
to  (t^)'. 
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The  equation  ^^  —  *•  —  2a:  +  1  =  Ohas  its  tliree  roots  leal^and  they 
are  comprised  between  1  and  2,  0  and  1,  -1  and  -2.  Approximating 
to  the  firsts  we  find 

(0) a:*—       «•-  2x+      l=0,mtcger  1, 

(1)...-  1  -       1  +       2  +      1=0, 1, 

(2) 1-       3-       4f—     1=0, 4r, 

(S)..-  1+      20+       9+     1=0, 20, 

(4) 181-    391-     40—     1=0, 2, 

(5)...-  197+568+    695+181  =  0, 3, 

(6) 2059  -  1216  -  1205  -  197  =0, 1, 

&C. 

and  consequently 

a;  =  1, 1, 4, 20, 2, 3, 1, 6, 10, 5, 2  =  ^Vf/^  =  1-80193773S8- 

The  root  comprised  between  0  and  1  is  found  in  the  same  manner ; 
and  since  after  the  2nd  operation  we  meet  again  with  the  transformed 
equation  (2),  we  must  have  a  recurrence  of  the  following  equations  (3), 
(4),  (5)f ;  whence 

a:  =  0,2,4,20,2,3,l,6,  10,5,2  =  tV/AVV^  0-4450418679. 


Lastly,  for  the  negative  root,  x  must  be  changed  into  —or ;  and  since 
this  gires  us  the  equation  (1 },  we  may  forth widi  assume 

—  d?  =  1, 4,20,2,3, 1,6, 10, 5, 2  =  f}4H4  =  1-2469796037. 

We  meet  with  a  peculiarity  in  the  example  proposed,  that  of  the  three 
toots  being  composed  of  the  same  terms,  owing  to  which  it  becomes  un- 
necessary to  proceed  with  the  calculation  for  the  two  last. 

5/4.  We  shall  now  show  how  tiiese  different  calculations  may  be 
abridged. 
The  continued  fraction  having  been  carried  down  to  the  integer  y, 

,r  =y,y,y...  y,  let  — ;  and  -7  be  the  two  last  convergents;  it  follows 

then  from  the  equation  F  QN^.  562'],  and  as  we  have  also  seen  [p.  129], 
that  if  %  represent  tiie  value  of  the  remaining  part  of  the  continued 
fraction,  we  have 

whence,  commencing  the  division,  and  observing  that  ni'tt'^mn'  ss  dt  I, 

m'  _         I 

*  ^  ■•  ~  4-     'i  f         \' 
n  ~  n(nx^n) 


L  ' 
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Let  i  be  the  difference  between  x  and  the  convergent  -,,0x1^  -7  —  x; 
we  have  then  n'  x  —  n  ss  ^n'l,  and 


y»^  .     1 


It  is  true  that^  in  this  expression^  x  denotes  the  root  to  which  we  are 
attempting  to  appnxximate^  and  the  value  of  z  therefore  is  dependent 
upon  it ;  but  each  of  the  other  roots  x\  a:'^...  gives  a  similar  equation ; 
80  that,  z',  y...  being  the  corresponding  values  of  z,  we  have 

and  taking  the  sum  of  these  (t— 1)  equations,  and  making 
y  A  =  +  vT  +•••>  t^cre  results 


n  H 


On  the  other  hand,  the  transformed  equation  in  z  being  represented 

JO 

by  Az*  +  52*"'  +  .••  =5  0,  the  sum  of  the  roots  isz+a'  +  z'ss—  -; 

A 

and  conaequently,  subtracting  the  preceding  equatioUj  we  find 

n  A       «' 


Now  ->  can  speedily  be  rendered  so  close  an  approximation  to  x  that 

)  diall  be  very  small ;  in  which  case  ^^  S'',..^  which  are  the  differences 
between  our  convergents  and  the  other  roots  x'y  /'•••,  will  be  very 
nearly  equal  to  the  differences  between  these  roots  and  x  itself;  the 
greater,  therefore,  these  differences  be,  the  less  will  A  be,  whilst  at  the 
flame  time  n  is  continually  increasing ;  thus,  the  last  term  of  our  equation 
may  at  length  be  neglected ;  and  we  shall  then  have 

^  =  -,(,-1)--.. , 

Not  only  will  this  equation  give  the  integer  «,  contained  in  z ;  but 
having  resolved  it  into  a  continued  fraction,  by  the  method  of  the  com- 
mon divisor,  we  may  also  take  several  successive  terms,  as  composing 
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the  value  of  z,  and  continuing  tbat  of  x;  vis.  z^w,^,^,.,  and 
xssif,i^,  y...  y,  w,  f,  ff...     This  fraction  z  being  duoontinued  at  one 

of  its  terms  u,  let  -^,  ~„  be  the  two  last  convergents;  then  [equation  F, 

p.  li6] 

rfu  +  f/' 

and  if  this  value  be  now  substituted  in  the  transformed  equation  in  s, 
we  shall  paai  at  once  to  that  corresponding  to  the  term  u,  and  shall  in 
fact  be  supposing  the  value  of  x  to  be  referred  to  this  terra. 

Since  z  =3  —  ,  we  have  only  to  take  two  approximate  limits 

tfx  —  w 

between  which  x  is  comprised,  and  to  substitute  them  in  the  preceding 
fraction,  to  obtain  the  limits  of  z ;  and  these  being  then  resolved  into 
continued  fractious,  the  terms  common  to  both  will  be  so  also  to  z,  and 
will  consequently  continue  x. 

For  the  first  root  of  the  last  example,  commencing  from  the  trans- 
formed equation  (4),  the  convergents  are  -I  ss  1,  ],  4;  +J4  =  1, 1, 4, 20 ; 
whence  we  deduce  z  =:  ^i^S-  +  -H-l-  =  -Hr^-l-  =  2,  3,  1,  6... ;  and  these 
four  terms  continue  the  value  of  x,  which  thus  acquires,  on  the  whole, 
eight  terms.     We    now  find    the  convergents  1  and  4-J-;    whence 

Slu  +  9 

z  s  ,  and  substituting  in  (4),  we  arrive  at  the  transformed 

4WM  4-4?  o  # 

equation  (8) ;  and  so  on. 

When  the  root  x  is  commensurable,  the  continued  fraction  comes  to  a 
termination  ;  otherwise  it  extends  to  infinity.  If  the  proposed  equation 
admit  of  a  rational  factor  of  the  2nd  degree,  we  obtain  a  period^  and  the 
recurrence  of  the  same  terms  intimates  this  circumstance.  Thus  the 
equation  ar*  —  2ar^  — •  9x*  +  22ar  —  22  =  0,  when  we  are  in  search  of 
thd  root  which  lies  between  3  and  4,  gives 

'    (I)... -10     +22       +27     +10     +1    =  0,  integer  S, 

(2) 58      -314      -315-98      -10  =  0,  6, 

(3)...  —  4594  +  12322  +  6561  +  1078  +  58  =  0,  3, 

&c. 

The  last  of  these  equations  gives  us  z  =  ^V  +  -HttI  ==  -ef  t^t  = 
3, 6..«;  and  from  this  recurrence  of  the  figures  (3,  6)  we  are  led  to  expect 
a  period.  Supposing  it  to  exist,  it  appears  that  z^  —  11  should  be  a 
divisor  of  the  equation  proposed  [N^.  568] ;  and  making  trial  of  this 
division,  it  gives  the  exact  quotient  jr''  —  2jr  +  2. 

The  solution  of  the  equation  x^  ss  A,  or  the  extraction  of  roots,  comes 
within  the  scope  of  this  method.    Thus  or'  =  17  gi?es 


DECOMPOSITION   OF  RATIONAL   FRACTIONS.    143 

««2,l,l,S,138«iHt; 
and  forming  tbe  value  of  z^  we  find  s  ss  ],  S,  S.«. ;  whence 

X  =  -VjW-  =  2*5712818. 

575.  The  equation  lO  ss:  29  may  be  treated  in  the  same  manner. 
SRt  at  onoe  aee  that  x  u  between  1  and  2;  vis. 

X  =  1  +  ^,  10**^  =r  29;  10  X  1(P  =  29;  10  =  (2  9)*'. 

We  then  find  that  x  is  between  2  and  S  ; 

x'  =  2  +  ^  10  s=  (2-9)«  X  (2-9)i^,  (-»4«r  =  29 ; 

nd  so  on.    And  hence 

ar «  1,  2,  6,  6, 1,  2, 1,  2...  =  i.4«  =  1-4623980. 

This  value^  >  Xy  approximates  to  it  within  less  than  (TK)^  and  thus 
has  six  exact  decimal  figures. 

lO'  =s  23  gives  ar  =  1,  2, 1,  S,  4,  17,  2  «  fHf  «  1-3617278. 

ThuSy  we  can  obtain  the  approximate  solution  of  the  equation  10*  :=  5 ; 
tnd  since,  instead  of  10,  any  other  base  may  be  taken,  we  can  calailate 
the  logarithm  of  a  number  in  any  system. 


VL  METHOD  OF, INDETERMINATE  COEFFICIENTS. 

DECOMPOSITION  OF  RATIONAL  FRACTIONS. 

576.  F  and  f  being  identical  functions  of  rr,  t.  e.  functions  the  dis- 
similarity of  which  consists  simply  in  the  mode  in  which  they  are 
algebraically  expressed,  the  equation  F^=p  will  not  require  for  its 
verification  that  any  particular  values  should  be  assigned  to  x,  but  must 
subsist,  whatever  be  the  number  that  we  think  fit  to  substitute  for  x. 
Suppose  that,  by  means  of  some  analytical  artifice,  we  have  succeeded  in 
arranging  F  and  f  in  respect  to  x,  under  the  same  form, 

a  +  Ax  +  cj^  +  dx\..  ^A  +  Bx  +  Cx^  +  D«»... ; 

since  then  between  F  and  $  there  was  only  an  apparent  difference 
owing  to  the  forms  under  which  these  functions  were  expressed,  and 
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this  dissimilarity  of  fonns  no  longer  exists^  we  must  find  every  thing 
on  one  side  precisely  the  same  with  what  appears  on  the  other ;  c(m« 
sequently^ 

a  ^sz  Ay  b  vs  B,  c  ss  €••• 

And,  in  effect,  since  the  equation  must  subsist  for  every  value  of  x,  if 
we  assume  a?  =  0,  we  have  at  once  as^  A.  These  two  constants  how- 
ever have  not  been  rendered  equal  by  this  supposition ;  they  were  so 
independently  of  it,  and  the  h3rpothesis  has  been  no  more  than  a  medium 
for  putting  this  fact  in  evidence.  And  now,  whatever  x  be,  we  have 
still  bx  +  cj:*...  =  JJx  -f  Cr«... ;  whence,  dividing  by  x, 

6  +  ca?  +  ...  =s  J5+  Cjp+...; 

and  the  same  reasoning  proves  that  b  ^  B,  then  c^=^  €,.• 

Thus,  a  function  F  being  given,  if  we  have  direct  assurance  that  it 
is  susc^tible  of  being  expiessed  under  a  specified  form  9,  contuning 
constant  coefficients  A,  B,  C.«.,  it  will  be  easy  to  find  these  numbers : 
P.  We  must  express  the  identity  F  =  9,  P  being  the  function  proposed, 
and  9  its  value  put  under  some  other  known  and  suitable  form,  and 
containing  the  indeterminate  coefficients  A,  B,  C... ;  2®.  by  means  of 
the  appropriate  calculations,  we  must  arrange  the  two  sides  F  and  f 
according  to  the  powers  of  x ;  3^.  we  nivst  equate  to  each  other  the  terms 
affected  with  the  same  expofients  of  x  ;  i^  and  lastly,  we  must  elintbuUe 
between  these  equations  in  order  to  deduce  the  values  of  the  unknown 
constants  A,  B,  C... 
We  shall  now  apply  these  principles  to  different  examples. 

577.  N  being  the  numerator  of  a  rational  fraction,  and  D  the  deno- 
minator, let  it  be  proposed  to  decompose  it  into  others  of  which  it  shall 
be  the  sum. 

By  division,  the  degree  of  the  polynomial  N,  in  respect  to  x,  may 
always  be  reduced  below  that  of  D ;  and  in  this  state  therefore  we  shall 
take  the  fraction.  Let  Dss  P  y,  Q,  P  and  Q  being  polynomials  prime 
to  each  other,  of  the  degrees  p  and  q,  and  assume 

N  _  Ax9-'  +  Bxr-i...  +  L      A'xp-^  >f  BxP"^...  +  V 
I) ""  Q  +  P 

To  reduce  to  the  same  denominator  D^=:Px  Q,  multiply  i4a:?"*+ •••  by 
P and  il'xP"'  + ...  by  Q ;  these  products  will  be  of  the  degree  p  +  ^-^  1, 
t.  e*  they  will  form  a  complete  polynomial  of  a  degree  one  lower  than 
that  of  D ;  and  since  N  is  at  the  highest  of  this  same  d^^ree,  by  com- 
paring the  several  terms  of  N  with  those  of  the  products  above,  we 
shall  derive  p  •\'  q  equations  between  the  unknown  coefficients 
A,  A',  J5,  jB*,..,  the  number  of  which  is  obviously  p  +  9,  since  our 
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namenttors  have  q  and  p  tenns  respectively ;  these  unknown  qaantitles 
will  be  but  of  the  1st  degree,  and  our  previous  rules  will  readily  lead  to 
the  determination  of  them.  Thus  it  is  proved  that  the  decomposition 
proposed  is  legitimate,  and  the  calculation  will  give  the  actual  values  of 
all  the  ccmiponent  parts. 

And  if  P  and  Q  be  themselves  decomposable  into  other  factors  prime 
to  each  other,  without  proceeding  first  to  determine  Ay  A,  B,  B*,,,  we 
shall  replace  each  fraction  by  others  formed  according  to  the  same  prin- 
ciple ;  Le*  to  decompose  the  rational  fraction  proposed,  we  must  find  the 
prime  factors  of  its  deJiominator,  and  equate  the  fraction  to  a  series  of 
others  having  these  factors  for  their  denomifiators,  the  numerators  being 
pofynomials  of  a  degree  one  lower  than  that  of  the  respective  dena- 
ndnaiors. 

We  must  therefore  equate  D  to  zero,  in  order  to  resolve  it  into  its 
prime  factors ;  when  two  cases  will  present  themselves,  accordingly  as 
D  has  all  its  factors  unequal,  or  some  of  them  be  equal.  We  shall 
examine  these  two  cases  separately. 

1st  Case.  If  D  =  (a;  —  a)  («  —  b)  (x  —  c)...,  we 'diall  assume 

N_    A     ,     B        ■    C     , 
D      x  —  a      X  — o       x~^c 

and  we  must  determine  A,  B,  C.  by  the  process  just  explained. 
For  example,  let  D  =  (j:  —  a)  (a?  —  6)  ;  we  have 

kx  +  l  A  B 


whence 


thus 


and,  lastly. 


*   (x  —  fl)  («  —  J)      x-^a      X  —  b* 
kx-\'l^A{x'-b)'\'  B{x-a) 


.  ka-\-l    ^      kb  + 1 

6  —  a  0  —  a 


2  —  4a: 
For  •- -,  we  shall  equate  the  denominator  to  zero  in  order  t« 

obtain  the  binomial  factors ;  when  a?'  —  a?  =  2  gives  x=z2  and  —  1 ; 
and  these  are  the  values  corresponding  to  6  and  a.  From  the  numerator 
we  have  A:=s  —  4,  /  =  2;  and  thus 

^•^i'X     ^  2  2 

««  —  a?  —  2  ^  ■*■  x+  J  ""  a?  — 2' 
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In  like  manner 

_JL.  =  _J_  4._L_ 

a«  -  x«      2a  (a  +  or)   *  2a  (a  —  x)' 
Again^  assume 


jp  (a*  —  a*)       a:       a  +  «      a  —  « * 
we  find 

1  ==  i4a«  +  <M?  (B  +  C)  +  d:»(C  -  il  -  B) ; 
whence 

1  =  i4a*,  B  +  C  a  0,  C—  i<  -  JB  s=  0. 

Eliminating;  we  have  A,  B,  C,  and 

1  1  1  1 


X  {a*  —  ar')       «*«      2a«  {a  +  x)^  2a*  (a  -  j:)* 

The  same  method  will  still  apply,  when  D  contains  imagintuy  bino- 
mial factors ;  but  we  generally  prefer  decomposing  D  into  real  trinomials, 
such  a&  X*  +  px  +  q,  and  the  proposed  expression  into  fractions  of  the 

form ; — .     Thus,  for 

X  +  px  -]-  q 

x^-^x+l       _Ax-\'B  C 

(jr  +  1)  (x*  +  1)  "^    J^*  +  1         ar  +  r 

we  find 

C^h  B  =  i<  =  —  4^. 
In  like  manner 

X  Ax+  B     ,      C 

+ 


a;5  —  J       a?*  +  x  +  l       X— 1 
gives 

—  -4  =  B=C  =  i. 

2nd  Case.    Each  factor  of  X),  of  the  form  {x  —  a)',  gives  rise  to  a 

Ax*")  -4-  Ba?*'"*^.. 

component  such  as ; -. — ^  :  but  this  being  itself  decompos* 

{x  -^  ay  ^ 

able,  we  shall  forthwith  assume,  instead  of  it|  the  equivalent  sum 

^1  B  C  J^ 

(or  -  ay  "^  (x  -  ay-'       («  -  «)*-*"  '^  x^a 

And  it  is  in  fact  evident  that,  reducing  to  the  same  denominator,  the 
numerator  will  have  the  same  form  as  before^  and  an  equal  number  of 
unknown  constants. 
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x^  +  ^+2       _A  B  C  D  E       . 

_?_        i         .       4       .     _l l_ 

X       (a:  +  !)•«  +  1       (a?  -  i)*       x  —  l' 

And  in  like  manner  we  shall  find 

1 _  1  __J 2  X 

x{x+iy{jD*  +  x  +  1)  ""«       (j?+  1)'       a:+  1  '^^•+  a:+  r 

Should  the  equal  factors  of  the  denominator  be  imaginary,  though  the 
eame  process  would  still  be  applicable^  it  will  1)e  preferable  to  combine 
them  in  real  factors  of  the  2nd  degree,  under  the  form  (j:*  +  px  +  7)' ; 
the  numerator  will  then  be  Aje^*  +  JSx**^  +  ...  j  but  we  shall  rather 
take  the  component  fractions 

Ax+  B  Ca?  +  D  Kx  +  L 


{x*  •{-  px  +  qy       {x*  +  px  +  9)*-*  *    x"  +  px  +  q 

For  example^  we' shall  assume 

1        

(*+!)*•(*• +  2)  (a:' +  1)^ 

and  the  calculation  will  give 

.<  =  V^,  B  =  -  C  =  i,  D  =5  -  £  =  i,  F  =  -  G  =  i,  //  =  -/=  i. 

578.  The  frequent  use  that  is  made  of  the  decomposition  of  rational 
fractions  renders  the  following  method,  by  which  the  operations  arc 
abridged,  of  great  service. 

Ist  Case.  Factors  unequal.  Let  D  ^si  {x  —  a)  S,  S  being  the  pro- 
duct of  the  other  factors^  all  different  from  x  —  a.  The  derivative 
Ip.  37,  and  N®.  664]  is  l^  =3:  ^^  +  (x  —  a)  ^ ;  we  assume 

^=  -^  +  ^,  whence  A^=  .4^  +  P(x  -  a); 

and  our  present  object  is,  \o  determine  the  constant  A,  without  knowing 
the  polynomial  P.  If  now  we  make  jr  =  a,  and  n,  s  and  d  denote  the 
resulting  values  of  N,  S,  and  D,  on  this  hypothesis  (we  shall  make  use, 
in  what  follows^  of  this  notation),  we  have  d!  :=  s  and  n=:  As;  and 

consequently  A  =^  -  ^=^  --p. 

Hence,  replace  the  denominator  D  of  the  proposed  fraction  hy  its 
derivative  U  ;  then  change  x  into  a,  and  you  will  have  the  numerator  A 

l2 
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of  the  companefit  fraction  which  has  a;  —  a  for  its  denominator.     And 

supposing  D  =s  (j:  —  a)  (jr  —  6)  (a?  —  c)...,  we  must  in  like  manner 

.     N   . 
make  x  :=  b,  c»*,  ia  -=y,  in  order  to  obtain  the  numerators  of 


—       —y,  — ... 

X  —  ox  —  c 

—  5ar«  — 5a:  +  6  N  —  5;c«  — 5jr  +  6 

Foj^  r; — 7r"5 ;~.  ~o~>  assume  ■=-,  = 


ar<  —  2ar3  —  «•  +  2«  D        4ar5  —  6**  —  2a:  +  2  ' 

then,  since  Z)  =  (a:  —  1)  (a:  +  1)  (a:  —  2)  jr,  make  a?'=  1,  —  1,  2  and  0, 
successively;  you  will  have  2,-1,  —  4>  and  3  for  results^  and  the 
proposed  equation  will  thus  be  equivalent  to 

2  1  *       •   ? 

"I     • 


J?  —  1       X  +  I       J?  —  2j: 

1  JV         1 

Let  the  fraction  be  tZTT  *  ^®  ^*^®  D'  ^  fi"* '  '^^^^^  tP'  ®^] 

ijc  _i  =  (z  +  1)  (^  -  1)  (^--.z  +  1)  (z*  +  2  +  1) : 

for  the  two  first  factors,  we  make  2  s=  ±  1,  and  we  have  ±  -  ;  the 

o 

following  factor  gives  z  =  -t  (1  ±  >/  —  3) ;  whence  we  deduce 

2^ 82  _  1  ±^/  — 8 

6(1  ±  >v/-8)=^"~6(16:F  16^/-3)'~  12 

the  two  component  fractions  are  easily  found,  and  being  reduced  to  a 

1       2  —  2 

sinele  one,  we  have  -.  -r r-T«    Lastly,  the  4fth  factor  of  D  indicates 

°  6«*  —  z+1 

that  we  have  only  to  change  x  into  —  ar  in  this  last  result.     And  hence 
1       _  1  /_!_  _  _1 ,         2-2 2  +  2     \ 

jnri""6U—  1  2+1  2'-  2+1  2^  +  2+1/ 

2nd  Case.     The  factors  being  equal.     Let  D  =  (a:  —  a)* ;    if  «  be 
changed  into  a  +  A  in  -^  and  D,  these  polynomials  become  [N<».  503] 

N=zn  +  n'h  +  -J-n'^A'  +  \ n'7«'  +...,  and  i)  ==  A*; 

D 

whence,  dividing  and  putting  x  —  a  for  h,  we  find 

N  _        n  n'  ^ti' 

i)  ""  (j  -  aj  "^  (a;  -  «)*-»  "^  (a:  -  a)*-*  +"" 

Thus,  //ie  proposed  expression  resolves  ilself  into  i — I  fractions,  the 
numerators  of  which  are  tlie  values  of  N,  N',  4- A'"...,  wheji  tve  make 


J 
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3x*  —  7;p  -J-  6 

Take^  for  example.  — -, rr:; — :  since  the  numerator  has  for  deri- 

(a:-l)» 

vatives  6x —  7  and  6^  making  ar  =:  1^  we  obtain  2^  —  1  and  3  for 

numerators  of  the  component  fractions ;  and  consequently 

(x-I)5      ""(or -1)3       (i-.l)«  +  x-.'l' 

But  if  the  denominator  contain  other  factors  along  with  (x  —  of,  and 
we  have  D^:i{7i^»  a)'.  S^  S  being  known  and  not  divisible  by  x  ^  a, 
we  assume 

N  ^      F  P 

whence 

N^P{x^ay+FS. 

Change  x  into  a  +  ^  in  this  identical  equation,  and  develop  [N^  503] ; 
then,  adhering  to  the  notation  employed  above  for  n,  d,  s  and  f,  there 
results 

whence^  comparing  the  coefficients  of  the  same  powers  of  if  on  each 
side  tN».  576],  we  have 

ji^o  =  £/xo  +  ^,y(«-i)  +  4.  /(/  -.  1)  ,'y\«-«)...  +/,(«)  s '"  ^  ^' 

I  denoting  any  integer  <  ».     Thus,  these  equations  give j^ /',/". . .,  and 
consequently  the  development  of  the  first  part, 

>  .^   /    1    f     I    *r 

(x  -  a)       (x  -  o)*  ^  («  -  o)*-'  ^  (x  -  a)<-«"" 

precisely  as  thoagb  the  proposed  fraction  had  had  but  (x  —  a)'  in  the 
denominator.    From  this  last  equation  we  deduce 

F  =/  +/.  ix-a)+  \f".  (x  -  a)«  + ...  (S)  ; 
F  therefore  is  known ;  and  we  have  from  the  equation  (1) 

P      N-FS       N-FS 

This  identity  implies  that  (x  —  a)*  is  a-  factor  of  N^'FS;  the 
division  must  be  carried  into  effect  in  order  to  obtain  the  quotient  P ; 
when  the  2nd  part  of  our  proposed  fraction  becomes  known,  and  must 
in  turn  be  submitted  to  decomposition, 
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Suppose^  for  example,  that 

D  "         {x  -  \y[x  -f  1)  X        ' 

making  or  =  I,  we  Lave 

.9  =  0:"-  + a:  =  2,  ^  =  2a:  +  1  =  3,  iS"  =  2, 
AT  =  5x»  -  13x3  + ...  =  4-,  AT  =  20x3...  =  4^  ^v/  _  jq. 

Thus, 

4.  =  2/,4  =  ^+3/;  10:^2/''  +  6f +  2/; 
and  consequently 
/=2,/'=  -  1,  i/"=:3  J  F«2-(«-l)+3  (x-  l)'=3ar»-7x+6. 
The  product  FS,  subtracted  from  Ny  gives 

2x*  —  9a:3  ^  i5j.«  -  llo;  +  3 ; 

which,  divided  by  (a:  — 1)%  gives  P=:2a;  — 3;  and  it  remains  to 
decompose,  by  the  first  process, 

P_2£-3 

p       2.r 3 

F   From  this  we  have  7^  =  -^ ;  making  x  =  —  1  and  0,  the  results 

*  o        2a:  -f  1 

are  5  and  —  3  ;  and  conscquenfly 

N _  _2 1_        ^S_      _5 3 

5 -(^-.1)3        (*-!)»  + a:- l"*"a:-fl       7 

It  is  observable  that,  in  this  example,  the  shorter  course  would  'have 
been  to  have  determined  the  two  last  fractions  first,  by  making  x  sz  ^t 
and  0  in  A'  and  1/ ;  whence 

N_       F  5 3 

X)- (x-ljs  +  ic+l       X 

Transposing  these  two  last  fractions  and  reducing,  we  now  easily  find 

the  first =  — -J--—,  which  comes  under  the  first  part  of 

this  case,  and  can  very  readily  be  decomposed. 

In  hke  manner,  for  ^  ==  ,.  „  ,^  ,.  3^.  4,  7.  +  q>  ^^^ 
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D SK  (jp  +  1 )« {*-2)  (dp— 3),  we  shall  make  a?B=2  and  SmNmdl/; 
when  we  shall  have  the  fractions  — -  —  — - ;  and  subtracting  these 

from  the  one  proposed^  it  will  remain  to  decompose  •    ,  .  v ^>    But,  for 
this,  we  find  y=s:  *— 1,  /^=1 ;  and  therefore,  combining  these  parts, 

« 

there  results  on  the  whole 

N 1_       ^j 1  1 

D  "  x-2  "^  a?— 3      («+l)*  "*"  «+!' 


RECURRING  SERIES. 

579.  Every  rational  fraction,  arranged  according  to  the  increasing 
powers  of  jr,  and  in  which  the  numerator  iST  is  of  a  lower  degree  than 
the  denominator  D,  may  be  developed  in  an  infinite  series  A  -f  Bx  + 
Cjt'^  +  Dx^:>.  The  actual  division  of  Nhy  D  would  lead  to  t1ils» 
sinee  the  quotient  could  nisver  give  eithex"  a  negative  or  a  fractional 
power  of  X ;  and  this  operation  would  also  make  known  the  coefficients 
A,  B,  C... ;  but  we  prefer  the  following  process,  which  exhibits  the  law 
itself  of  the  series.    We  assume 

reduce  to  the  same  denominator,  and  compare  the  terms  in  which  x  is 
affected  with  equal  exponents;  and  the  equation  thus  becomes  subdivided 
into  others,  which  serve  to  determine  A,  B,C,*.  j^N®.  576].  The  de- 
nominator has  the  constant  1  for  its  first  term ;  but  this  docs  not  at  all 
detract  from  the  generality  of  the  case,  as  N  and  D  may  be  divided  by 
this  first  term,  whatever  it  be. 

D      ^+«ar 
we  have  then 


a^A  +  B 

+  Aa 


x+C 
+  Bi 


x'^  +  D   \x^  +  ,.. 


whence  ' 

a^A,]S  +  A»rsiO,  C+  S«==0...* 

and  the  let  of  these  equations  ^ves  A,  the  2nd  B,  the  Srd  C... 
Generally,  M  and  N  being  any  two  successive  coefficients  of  ouif 
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series^  we  have  N+  Ma  =  0 ;  whence  2V  s=  —  M» :  thus,  any  term  is 
the  product  of  the  preceding  one  by  -^ax,  t.  e.  the  series  is  a  progression 
hy  quotient,  the  ratio  of  which  is  — ax.  And  thus  we  can  form  the 
several  terms  one  after  the  other,  commencing  from  the  first,  il  =  a, 
which  is  obtained  hy  making  a:=0  in  the  fraction  proposed  : 

==  a  [I  —  «x  +  *«  j«  —  ««  a?'...  +  (—ox)*...]. 


l^ax 

The  general  term  T,  or  that  which  has  n  terms  obfore  it,  and  the  term 
of  summation  S,  or  the  sum  of  the  first  n  terms  [N®.  144],  are 

r  =  a  (-ax)",  2  =  a.  ^-(-•«^)\ 

Conversely,  if  the  series  and  the  law  which  governs  it  be  given,  we 

can  readily  deduce  from  it  the  generating  fraction;  for  the  1st  term 

a  is  the  numerator,  and  the  denominator  is  1  —  the  ratio  of  the  pnK 

gression. 

3  ^  i 

For  example,  t — -—,  which,  dividing  above  and  below  by  6,  is 


6  -4^' "' .-"-'^  —  • w^  ^, « --  J  _^, 

gives  the  series  ^  (1  +4  j?+^  a*...),  the  first  term  being  4-  and  the  ratio 
i  X ;  at  the  same  time,  we  find 


r 


_  2«^         ^  Ij^Uf )* 
3»    '  2(l-4)x 

And  if  this  series  and  its  law  be  given,  we  regain  the  generating  frao* 
tion  by  dividing  the  first  term  4-  by  1  —  the  factor  i  x. 


we  have 


^''  rrSr^^  ^'^  +  ^^+  ^*' + ^^- 


a  +  bxssA+B     x+C     x^  +  D     x^ .,. 
-\-  Aa 


:»+  C 

aV+D 

+  JB« 

+  Ca 

+  i4i9 

+  5/5 

•  •• 


whence 


At=a,B  +  A*=zb,C  +  Ba  +  A0r=  0... ; 


and  these  equations  give  A,  B,  C...  successively.     The  first  A^=a  may 
also  be  derived  from  the  assumed  equation  by  making  x  =  0. 

Let  M,  N,  P  be  three  consecutive  indeterminate  coeflScients  of  the 
development ;  it  follows  then  from  our  operatioA  that 
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P+  Na  +  3fe=s0;  whencePar  -^Nct-^Mp: 

and  thus^  any  term  of  the  series  is  deduciblefrom  the  two  preceding  ones, 
hy  multifhfing  the  one  by  —  ax,  the  other  hy  —  fix^,  and  taking  the 
sum.  It  will  be  observed  also  that  these  factors^  subtracted  from  1^  give 
tbe  denominator  of  the  fraction  proposed.  To  develop  this  fraction^  we 
must  first  find  the  leading  terms  A  +  Bx,  either  by  division^  or  by 
means  of  the  equations  A  ^s^  a,  B  ^=-1  —  aa;  and  then^  by  means  of  the 
factors  —  ax  and  —  0a;%  compose  the  following  terms^  one  after  the 
other. 

Conversely^  if  the  series  and  its  law  be  given^  a  very  simple  calculation 
leads  us  back  io  the  generating  fraction,  which  is  the  sum  total  of  this 
series  continued  to  infinity :  1  minus  the  two  factors  forms  the  trinomial 
denominator  1  +  «^  +  0^*;  and  as  to  the  numerator  a  +  hx,  we 
have  a  =  ^>  i  =:  i?  4-  Aa. 

Tale,  for  example, ^ :  dividing  above  and  below  by  —2,  this 

X  "■"  X^^  £i 

fnetion  becomes  r- .\  and  the  factors  therefore  are  —-tar,  ++a?*: 

1+-J.X— ^Jf'  ^71^  * 

we  also  find  ^  1  +  t  x  for  the  two  1st  terms ;  whence  this  series 

-1  +  4ar-  Jar'  +  ^a:'-... 

And  if,  conversely,  the  series  be  known,  t.  e.  if  we  have  the  two  first 
terms  and  the  factors  —  i  x,  +  •}■  x^  these  last,  subtracted  from  1,  give 
at  once  the  denominator  of  the  generating  fraction ;  and,  lastly,  we  have 
a  =  —  1,  6  s=  2 ;'  whence  results  the  numerator. 

Beasoning  in  the  same  manner  for  — -;r-i ;,  we  find  that  the 

l+ax+px'+yor 

first  three  terms  of  the  series  give 

^  =  a,  B  +  i<«  =  *,  C  +  B»  +  -4/8  =  c, 

from  which  equations  we  derive  the  values  of  A,  B  and  C 

The  -following  terms  are  deducible  from  these,  as  before,  and  four  suo 
oessive  coefficients  are  connected  by  the  equation  Q  ==— P»— ^/S — My, 
so  that  any  term  may  be  derived  from  the  three  preceding  ones,  by  mul- 
tiplying them  by  —  «ar,  — /3j:%  —  yx'.  And  conversely,  we  may  revert 
from  the  series  to  the  generating  fraction  which  expresses  its  entire  sum. 
This  law  extends  to  all  rational  fractions. 

580.  yhe  denomination  of  Recurring  is  applied  to  every  series  in 
which  each  term  is  deduced  from  those  which  precede  it,  by  multiplying 
them  by  certain  invariable  quantities;  these  factors  being  called  the 
Scak  of  Relatim.    Thits,  the  sines  an4  cosines  of  equi-difierent  arc« 
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[N°'.  361,  542],  and  the  sums  of  tlie  powers  of  the  rooU  of  equations 
[N**.  553],  form  recurring  scries.  And,  from  what  has  preceded,  we 
may  further  pronounce  every  rational  fraction,  thedenominator  of  which 
is  1  +  oJT  +  i3ar«...  +  fljc*,  to  he  developahle  in  a, recurring  series,  of 
which  the  scale  of  relation  is  composed  of  then  factors  -  «f ,— /5a:',...  —  6x*; 
we  must  first  investigate  the  t  leading  terms,  either  hy  division,  or  hy 
the  method  of  indeterminate  coefficients ;  and  the  following  terms  can 
then  he  deduced  from  them,  one  after  the  other. 
For  example. 

The  first  four  terms  are  easily  found ;  and  singe,  after  dividing  the 
fraction  ahove  and  helow  hy  —2,  we  ohtain  4  a:,  i  a:*,  —  i  x'  and  ^  or*  for 
the  four  factors,  this  scale  of  relation  serves  to  extend  the  series  to  any 
*    length  we  please. 

It  will  he  almost  superfluous  to  remind  the  student  that,  if  the  terms 
of  the  series  go  on  decreasing,  we  make  the  nearer  approach  to  the  total 
value,  as  we  take  a  greater  numher  of  temfs ;  whilst  this  is  not  the 
case  when  the  series  is  divergent,  hut  it  must  be  taken  throughout  its 
whole  extent,  in  order  that  it  may  represent  the  fraction  of  which  it  is 
the  development  [N**.  99  and  488.] 

581.  Let  us  now  turn  our  attention  to  the  general  terms  7  and  those 
of  summation  X, 

The  denominator  D  being  decomposed  into  its  simple  factors,  it 
will  be  easy  to  resolve  the  fraction  propose^  into  others  [N^.  577] ;  and 
if  D  have  no  equal  factors,  these  component  fractions  will  be  reducible 

A  S 

to  the  form  • •, .  ,  ^  . . .,  each  of  which  generates  a  geometric  pro- 
gression. Thus,  the  recurring  series  is  the  sum  of  t  progressions^  the 
terms  of  the  same  rank  being  added  together :  and  consequently,  the 
general  term  T,  or  that  of  summation  £,  is  the  sum  of  those  of  the  pro- 
gressions, which  it  is  easy  to  calculate  for  each. 

In  our  example  of  the  2nd  degree,  it  is  readily  seen  that  the  oompo* 

2  2 

nent  fractions  are  5—  —  i-—- ;  whence  result 

55—0:       1  +  x 

1  +  +  a:  +  *a:^..  +  (4- *)*..•,  and  — 2^1  -  a  +  x«...  (-x)«...]; 

and  adding  the  terms  in  which  x  has  the  same  exponent,  we  again  arrive 
at  the  series  - 1  +  4.  .x  —  ^  x^..,,  the  development  of  the  fraction  pro- 
posed: the  general  term  therefore  is 
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In  like  manner  r— ; — ---t  resolves  itself  into 

1— 4x+3af* 

gJg-  =  4(l+8«+9a:«...)  and  ^^^ --kO+x+x^..); 

and  the  series  required  is  the  sum  of  these  two ;  the  general  term  there- 
fore is  rxa  +  ««(3"+»  -  1). 

2+x+x'  2  A  A 


+"  T  T  • 

._     rn- 5—:  gives 


2-x— fo^+or'       1— a:   '   l+«      2— x 
r=  +  *"[6-F  (-!)•-.  (+)-]; 
and  this  is  the  general  term  of  the  series 

of  which  the  scale  of  relation  is  •—  i  x^^  x*  and  i  x. 

The  term  of  summation  £  is  found  without  any  difficulty  in  these 
examples. 

582.  When  the  denominator  has  equal  factor8>  the  component  fractions 
are  of  the  form 

K  K K  K 


l+«!'  (!+««)*'  (l+oi)'*  (1+fcr)* 
the  general  terms  of  which  have  for  coefficients  [p.  20^ 

r=.  1,  «  +  1,  +  («  +  l)  («+2),  *(«+!)  (n+2)  («+3)... 

and  we  must  likewise  introduce  throughout  the  factor  K  (  — «x}*.    In 
the  example  of  the  4th  degree  [p.  15^'],  the  component  fractions  are 

—4      —*  1  1 


l-^^x'  i+x'  ^  {i-xf  ^  l^x' 
whence 

In  like  matiner 

l+4j:+,t*  _       6  6  1 

gives 
r«  (ii+l)  («+2)  (n+8)  -  8(11+1)  (11+2)  +  (n+l)  «  («+!)'; 
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the  series  is 

58S.  If  the  denominator  I  +  ax  -\-  jSx*...  +  dor*  have  no  equal  fac- 
tors^ it  has  been  just  seen  that  the  series  is  the  sum  of  t  geometric  pro- 
gressions. Let  the  unknown  ratios  of  these  progressions  he^represented 
by  1/,  Zf  /...,  and  their  initial  terms  by  a,  h,  c. ;  the  general  term  of  the 
series  will  be 

T^af  +  6ar"  +  c/"  +..•  (1). 

Lagrange  has  given  this  elegant  mode  of  determining  the  unknown 
quantities  a,  4,  c...  a;,  y^  2...  It  follows  from  the  nature  of  the  recur- 
ring series  and  from  the  form  of  the  denominator  of  the  generating  frac- 
tion^ that  each  term  depends  on  the  %  antecedent  ones,  and  that  in  par- 
ticular any  coefficient  T  is  deduced  from  the  i  which  precede  it,  by 
multiplying  them  respectively  by  — «,  —ft  — y...;  so  that  these 
coefficients^  taken  in  inverse  order,  being  represented  by  6^,  22 .ft  M,  we 
have 

r  =  -  ^«  —  -R^...  -  Md,„  (2). 

If  now  the  general  term  were  only  T  =  fl^%  the  terms  of  the  ranks 
i+A,  ti-A-1...  hy  would  be  T^ay'^\  S^a^^^-\  R  =  a^^^.,., 
M  =s  ay^ ;  whence,  substituting  and  suppressing  the  common  factor  ay^, 
we  should  have 

y + «y- + i9y-* +...  +  ^  =  o...  (s). 

We  must  observe  that  it  is  not  necessary  to  enter  into  any  calculation 
in  ordei^  to  form  this  equation,  since  it  results  immediately  from  the 
given  relation  (2),  or  still  more  easily  from  the  denominator  of  the 
generating  fraction,  by  changing  x  into  y"^,  and  equating  to  zero. 

If,  again,  we  suppose  T  =s  ay*  +  bz*,  we  find  in  like  manner 

an  equation  which  is  satisfied  by  assuming  for,y  and  z  two  of  the  roots 
of  the  equation  (3),  whatever  be  the  values  of  a  and  b.  And  the 
same  reasoning  proves  that  if  the  general  term  T  be  put  under  its 
form  ( 1 ),  the  condition  (2)  of  the  mutual  dependence  of  the  t  consecu* 
tive  terms  of  our  series  is  satisfied,  by  assuming  for^,  z,  /...  the  i  roots 
of  the  equation  (3).  Thus,  then,  the  ratios  of  our  progressions  are 
known ;  and  it  remains  to  find  their  initial  terms  a,  b,  c.  But  we  are 
presumed  to  know  the  first  i  terms  of  our  recurring  series  A^-Bx+  Cx*. . . ; 

and  making  n^Q^l,  2nn  in  the  equation  (1 ),  and  comparing  tho  results 
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with  the  given  quantities  A,  B,  C,,,,  we  shall  have  these  t  equations  of 
the  1st  degree* 

A^a  +  b  +c...,  B=:af/  +  bz  +  cL..,  C  =  atf^+bz\..  (4); 

whence  we  easily  determine  a^  &>  c. . .  hy  elimination^  and  the  prohlem 
is  solved. 

Hence  we  conclude  that,  to  find  the  general  term  T  of  the  recurring 
series  proposed,  or  to  decompose  it  into  i  geometric  progressions,  me  must 
form  and  solve  the  equation  (S)  ;  its  roots  are  the  ratios  y,  z,..  of  the 
progressions,  and  we  must  substitute  these  roots  for  y,  z...  in  the  equa- 
tions (4),  which  will  then  give  a,  b,  c... 

In  the  example  of  the  2nd  degree  [p.  1 53],  the  series  is  —  1  +40?  — ^or*. . .; 
the  denominator  x^— x— 2,  or  rather  the  scale  of  relation  —  4-  and  +  -f, 
gives  1  —  ^  —  2y^  =  0 ;  whence  ^  =  i  and  —  1 ;  thus  our  equations 
(4)  become 

—  1  =Ba-f6,  4-  =  tA-~^>  whence  a  ==  1^  6  =  -.  2, 

and  lastly,  T  =  (4)*  —  2  (  -1)-,  as  before. 
The  example  of  the  third  degree  |[p.  155]]  gives  this  series 

1  +  0?  +  2x3  +  i a'  +  1  j^,,,  . 
we  find 

l-%-i^*  +  2y«=:0,^  =  ^and  ±  1; 
then 

l=a  +  i  +  c,  l=ia— 6+c,  2  =  ^a  +  *  +  c; 
whence 

a  r=  —  4,  6  =  ^,  c  =  2,  r  =  &c. 

When  the  denominator  has  k  factors  equal  to  Jt  —  A,  besides  the 
terms  ay*,  bz*.,,,  arising  from  the  unequal  factors,  there  will  be  others 
also  of  the  form 

(fl'  +  b'n  +  c'n\..  +f'n^')  a^*"*"*; 

the  coefficients  a',  b',,.  are  found,  as  above,  by  assuming  n  =:  0,  1,2..., 
and  comparing  the  results  with  the  initial  terms  A  +  Bx  +  Cor*... 
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584.  We  shall  commence  our  developments  of  transcendental  func> 
tions  with  that  of  the  exponential  a*. 
Making  a  :b  I  +  ^,  the  formula  of  the  bitiomial  gives 
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this  being  arranged  in  respect  to  ^,  the  only  term  without  x  is  1^  and 
the  exponents  of  that  letter  are  all  integral  and  positive ;  so  that  we 
may  assume 

a's=:l-{-kx+  Ax^+  Bx^  +  Cx*+...  (1). 

To  obtain  kx^  It  is  evident^  from  the  inspection  of  our  general 

tenn>  that  to  derive  the  term  of  its  product  in  which  x  is  but  of  the 

Ist  degree,  we  must  confine  ourselves  to  tho  second  terms  of  the  bino- 

,--                  ,      X. —  1.— 2...  •*.-(«— 1)     .  v"x      4 

mial  factors,  or  take    — -r ^  ^»  =    ±  ^ — ,  the  sign 

being  +  if  n  is  odd.     The  aggregate  of  all  these  products  is  kx,  vi«. 

*  =5^ -- iJ^*  +  ^y— -^y*- (2), 
y  being  a  — •  1 ;  thus  k  is  known,  and  we  must  now  proceed  to  find 

These  constants  still  remain  the  same  when  x  is  changed  into  z ; 

so  that 

a*  =  1  +  ^  +  i4««  +  Bz^  +  Cz\.. 

Make  «  =  x  +  t,  and  subtract  (1) ;  then 

a*  —  a*  +  a*+*  —  a*  =  a*,  a^  ^  a*  ^  a'  (a*—  1 )  gives 

a*  (a*-l)  «  («-x)  [*  +  ^  (z+x)  +  B  (2«  +  2x  +  x')...] ; 

the  general  term  being  []N°.  99] 

P  (s»-x*)  =  P(z-x)  (2-->  +  xz^...  +  X,-')- 

But,  according  to  equation  (1),  a*  —  1  =  Art  +  -4t\.. ;  so  that  the  two 
sides  of  our  equation  are  divisible  by  » ^s  z  .—  «  ;  whence 

a«(*-h^«V.O  =*  +  -^(«+*)  +  ^(2*  +  zx  +  x')... 

This  being  premised,  let  the  arbitrary  quantity  j  sx  0,  or  z  ss  x,  and 
replace  o*  by  its  value  (1) ;  we  find  then 

(1  +  kx  +  Ax^  +  J5x»...)  Ar  «=  ^  +  2^x  +  S5x«...  +  (m+  1 )  Px"..,  ; 

whence 

2i^  s=  p,  SB  ==  ^i4,  4C  =:  itB,  5B  =s  AC... ; 

the^se  equations  being  multiplied  consecutively  in  order  to  eliminate 
A,B,C.B*,  the  results  arc 

2i4  =  jfc«,  2.  3  J5  ==  P,  2.  3. 4  C  =  it*,  &c. ; 
and,  finally, 

"'  =  ^  +  ** + ¥ + 1?- + air;-  ^^^- 
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585.  The  equation  (2)  gives  k  in  tenns  of  ^  or  a.  On  the  other 
hand,  to  find  a,  when  k  is  known^  we  must  make  d?  =  lin  (A J ;  whence 
a=l  +  iEr  +  iA;*  +  iP«** ;  and  this  series  and  (2)  are  the  develop- 
ments of  the  equation  which  expresses  2*5 
in  finite  terms  the  connection  between  3rd  term  ...  0-16666  66666  66 
oBoik:  this  equation  we  shall  now    *th  O^O^iee 66666  66 

;«^.^-«*^     TU«Vo  it  —  1    Rn^  Ipt  P    5th  0-00833  33333  33 

investigate.    Make  k^  I,  «^nd  let  e    ^^^^  0-00138  88888  88 

represent  the  value  then  assumed  bj    ^^^  0-0001984.126  98 

thebasea;  e=;2  +  i  +  i  +  Vr—         8th  ...♦ 0-00002 48015  87 

The  calcuktion  of  this  number  is    9th  0-00000  27557  32 

easily  effected  in  the  manner  we  see    &c * 

at  the  side,  each  term  being  deduced  e  =  2-71828  1828459 

from  the  preceding  one,  by  dividing  by  3,  4,  5.i.,  as  follows  from  the 
nature  of  this  series.  But,  on  the  other  hand,  or  being  quite  arbitrary, 
we  may  assume  kx^l  in  (/t) ;  when  the  2nd  side  becomes  =s  e,  and 

consequently  a*  «  e.  Thus  c*  «  fl,  and  this  is  the  finite  equation 
which  connects  A  and  o ;  A  w  the  logariihm  of  a,  taken  in  the  system 
of  which  the  base  is  e.  This  base  e  is  the  one  usually  adopted  in 
algebraical  calculations,  in  on  account  of  the  greater  simplicity,  which, 
it  will  be  obvious,  must  thence  ensue.  The  logarithms  taken  in  this 
system  are  styled  Napierian ;  we  shall  for  the  future  designate  them 
hf  the  symbol  I,  continuing,  as  in  N**.  146,  to  indicate  by  Log  that  the 
base  is  any  arbitrary  number,  and  by  log  that  this  base  is  10. 
Taking  the  logarithms  on  each  side  of  the  equation  a  ==  e^  we  have 

(S)  kss   ■  ^^,>«  the  base  being  any  number  6 ; 

^  Log  e 

(4)  k=:la^=i  nap.  log.  a...  the  base  being  e; 

(5)  k  =  = .••  the  base  being  a ; 

'  Log  e 

and  these  are  the  different  values  that  may  be  taken  for  k  in  the  equa- 
tion (A). 
When  we  take  the  base  a  =  e,  ^  is  1,  and  we  have 

H^  X^  X^  ' 

The  base  being  any  number  b,  we  must  take  the  first  value  of  k, 
Log  fl  =  A-  Log  e ;  and  since  «  =  1  +  y,  the  equation  (2)  l)ecomes 

Log  (1  +  y)  =  Log  Ki^  -  T^*  +  iy  -  ^y- )-  (O- " 
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Add  Log  k  to  each  side^  and  assume  Ay  =  2 ;  we  have  then^  h  and  z, 
as  also  the  base  of  the  system,  being  any  whatever. 

Log (h+z)  a  Log  A  +  Log  e  Q  -  |-  +  |- ^...  (D). 

But  when  the  logarithms  referred  to  are  the  Napierian,  Log.e  changes 
into  I  ess  I,  since  this  factor  is  now  the  log  of  the  base  itself  of  the  sys- 
tem considered  QN*'.  146,  1*^2*  whence  the  equation  (C)  becomes 

^  (1 + y) =^  -  iy*  +  iy  -  ^y...  ; 

and  consequently 

thus  we  change  the  Napierian  log  into  those  taken  in  any  other  system 
base  b,  by  multiplying  the  former  by  Log  e  [N^,  148^.  This  constant 
factor.  Log  e,  is  what  is  called  the  Modulus;  ii  is  tfie  leg  of  the  No* 
pierian  base  e  taken  in  the  system  b,  or  it  may  otherwise  be  defined  to 
be  Unity  divided  by  the  Napierian  log  of  the  base  b,  since,  from  equations 

(4)  and  (5),"  we  have  Log  c  =  -  =  -;.     We  shall  shortly  proceed  to 

k        lb 

calculate  this  factor  for  any  given  system  of  logarithms. 

5B6.  Before  the  equation  ( C)  can  be  applied  to  the  calculation  of 
the  log.  of  a  given  number,  the  series  must  be  rendered  converjgent. 
Now,  making  the  modulus  Log  e  =s  3f ,  the  equation  (C),  when  y  is 
changed  into  — ^,  gives 

Log  i^-V)  =  -^  ^  (5^  +  ^y*  +  *y  +...)  ; 
and  this  being  subtracted  from  (C),  there  results 

Log  ({^)  =  2M(y  +  iy  +  iy  f  iy...).M  {E). 

It  is  at  once  evident  that  if  this  fraction  • be  equated  to  any 

positive  number  N,  y  will  be  <  1 ,  and  the  series  consequently  will  be 
convergent ;  but  this  efifect  will  be  enhanced,  by  assuming 

1+v  z  '  1 

— ^  = ,  whence  1/  i= . 

i-^y       zl     '     "^"^^  J^       2jg_ 

The  first  side  becomes,  on  this  supposition,  A  =  Log  s— 'Log  (s— 1)^ 
t.  e*  it  is  the  difference  of  the  log  of  the  consecutive  numbers  z  and 
s— 1;  and  we  have 
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Thus^  the  modulus  M  having  heen  detennmed^  we  shall  easily  calcu* 
late,  one  after  the  other>  the  logs  of  the  integers  2,  S,  4.** ;  since  the 
▼alae  A  of  the  difierence  between  these  logs  is  highly  conyergent,  and 
becomes  the  more  so  as  the  number  z  increases.  And  if  the  system  to 
be  formed  be  the  Napierian^  M  or  Loge  becomes  /e  s=  I^  so  that  A  is 
▼oyeasQy  calculated^  and  a  table  of  Napierian  logs  can  thus  be  composed 
irithout  any  difficulty. 

As  to  the  value  of  M,  it  depends  on  the  systemfor  which  the  logsare 

Napiman  log  of  the  base  a*    If^  for  example^  a  ss  10^  we  shall,  in  the 
equation  (F),  make  M^l,z^2;  and>  12  =  0-69314718 

a  being  s=  0,  we  shallhave  A  =s  t2;  the  M  =  188629436 

double  of /2  is  tt;  2  =  5  wfll  then  give     A  for  a  =  5  =  0'223US5S 

6,  and  we  shall  finally  obtain /lO.    The  (5  =  itJ!?t?Z?i 

1    1  ^      -v^ip  •  ^      w         .  ^2  =  0-69S14718 

^'mlatiffn  itself  is  annexed*     We  must 

DOW  take  the  quotient  of  1  by  liO;  and 

we  thus  find 


no  =  2-30258509 


3fs  0-43429  44819  03251  82765> 

Log  3f  ss  T-63778  43113  00536  77817, 

Compl.  s=  0-36221  56886  99463  22183, 

e  s  2-71828  18284  59045  23536. 

Had  S  been  the  base  of  the  system,  after  having  obtained  i2,  we 
ihoold  have  made  s^3,  when  we  should  have  had  13  ss  1*09861229 ; 
and,  lastly, 

Af  =  l  :  »  s=  0-9102892. 

And  similarlyj  for  the  base  5, 

ilfsxl  : /5  s:  0-6213349. 

It  will  be  easy  now  to  form  the  tables  of  logarithms  of  Briggs  andCallet. 
The  base  a  a  10;  the  value  of  M  enhances  the  convergence  of  the 
seiies  {F) ;  and  when  9  exceeds  100,  the  2nd  term  may  be  neglected,  the 
1st  sofiking  to  give  A  with  8  decimals.  It  will  be  necessary  to  calcu- 
late 2  or  S  decimal  figures  beyond  those  which  we  propose  to  retain,  in 
order  to  avoid  the  accumulation  of  errors.  At  the  same  time,  we  need 
commence  only  from  z  ss  10000,  since  the  inferior  logs  are  easily  de- 
duced from  the  others ;  and  when  z  exceeds  12000^  we  may  neglect  the 

lin22 — l,anda5sume  A=  — ■ 

% 

roil.  XI.  ** 
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For  example,  z  e  1CXX)1  gives  A  «  0*00004>S485 ;  wbenee  log 
10001  a  4*000043425.  For  s  «  99857  we  hflye  A  »  0O00004349, 
and  tihiB  must  be  added  to  log  99856,  to  obtain 

log  99857  =  4-9998785. 

It  is  to  be  observed  also  that,  for  the  consecutive  logs,  the  difference 
continues  the  same  for  a  certein  extent  of  the  table  QVol.  I.  p.  IOO3 ;  and 
It  will  only  be  necessary  therefore  to  calculate  the  values  of  A  from  one 
distance  to  another.  Thus  z  »  99840  gives  the  same  number  A  (the 
value  above)  as  for  z  s=  99860 ;  and  consequently,  limiting  ourselves  to 
9  decimals,  A  is  constant  for  the  interval  of  these  two  values  of  b. 

Having  given  the  logs  of  two  numbers  B  and  C,  to  find  that  cf  B±C, 
Of  this  problem,  the  following  solution  is  given  by  M.  Legendre,  in  the 
Conn,  des  Temps,  for  1819. 

C  being  <  B,  if  we  assume  f  a  -^,  logf  is  known;  and  we  have 

log  (J3  ±  C)  =  log  B  +  log(l  ±  f)  =  log  5  ±  M*  —  i  M^K.., 

where  M  is  the  modulus,  and  its  log  therefore  supposed  to  be  known. 
When  9  is  very  small,  this  series  very  easily  resolves  the  question.  But 
if  the  degree  of  convergence  be  only  slight,  we  look  out  for  a  number  a 
near  to(p;  let  ^  be  the  difference  between  their  logs,  we  have  then 

log?=:>,^  =  10«,(p  =  a.lO«=:a(l+  itJ  +  «.)- 

And  }  may  be  supposed  so  small  that  we  are  at  liberty  to  neglect  S*, 
which  gives  1±9=(1  ±a)(l  ±  •  1 ;  and  taking  the  log  and 
developing,  we  find,  since  M^  =  1, 

log(5±C)«logB  +  log(l  ±«)  ±  j^, 

observing  that  the  ±  must  correspond  on  the  two  sides. 

For  example,  log  sin  d  being  =  1*2216164,  let  logcosObe  required. 
Since  cos6  =  V  (1  —  sin'd),  we  have  log  cos^  ^  4-  log  (I  •  -  ain*  •) ; 
andl  -  sin«a^vesB=:  1,  logflssO,  Cs=sin«e. 
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•  s=  9»  95'  «r  log  C  ..  5-4.4«2S28  a  log  f 

Awnmc  a  s=  0O2774...  log  a...  24481065 
1  —a  as  0-97226  >  «  0-0001263 

log  a 2*4431065 

]og^ ilO140S4 

log(1-fl)...-i'9877824, 1-9877824 

6-5567275      3rd  term... 0-0000036 

log(l-sin«d)...f-9877788 

half...! -9938894  sr  log  cos  0 

This  process  is  especially  useful,  when  we  wish  to  carry  on  tlie  calcu" 
lations  with  a  great  numher  of  decimals. 
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587.  Let  h  be  proposed  to  develop  sin  x  and  cos  x  in  series  of  ascend- 
ing powers  of  or, 

■in  «  s  Mtx?^  +  M'o?*'...,  coso?  =  ATaJ*  +  N'jp"'.m 

In  the  first  place>  since  x  =  0  gives  sin  a:  =  0  and  cosx  =  1^  it  fol- 
lows that,  making  x  =  0,  these  series  must  reduce  themselves,  the  one 
to  zero,  the  other  to  1 ;  and  no  negative  exponents  therefore  can  be  ad« 
nutted  for  Xy  since  a  term  such  as  Kx"^  would  become  infinite  for  x=:0. 

Moreover,  cosx  has  the  constant  term  1,  so  that  N  s=  1,  n  =  0:  sin  x 
bas  no  such  term ;  but  it  has  been  seen  [N*.  362]  that  unity  is  the 
limit  of  the  ratio  of  the  sine  to  the  arc ;  whence  it  follows  that  the 
series 

at 

must  be  of  the  form  i—^jp  decreasing  indefinitely  with  x.  It  is  clear 
therefore,  since  the  constants  parts  must  destroy  each  other  indepen- 
dently of  the  others,  that  we  must  have  Mx^^^'sa  1^  vi;;.  Mas  ],  ms=l  ; 
snd  consequently 

sinx  =  X  +  Af' x*'  +  ...,  cosx  =  1  +  A"' a'... 

Substituting  these  values  in  the  equation  sin^  x  +  cos*""  x  =:  ]  ^  we 
fiirthcr  find  that  n'  =s  2,  and  2iV'  =  —  1  ;  thus,  making  «  =a=  2,  we 
may  assume  these  series,  in  which  the  coefficients  and  the  exponents  are 
to  be  determined : 

cos  X  =s  1  -f  Ax^  +  C^y  +  Ex*  +•••, 

sin  X  =  X  -h  J?x«  +  Dx*  +  Fx*  +  ... 

m2 
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Let «  be  now  changed  into  x+  h,  in  Pain  a;  +  Q  oosj;,  and  the 
expression  developed  acooiding  to  the  powers  of  x.  This  operatioa  may 
be  carried  into  effect  either  by  developing  the  binomial  according  to  x, 
and  then  replacing  xhy  x  +  h;  or  by  first  changing  x  into  x  +  A  in 
this  binomial  and  developing ;  and  the  two  results  a  +  6h  +  cA*.«», 
a'  +  b'h+  c'  h^»0  must  be  identical,  whence  b  ss  b'.  Let  this  double 
calculation  be  executed,  attending  only  to  the  Ist  powers  of  h,  which 
will  be  sufficient  for  our  purpose. 

P.  Psinx+  Qco8x=sP(x+Baf ...)  +  Q{l+Ax»  +  Cjy...), 
when  x  +  his  put  for  x,  gives  for  the  coefficient  of  k  (each  term  is  a 
derivative),  [N«.  50S], 

ft  =r  P(l  +  0Bxfi-'  +  >2)x*r»...)  +  Q  (•^^•->  +  y  Cxr-i...). 

2^.  X  +  A  being  first  put  &r  x  in  the  binomial,  we  have 

P  (sin  X.  ocmh  +  mnhcMx)  +  Q  (cos  x.  cos  A  ~  sin  x.  sin  A) 
es  (PBinx  +  Qcosx)  cos  A+  (Pcosx  —  Q8inx)sinA. 

But  cos  A  s  I  +  Ah\**,  sin  A  =:  A  +  Bhf ... ;  whence,  substituting 
and  retaining  the  terms  in  A  alone,  the  first  part  will  not  give  any 
thing,  and  from  the  other  there  will  remain  for  the  coefficient  only 
ft'  =  P  cos  X  —  Q  sin  X. 

Equating  these  values  of  the  coefficients,  since  P  and  Q  are  arbitrary, 
the  equation  b^stb'  divides  itself  into  two : 

cos  X  s  1  +  /3Bx^-*  +  >Dx*-»  +  fFx^->... 

=  1  +-^ar«+  Cxr  +  Ex* ... 
sin  X.  SB  —  2Ax  —  yCxy""*  —  i-Ex^'.., 

ss  X  +  J3x<»  +  2)x«  +  Pxt . . . 

Now,  in  these  identical  equations,  the  same  terms  must  be  found  on 
each  side :  the  comparison  of  the  exponents  gives 

/S- 1  3=2,  y  -  1  =ft  >«  1  =7,  •  ~  1  =>,  ^  -  1  STf,...; 

whence 

/9  s=  S,  y  «t  4,  )  ss  5,  f  •*  6,  f  ss  7... 

the  exponents  of  the  series  for  sin  x  following  the  order  of  the  odd 
numbers  1, 8,5...,  those  of  cos  x  the  order  of  the  even  numbers  0,  %  ^... 
And  it  will  be  easily  seen  that  this  ought  to  be  the  case ;  since,  chang- 
ing x  into  —X,  the  values  of  sin  x  and  cos  x  must  remain  the  same, 
except  that  the  sign  of  sin  x  must  be  changed.  The  coefficients  being 
next  compared,  we  have 
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wbenoe 

*1  1         "-     1  ^1 

588.  These  series  give  the  smes  and  cosines  of  an  arc>  the  length  of 
which  is  X,  the  radius  of  the  circle  being  1.  Suppose  the  drcumferenoe 
2v  to  be  known  [N^.  591];  then 

v:  x:  llBOP  :  numberof  d^preesof  area?;  , 

wx 
and  substituting  in  our  series  r^  instead  of  or,  the  letter  x  will  denote  the 

wmther  cf  degrees  fjfthe  arc  x,  and  our  series  will  become 

onx  =  Jx—  Bx?  +  Ca:*...,  cosx  =  1  —  il'x^  +  B'ar*... 

The  calculation  of  the  coeffidents  gives 


log  i<- =5-24187736759 
bgB  =:7-947480852-^ 
log  jf  =4-1827247395 
log  B  =9-58729823 


logC  =1MS020559| 
logD  =17'990711  — 
log  C  =14-59S982-. 
log  IX  =19-329498 


]og£  =22.61715 
logf'  =27-05950— 
kg  JSr  =25-85901  — 
bg  F  =30-22219 


589.  But  the  calculatbn  of  the  sines  and  cosines  is  by  no  means  so 
important  as  that  of  their  logarithms.  Let  S  be  the  constant  difference 
of  the  arcs  of  the  table  to  be  constructed;  then  any  arc  x  will  be  of  the 
fonn  Illy  whence 

mxLx  as9t)(l— ^ii*2*to)>cos.a;  as  1  — 4>n*2*-f  .## ; 
and  making 

^  z"2j  7  2^15-'  ^'^  "^  r  2^"" 

we  have 

Taking  the  logs  of  thete  expr^ssiofas  in  any  system,  the  modulus  o^ 
which  is  if  [N^.  586].  we  find 
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Log  §01  X  =3  Log  nJ  ^  Af  (i^  f  i^'  +  i  y\..)» 

Log  cos  x  =  -  3f  (s  +  i  -^  +  4  2^••) ; 

and,  finally,  replacing  i/  and  2  by  their  values,  we  have 

"        ^        MP  „      -MS*     ,       MP    . 
Logsm.:=Log(nJ)-    2:3- «-"  4:5:9  «  "gSJr'*- 

MP  ,      Ml*    ,      AfJ«   , 

Logco8x=5  ^"2"'*        sT  "  ■"  Ol""'" 

If  the  base  of  the  logs  be  10,  and  the  arcs  of  the  table  proceed  from 
10"  to  10^',  as  is  the  case  in  the  tables  of  Callet,  I  is  the  length  of  the 
arc  of  10",  or  the  64f800th  of  the  semi-circumference  » ;  and,  from  the 
values  of  w  and  of  M  given  in  N-.  59 1 ,  566,  we  End,  after  going  through 
the  calculation,  that 

log  sin  a:=log  2+ log  «— ^»*— JSn*...,  log  cos««5— 4V— iJ'w*—  ; 

where 

log  J    =   5-68557  4.8668  23541  log  B  =  20-12481  12735 

log  A  =  10-23078  27994  564  log  B'  «  19-80090  3SS26 

log  A'  =  i()-70790  40492  84  log  D  s=  40-54489  2 

log  C  =  30-29868  045  log  D'  =  38-95143  2 
log  C  =  2809802  100 

Thus,  for  the  arc  of  i%  or  16300",  we  have  n  -«  1620. 

log  S  =5-68557487   log  ^=rd-2307828    log  5=20-124811 3 
log  n  =3-2095 1 501    log  /*''=  6-4190300    log  n*  =  12-8380600 

-0-00044649  "46498128  g-96287J3 

-000000009  -,,  ,.  ,  „i,f«.*o^ 

^ The  corresponding  numbers  are  suqtractea. 

log  sin  4.o30'=2-80464330 

W  A'  «  fa7079041  log  B  =  793009025  -0O0133947 

logw*  =    6-4190S00  log  «*=  12-8380600  -0-00000138 

J-1269341  Tl  389625  —0-00134085 

Complement  «  log  cos  i""  SO'  al -9986591 5 

If  we  witsh  to  have  log  i?=lO,  we  must  add  10  to  the  characteristics 
[see  N*».  362].  The  kjgarithms  of  the  tangents  and  cotangents  are 
obtained  by  simple  subtractions. 

Since  7*  is  continually  increasing,  our  series  will  scarcely  answer  the 
purpose  beyond  12**,  as  they  become  too  slightly  convergent  We,  in 
fact,  employ  them  only  as  far  as  5®;  beyond  which,  we  have  recourse  to 
the  following  process. 
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Wthare 

sin  (x  +  >)  _^  ainjcooi>  +  rio>cc»j? 
sinx       "*  mnx 

«Beot}4-  dnLcotx  a  000^(1  4-  tan). cotx); 

and  taking  the  logaritlimsj  the  1st  side  is  the  difference  A  between  the 
logs  of  the  sines  of  the  arcs  x  +  ^  and  x,  viz. 

A  =logcos}+  3f  (tan),  coto;— <T  tan^S. cot^x  +  i.-*)* 

Reasoning  in  the  same  manner  also  for  cos  (x  +  I),  we  find  that  the 
diffoence  between  the  logs  of  the  consecutive  cosines  is 

A'  ss  log  cos  )  *  M  (tan  }*  tan  or  +  4-  tan^  ).  tan^  x  +  i,..). 

If  BOW  we  limit  oorseives  to  9  decimal  figares^  and  take  $  =  i(f\ 
the  only  term  of  these  series  that  gives  significant  figures  is  the  Ist^ 
whence 

A  s  3f  tanS.  cotx^  A' =  —  3f  tan  2.  tan  «^ 

and  we  have 

log  (ill  tan»)  s  5S233591788, 
When  S  is  l^  we  have 

log(M tan 8)  :=:  4*10151043. 

Thus,  commencing  from  the  arc  «  sb  5^  of  ^ieh  we  are  presumed 
to  know  the  sine,  cosine,  tangent  and  cotangent,  we  shall  be  able  to 
calculate  all  the  sines  and  cosines,  successively^  by  means  of  their  «oih 
secutive  difi'ereuces  A  and  A^  either  from  10^  to  lO'^  or  from  1'  to  1' ; 
and  thence  to  deduce  the  tangents  and  cotangents.  Suppose,  for 
example,  that  x  =  10^  lO' SO^;  then 


log  cot  X  as  0*7459886 

constant «  5'328859g 

40693480 

A  ssooooinsi 


log  tan  s  SB  T*25401 12 
5*3233592 

6'5778704 
A' «  -  0000003779 


The  remark  will  apply  here,  as  in  p.  162,  that  the  quantities  A  and 
A^  are  the  same  for  a  certain  extent  of  the  table. 

To  avoid  the  accumulation  of  errors,  we  take  the  precaution  of  calcur- 
lating  terms  at  different  distances,  making  them  points  whence  to  com- 
mence our  opmitions.  The  equation  nn  2jr  ss  2  sin  x  cos  x,  which 
gives 

log  sin  2x  =  log  2  +  log  sin  j;  +  log  cos  «, 

will  serve  for  this  purpose* 
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Since  we  have  sin.  45^^  =  -^  \/  2,  and  tan.  45^  s  cot.  4*5^  s  1,  we 
may  conunence  from  this  arc  and  calculate  rin.  4*5^  ±10^;  these  two 
complemental  arcs  will  reciprocally  have  the  sine  of  the  one  for  the 
cosine  of  the  other;  from  them  we  shall  deduce  their  tangents  and 
cotangents ;  and  then  pass  on  to 

45«  ±  W,  45«  ±  3(r,  &c. 

590.  The  series  (G)  and  (H)  heing  compared  with  the  equation  (B), 
it  will  he  seen  that  their  sum  is  e*,  except  as  to  the  sign  of  every  two 
alternate  terms.  But>  let  x  he  changed  into  ±  x  %/  —  1  in  the  develop* 
ment  (B)  of  e*;  since  then  %/  —  1  has  for  its  powers  v^  —  1,  —  1, 
—  %/  —  1^  +  1>  and  these  values  recur  periodically  on  to  infinity,  the 
signs  of  the  terms  will  on  this  supposition  he  found  to  he  the  same  as 
those  in  the  series  G  and  H\  and  consequently 

c^*^"*  ss  cos«  ±  -\/  —  1.  sin.*..,  (/). 

Let  these  two  equations  be  first  added  and  then  subtracted ;  and  we 
have 

whence 

tan«p  :£: 7 7 ^ 

01*,  multiplying  above  and  below  by  c^""*, 

tan  X  23S 7 — -  • 

(^-»+ 1)^-1 

These  expressions  we  must  regard  simply  as  analytical  results,  in 
which  the  imaginary  quantities  have  but  an  apparent  existence,  and 
must  d^ppear  immediately  on  the  calculation  being  carried  into  efl^« 

In  conclusion,  changmg  x  into  nx  in  (/),  we  have 

e±«»v -1  scosnx±  \/  —  1.  sin  war...  (L) ; 

but  the  1st  side  of  this  is  the  n^  power  of  the  equation  (/);  and  we 
therefore  have,  whatever  be  the  value  of  «, 

co&nx  ±  >/—  l.sinna?=a (cos «  ±  \/  —  !•  ^n ^)*—  (-M). 

These  formulse  are  of  continual  use ;  but  we  shall  at  present  confine 
the  application  of  them  to  the  solutbn  of  triangles.    Making 

2  -a  e^->,  t!  B=  (r^^\ 
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we  find 

cmC  =  +(2  +  *'),  rinCV  — 1  =+(2-/). 

If  now  A,  B,C  heibe  three  angles  of  a  triangle^  and  a,  b,  c  the  odea 


opposite,  we  have 

atixkB^btaxiAmmb9in{B'\-  C); 

whence 

miB   "        «^"'     b  AaC 
=:  tan  B  =s 


Gosfi  ^    a  — ioQsC 

the  latter  of  these  equations  leads  to 


ilmn  this  we  have 

and|  finally,  (rom  equation  (D), 

But  the  farmuht  (L)  gives 

a^  as  cos  mC  +  \/  —  1  sm  wC,  «^  as  cos  mC  —  \/  —  1  sm  mC; 

whence 

a« —8^  tas 2  ^  -  1.  sin mC; 

and  inhstitutbg  and  soppressbg  the  common  factor  2  ^y  —  1,  therd 
results  • 

B«*  8inC+s^*sin2C+T^  8m3C+... 
a  2a'  8a' 

Agidflj  the  equation 

<i»  a  fl«  —  2o4  cos  C  +  i*  =s  A*  —  fli  (2  +  2O  +  *• 

reduces  itself,  2/  being  s  ]^  to  c*  ss  (a  —  (2)  (a  —  62^).    Taking  the 
logarithms,  we  obtain 

2bgc«21oga-Jtf[j(2  +  «')  +  ^(2^  +  2^.o]| 

and  since  2*  -t«  fi^  s  2  cos  mC,  we  have 

logdsslogo  r^(-  oosC  +^;  eos2C  +  §2;5  cobSCm.V 
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Theae  two  series  serve  for  the  solution  of  a  triangle,  in  whicb  b  is 
very  small  in  respect  to  a,  the  ttvo  sides  a  and  b  and  the  included 
angle  C  being  known. 

591.  Taking  the  Napierian  bgarithms,  ihe  equatiim  (/)  gives 

whence,  subtracting  these  two  equations  one  from  the  other,  and  obserr- 
ing  that  smx:=cosx.  tan«»  we  get 

cos^  —  >/ «  1.  sino;  Vl «"  v — l.tanx/ 

But  the  development  of  this  logarithm  is  given  by  the  formula  (E) 
p.  160;  and  suppressing  the  common  factor  3  v^  —  1,  we  have  this 
expression  for  the  arc  x,  when  we  know  its  tangent, 

a:  s=  tan  a:  —  i  tan'  x  +  i  tan*  a:  —  |  tan' «,..  (N). 

This  formula  will  serve  for  finding  the  ratio  9  of  the  circumference 
to  the  diameter.  Two  arcs  x  and  jf,  die  tan  of  which  are  i  and  -^ 
respectively,  have  ibr  the  tm  of  their  sum 

tan.(*  +  a/)  =  -iill  =  l; 

and  this  sum  consequently  is  «  -f  «'  *»  4'5^  If,  tberefoie,  in  iN),  we 
make  tan  J?  =  -^,  then  tan  x'  =  4-,  and  add  the  results,  we  shall  have 
the  length  of  the  arc  of  45®,  which  is  the  quarter  of  the  semi-circam- 
ference  v  of  the  circle,  the  radius  of  which  is  1 : 

Series  still  more  convergent  may  be  obtained  by  Machia's  method. 
Take  the  arc  x,  the  tan  of  which  is  f ;  then  [L,  N®.  359^ 

^  Stand:  ,  ^  2. -A- 

tan 2j;  =s =  wV.  tan ^x  ss        ■  ■      .  ==  4»g  - 

l-tan«a:       ">  i«i*-r        i_(^)«^"Ht* 

this.arc  therefore  differs  very  slightly  from  45^ ;  and  A  being  the  excess 
of  it  above  45®,  or  ^  =  4d?  —  45®,  we  have 

J      tan  4a:  —  1 

tan  A  ^  _— : —  =  -y^-if 

1  +  tan  4a;  ' 

Consequently,  if  we  make  tan  op  s=  f  and  repeat  the  series  {K)  four 
times,  we  shall  have  the  arc  4x ;  in  like  manner  tan.  A  =  -r^  will  give 
the  arc  A ;  and  subtracting,  we  shall  obtain  the  arc  of  45®,  or 
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We  have  |;i?eii  [N^  248]  the  result  of  these  calculations  with  20 
decimal  figures:  v  s  S'lil59  265S5  8979S, 

log  V  =  0*497149872694,  Im  =  M  447298858494. 

592.  Make  x^hf  in  equation  (/),  k  denoting  any  integer;  then 
sin.  X  ss  0,  008*  X  ss  dc  1>  as  Ir  is  eren  or  odd,  and 

e±*trN/-i  =  ±  1,  whence  /(  ±  1)  =  ±  *»  v'  -  1 ; 

and  multipljing  by  the  modulus  M,  and  adding  the  numerical  value  A 
of  log  a,  we  find  from  this 

Log(i:a)  =  il  ±kMw^  -  1, 

k  being  any  even  number,  if  the  expression  be  that  for  Log  (  4-  ^)»  ^^ 
my  odd  one  for  Log  (—  a).  Hence,  eti^  nmmber  hat  an  infinite 
nmnber  qflog9  in  ike  smn^  syslem  /  ihese  hgs  are  aU  imaginary  if  the 
number  be  negative  i  when  it  it  fo^ive,  a  Hngk  one  ie  reaL* 

593.  Let  us  now  develop  sin  ^z  and  cos*2  yi  terms  of  the  sines  and 
cosines  of  the  arcs  z,  2z,  S^.**     Assume 

cos?  +  v^  —  1.  sin^-'sr^y,  cos2  —  >/  -  l.siazsBv;' 

then yv n  1,  2 cos. 2 wtg  ^  v;  and  I,  u,  A\  A''*^*  b^ing  the  ooegicients 
of  the  pow^  tt,  we  have,  whatever  n  be, 

2"cos«5  sK^  +  t/y"-«  +  iiy-*  +  A"%f^... 

But  the  equation  (M)  gives  ^  =  cos  As  +  ^/  —  I.  sin  fa,  and. 
hence 


•  From  «>>«(-.  ft)*,  we  deduce  2  Log  a  -t  8  Log  (-*-  a) ;  bat  we  must  not 
hence  eoodude  with  D'Alembert,  that  4-  a  end  ^  a  here  the  same  logsrithinii. 
For,  k  and  /  being  even,  we  have 

Loga  ^A±  kMfcJ^\  and  «  ^  ±  Wir^-1, 

whence,  by  addUion,  2  Log  a  -  2^  ±  (i  +  0  ATv  V-  1  $  and  in  like  mannen 
K  and  (  bdng  odd,  we  find 

2  Log  (-a)  «2^±(A'+r)'ar»V-L 

fiut  ii  is  evident  that  this  latter  expression  is  comprised  in  the  former,  from  H  ^t 
being  an  even  number,  without  our  haviug  at  the  same  time  2  Log  (—a)  generally 
s  2  Log  a  I  that  Log  a  may  be  real,  it  is  incumbent  that  A  —  /  ■*  0 ;  whereas  A',  Z', 
bciiig  odd.  cannot  lie  «»  0 ;  and  we  consequently  can  never  have  Log  «  -  Log  —  « 
in  real  numbers. 

D*A]embert  therefore  ought  to  have  inferred  nbthing  more  than  that,  among  the 
imaginary  log  of  +  a  and  «  a,  there  are  some  which,  added  two  and  two,  give 
equal  snms. 
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2"00S*2  =  C08«2  +  tfC08(«  —  2)  Z  +  it'cOB  (tf  -  4)2...  (P) 

±  >/  —  lCrin«2  +  ttsm  (tt  —2)  2  +  il'8in(tf-'4)z...]. 

The  ±  arises  from  >/  —  1,  which  always  admits  of  this  douUe 
sign.  When  «  is  integral*  oo6*z  can  have  but  one  value;  and  thete 
two  expressions  must  therefore  be  equal,  and  the  series  will  conse* 
quently  reduce  itself  to  the  Ist  line  (P).    But  if  «  be  fractional,  as 

«  sss  there  will  be  a  root  to  be  eii^racted,  which  admits  of  n  values ; 
ft 

in  this  case  if  we   take  for  z  the  values  s,  z  +  ^r,   z  +  4«r.«. 

z  +  (n-^l)9,  oosz  and  the  Ist  side  will  continue  unaltered,  whilst  the 

developments  will  be  different,  the  ^  —  1   remaining  where  it  is 

proper ;  and  these  will  be  the  n  values  required. 

To  obtain  sin'z,    let  z  be  changed  in  the  preceding  series  into 

90^  —  z.    Denoting  tr,  « -~  2,  »  —  4«..  by  A,  so  that  h  shall  represent 

the  foctors  «  —  2  d?  of  the  arc  z  on  the  2nd  side,  the  cos  te  will  on  this 

supposition  become 

cos  (i  Av  —  hz)  »  cos  i  A«.  cos  Az  +  sin  ^hw.  tan  hz. 

Let «  —  2j;  be  now  reinstated  for  A;  and  the  arc  4-A«r  will  become 
4.  vtt  —  vdir,  or  i'  vtf,  since  we  may  add  to  the  arc  any  number  of  semi-i 
djtoQmferenoes,  observing  only  to  take  the  sine  or  the  cosme  with  the 
proper  sign.  Reasoning  in  the  same  manner  for  the  sines  of  uz, 
(ft  —  2)  £••*,  and  denoting  the  cosine  and  the  sine  of  the  arc  4^  m  by 
C  and  S,  we  find  that  the  change  of  z  into  90^  —  z  corresponds  to 
that  of  cos  z  into  sin  z,  and 

of  cos  (tf  -~  2j;)^z  into  ±  (CcosAz  +  'S'sin  hz), 
of  sin  (tt  — 2jc}  z  into  ±  (£•  cos  Az  —  Csin  Az}, 

taking  the  sign  +  if  j;  is  even,  and  —  when  x  is  odd.  We  must, 
therefore,  niake  A  =  «,  u  —  2,  u^  4...,  and  take  the  successive  results 
with  the  signs  +  and  —  alternately ;  and  hence  we  shall  have 

S«Sin"Zas(C±  v'-1.5')[c0SMZ— ttC08(«— 2)z4-il'co8(tt— 4)z...] 

4- (54^  V-l.  C)  [8in«z-ttsin  («-2)2  +  il'sin(tt-4)z...] 

When  «  is  an  integer,  since  sin^z  has  but  one  value,  these  two 
developments  are  equal,  and  the  two  imaginary  terms  must  conse« 
quendy  destroy  each  other.  There  will,  however,  be  two  cases,  as 
C  and  S,  the  cos  and  sin  of  the  multiples  of  the  quadrants  4-  im,  re« 
duce  themselves  to  sero,  to  +  1  or  to  —  1,  accordingly  as  u  is  even  or 
odd. 

P.  If  ti  is  even,  SszO;  C  is  + 1  for  Ut^in,  and -I  if 
«Mlfi-fS;  whence 
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±  2*  tin  *2  B  COB  »z  —  »  cos  («  —  2)  z,*» 

But  the  coefficients  of  the  binomial  fonnula  are  the  same  at  equal 
distances  from  the  extremes.  Moreover,  the  arc  which  has  x  terms 
before  it  is  tt  —  2j?  ;  whilst  that  which  has  x  after  it»  has  tc  —  j?  before 
it^  and  is  consequently  u  --  2  (u  —  d?)  =»  ->  (»  ~-  2^;) ;  the  cosines  of 
these  arcs  therefore  are  also  the  same  two  and  two,  and  thus  the  terms 
of  the  series,  added  together  two  and  two,  become  divisible  hy  2,  with 
the  exception  of  the  middle  term ;  consequently^  v^  A\  jt...  denoting 
the  coefficients  of  p.  6,  we  have 

±  2*"*8in»a=costt«  —  ttC08(tt  —  2)«  + ii'cos(w  — 4)  s.m  (Q); 

where  the  development  must  be  continued  only  as  far  as  the  middle 
tenn,  which  is  constant,  and  tf  which  we  must  take  the  half  [[See  p.  S 
for  the  value  of  this  coeffidentj.  The  sign  +  is  to  be  adopted  when 
« it  of  the  form  4in,  and  the  sign  — ^  if  ti  s  4n  +  2. 

2"*    If  tr  is  odd,  C^O,Sss±l,  and  we  have 

±  2*sin*2  ^  sin  ttz— tt  sin  (« — 2)z... ; 

the  arcs  equi-distant  from  the  extremes  are  still  equals  only  with  con« 
traxy  signs ;  and  since  the  sign  of  the  coefficient  also  results  different^ 
the  terms  can  again  be  added  two  and  two;  and  we  have 

±  2^*  8in"s  ss  sin  »z  —  tr  sin  («  —  2)  2  +  il^  sin  («  —  4)  «...  {R). 

The  development  must  be  continued  to  the  middle  term,  which 
contains  sin  z,  and  of  which  we  no  longer  take  the  half;  the  sign  't- 
is to  be  nsed  when  u^etin  +  I  and  the  —  when  ti  k  4f»  4-  3* 

3^  and  lastly :  the  series  (P)  also,  when  u  is  integral  and  positive, 
presents  terms  which  admit  of  bemg  added  together  two  and  twoj  and 
we  have 

fi»-i  oos*z  =  cos tixr  4-  »cos(tt  — 2)«  +  il'oos(ti  -  4)z  +..•  (S); 

confining  the  series  to  podtive  arcs,  and  taking  the  half  of  the  middle 
term  (which  is  constant),  when  u  is  even. 
Hence  we  easily  deduce  the  following  equations : 

2C50S«ZS=C0S22  +  1, 

4  cos's  s5  cos  Sz  +  3  COS  z, 

8  co8*z  =  COS  4z  +  4  COS  2z  +  3, 

16  OOS^Z  a  COS  5z+  5  COS  SZ  +  10  COS  z, 

32  cos^z  =  cos6z  +  6cos4z  +  I5cos2z  +  10,  &c. 
—2  sin^z  =  cos  2z  —  1 
mtm^  sin'z  s  sin  3z  —  3  sin  z, 
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8  8in*«  sss  COB  ♦«  —  4^  C08  22  +  8, 
16  m^M  as  Bui5;»  —  5  nn  32  +  10  sin  k, 
.^S2«in*iffttscog6  2  — 6oo6  4z+  15co8  22  — lOj 
&o.  a&c* 

594>.  Convenely,  to  develop  the  sines  and  cosines  of  the  multiple 
ores  according  to  the  powers  of  sin2  s  s^  cos2  «  c,  we  have^  for  the 
2nd  rfde  of  the  equation  M  [p.  16S],  (e  +  >/  —  1.*)*;  which  heing 
developed  hy  the  binomial  formula,  we  arrive  at  an  equation  of  the 
form 

COSn  2  +  V  —  !•  •"»««  SB  P  -^  Q  i^  —  1 ; 

and  since  the  imaginary  parts  must  mutually  destroy  each  other,  this 
equation  separates  itself  into  two;  cos9i2  =s P^  ginffz ss  Q,  the  first 
containing  all  the  terms  in  which  #  </  ^  1  is  affected  with  even  ex- 
ponents: thus,  n  being  intend  or  fractional,  positive  or  negative,  we 
have 

cosnzsrc*  — n.-^-c^#«+  -^ o^J ^c»-**^  — ... 

sin  ««  =  ncT-^  s — r/\ ^cT^  *»  +  -i: — ^:  i  :  \ c^^  *^—  — 

Hence,  «  being  s:  sin  s  and  c  =  cos  s,  we  have 

cos  22  SB  c*  —  ^,  sin  22  ss  2c#, 

cos  3z  =s  c'  ^  3  M*,  Rin82  as  3c'*  —  #', 

cos  4z  :=  c*  —  6c'  **  +  *  S  sin  4z  =  4c'  *  —  4cj^ 

cos5s  =  c*  -  10c^#«+  Sen*,  sin52a=5c**—  IOc«*'  +  *% 

cosSzssc^*—  15c* *«+  15c***-  *«,  sin6z  =  6c^*— 20c'*'  +  6c*^ 

&C.  =  &C.  &C.  ss  &C. 


595.  In  these  formule,  the  sines  are  interspersed  indifferently 
with  the  cosities ;  but  others  may  be  found  in  functions  of  the  sine 
alone,  or  the  cosine.  Since  the  arcs  z,  22,  5z...,  form  an  equi-diffinv 
ence,  the  sines  and  cosines  constitute  a  recurring  series  [[N^  361]^  the 
factors  of  which  are  2  cos  z  and  —  1 .  And  in  like  manner,  if  the 
arcs  proceed  from  2  to  2,  viz.  z,  Sz,  5z*.»,  or  O2,  2z,  4z... ;  the  factors 
are  2  cos2z  and  —  1,  of  which  the  former  2  co822  =  2  (c*  —  *") 
s:  2  —  4rs\  Thus,  commencing  from  cosOz  =  1,  sin  O2  ^  O^  cos 
z  ss  c,  sin  z  =3  s,  we  shall  have  no  difficulty  in  forming  the  recurring 
series  that  follow,  of  which  we  know  the  two  1st  terms  and  the  law 
CN«.  580]. 
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m2zsss  (2c),  cob2«  =  2c«  —  1, 

snSz=^*  (4c«  —  1),  CO8S2  =  40*  —  Sc, 

sin  42  =  #  (8c*  —  4c),  cos  4«  =  8c*  —  8c«  +  1, 

rin5z  =  #(16c*  — 12c«+  I),         co«5z  =  16c*  —  SOc^  +  5c, 

im6z  =  *(32c*  — Sacs  +  Sc},        cos  6z  =  82c«  -  48c<  +  18c«  -  1, 

an  7z  =  *  (64c«-80c*  +  24c«-l),  &c. 

sm22  =  c(2«),  coftfttttl -Sj», 

8m4zs=  c(4#—  8**),  cos4«  =  1  -.  8jr«  +  8^, 

01162  =  c(6*-  32*5  4.  32**),        CO862  =  1  -  18#«  +  48**  -  S2i«, 

an82  =  c(8*-80*»+192**-121*7),         &c    &c. 

im  Sr  =  8*— 4*5,  cos  82  =  c  (1  — 4*«), 

am  52  =s  5*— 20*»  +  16**,  cos  5z  =  c  (1  — 12*«+ 16**), 

sin  7z  =  7*-56*3  +  112  *5-64*^  cos  72  =  c  (1  — 24**+80.f*-64*«), 

&C.  =  &C.  &C.  s  &C. 

As  to  the  law  of  these  equations,  it  is  demonstrated  in  the  eleventh 
section  of  the  Calcul  de*  Fanclians,  where  Lagrange  finds  these  gene- 
ral formula: 

sin  «2  =  *  [(2c)-'  -  («  -  2)  (2c)«-3  +  («  -  3)  ^^  (2c)"-^ 

««»»«-  (&)•-«(&)—+ ii.izl(&)--_i,.!;=f.iz5  (frtrt 

,      (n  —  5)...(«  —  7)  ,-,  *..      ^  , 
"**  **  ^ 2X4 v^^)^*"  =*=  ^>  ®'  "^' 

When  »  is  even,  we  maj  assume 
an  «2  =  c[if*- «. -^-j-*' +  n.-^-y -^-y-**.M  (2*)«-'], 

,       n«  „  .   ««  »«-2«   ,       »«  n^2«  «»-4«  ^ 
cos«2  =  l--**  +  ..^^*4-.^.^^.^-^*«...^(2*)«; 

and  when  n  is  odd, 

cos  »2  ±=  c  [1  - --p-^  *^  + -J--5- . -^-j- **...  (2*)»-']. 
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INVERSE  METHOD  OF  SERIES. 

596,  Having  given  the  equation  yss^x,  in  which  f  x  is  a  Beries, 
our  object  now  is  to  find  x  =  jF^  in  a  series  arranged  according  to  5. 
If  this  latter  series  have  a  known  form^  as,  for  instance^ 

nothing  more  will  be  requisite  than  to  determine  the  coefficients 
A,BsC,,.  And  for  this  purpose^  the  series  and  its  powers  must  be 
substituted  in  the  proposed  equation  y  =sfx  for  x,  x\  x'..*,  when  we 
shall  have  an  identical  equation,  which  we  shall  sub-divide  into  others, 
by  comparison  of  the  terms  in  which  ^  has  the  same  powers ;  and  these 
equations  will  make  known  AfB^C*** 
Let 

y  =  JIf  (x  —  ix«  +  ■Kc'  —  ix*)— ; 

there  can  be  no  doubt  as  to  the  preceding  series  in  y  being  suitable 
for  X  ;  for  ^  is  the  log  of  1  +  x,  or  «»  =  1  +  x  ^see  N®.  585] ;  and 
we  shall  therefore  substitute  for  x  the  series  Ay  +  By^.^t,  when  there 
results 

|p  =  i!y+J9y«+Cy+  Dy* forx* 

-  iAy  -  ABy^  -  (+  B«  +  AC)y* for  -  ^x', 

+  ^Ay  +  A*By* for  +  ^x^, 

—  i'Ay for  —  ix*, 

whence 

consequently 

I    ^     A*  ^      A^    ^        i4* 


il-^,J?=  2'^'"2:^'^""2T3~4'"' 


and,  finally. 


^   .  Ay    Ay  .  Ay 

^2ff     2   ^  2.3^2.8.4, 


••• 


In  like  manner, ^sx— *x^  +  x^  —  x^«t«  gives,  by  reversion, 

«=^  +  y'  +  y'+y*— 

It  seldom  happens,  however,  that  we  are  thus  acquainted  i  priori 
with  the  form  of  the  required  series  x^=Fy;  when  that  is  not  the 
case,  the  powers  of  y  must  be  indicated  by  letter8,asx  =  Ay.  +  ByP  + 
Cxr  «•.,  and  we  shall  then  have  to  determine  both  the  coefficients  and  the 


INVERSE    METHOD   OP   SERIES]  177 

exponents,  from  the  consideration  that,  after  the  substitution  in  j^=  9  x, 
each  term  must  be  destroyed  by  others  in  which  y  is  of  the  same  power. 
This  is  the  plan  that  we  have  followed  in  N*.  587. 
Let     • 

and  assume 

X5=ii^«+  By+  Cyy , 

a,fi,y.»»  being  increasing  numbers-  We  have  not  introduced  a  term 
devoid  of  y,  .because  ar  =  0  corresponds  to  ^  =  0.  This  value  being  now 
substituted  for  x,  it  will  be  seen  that 

1*.  The  exponents  2,  S,  4.«.  that  x  had,  forming  an  equi-difierence, 
those  a,  ft  y...  of  y  must  equally  form  one ;  since,  the  development  being 
effected,  the  powers,  a:*,  «*•••  will  evidently  possess  the  same  property, 

2».  When  «  and  /3  are  found,  y,  >.*  will  follow  from  them. 

3®.  The  term  b  which  y  will  have  the  least  exponent  is  ^  A*y*';  and 
this  term  must  correspond  to  the  1st  side  y,  whence  2a  s  1,  4.  ^*  sz  1 ; 
and  consequently,  asz^.  Ass  4/2. 

4*.  The  terms  which  have  the  next  lowest  exponent  being  ABy*+fi 
and  -i^il^y-,  in  order  that  they  may  correspond  to  each  other,  we  must 
have  «  +  /3  =  8«,  or  /3  SB  f ,  and  consequently,  y  as  4,  J  »  4,,. ;  vi*. 

a:  =  V  +  -5/  +  C/  +  &c. ; 

by  a  renewal  of  the  calculation,  we  ^all  easily  find  A,B,C.,,;  and 
their  values  give 

In  this  manner 


1.2.3  ^  1.2...5       1.2...7'" 
appears,  by  reversion,  under  the  form 

and,  the  calculation  being  completed,  we  find  [see  N^.  800] 

*  —  Jf  T  2  3  T  2^^  5  -r  2.4,6,7  7"  5i.*.6.8.9  "' 

From  a:  aa  ay  +'  iy*  +  ^'  + ...,  we  obtain 

X      bx^  .  S6«— flc   ,  ,  5fl&c-a*rf-56^^ 

V  =s  -  —  -r  +    ■■  a:'  +    ■  „  jr«> 

^       a'  _^      fl^         ^^  a7 

V9Ii,  II.  N 


|~E"^^HS^»«S;^Be^W^^^*"'-'»    ■  i  ».  J     ■!      I.  I  ■  *p"""         .     mw^—'-'^mt^m  >     "lu  ■■ 
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The  aeries  x^ay  +hy^  +  cy*  +  <ify—  givei 

X       bx^   .   36*— flc    ,  ,   8  flic  -  «•  d- 126' 

Lastly,  y  =  x^  -  i  a:*  -  i  «■*  -  -iV  a:*  -  T.-hr  «*... 

gives  « «  i*/+  i^y^  Qf  •••  ; 

and  subsequently^ 

i-«      --^      »4      -^ 
fsjy  — ^  +5^  -y  ... 

Should  the  proposed  equation  be  of  the  form  y  ^  a  +  bx  +  cjc^..^,  it 
will  be  advisable,  for  the  convenience  of  calculation,  to  transpose  a,  and 
to  make 

^"7    =  *>  whence  «  =s  a?  +  ^  «*  +  i^*"  * 

and  then  to  develop  a?  in  terms  of  «.  We  shall  conclude  with  referring 
to  N^711,  where  we  have  discussed  the  subject  of  the  inversion  of 
series  in  the  most  general  manner. 


EQUATIONS  OP  CONDITION. 

597.  Whilst  the  law  that  governs  a  physical  phenomenon  is  known 
and  expressed  by  means  of  an  equation  ^  (x,  y...,  a,  6...)  as  0,  it  fre- 
quently happens  that  the  constants  a,  b,  c...  are  unknown,  x,  5^...  being 
magnitudes  variable  with  the  circumstances  of  the  phenomenon.  In  this 
case  recourse  is  had  to  experiment  for  the  determination  of  a,  6yc... ; 
simultaneous  values  o£xty,z..,  are  measured,  and  substituted  in  the  equa- 
tion ^  =  0 ;  the  experiment  is  then  repeated,  and  other  values  observed 
for  X,  y,z, . .,  which  gives  fresh  equations  qfconditiofihetween  the  unknown 
constants  a,btC...,  and  these  constants  then  become  known  by  elimination. 

But  the  values  gained  by  observation  never  being  quite  accurate,  the 
numbers  a',  6',  c\>,,  which  we  thus  obtain  for  a,  b,  c...,  can  only  be 
considered  as  approximate;  so  that  in  ^^0^  we  must  assume  assza^+A, 
6=:6'+£...,  and  proceed  to  determine  the  errors  ^1,  B..*,  with  wbich 
a,b.*>  are  affected.  At  the  same  time.  A,  B.,»  being  very  small  quan- 
tities, we  shall  be  authorized  to  neglect  their  higher  powers ;  and  thus 
the  equation  (p  =  0  will  qotitain  the  unknown  quantities  A,  J?..«  only 
in  the  1st  degree,  and  will  appear,  for  instance,  under  the  form 

O^as  +  Ai^  +  Bz  +  Ci...  (1). 


EQUATIONS  OP  CONDITION. 

We  then  compentate  for  tbe  inaccuracy  in  the  nieaniroi  of  x,  y, 
by  tlte  number  of  the  ubMrvationa.  The  experimeDt  being  repe 
ttrenl  times,  we  obtain  ai  many  equatiuia  (1),  in  which  x,t/,  z... 
known ;  these  equation!  we  oomparo,  and  combine  one  with  anothei 
as  to  arrive  at  a  mean  equation,  in  which  one  of  the  oonstants  has 
gieatest  factor  possible,  whilst  on  the  contrarjr  the  other  factors  are 
■mall ;  when  the  resulting  error  in  the  iletenninatloQ  of  tlie  coeflicj 
win  be  yery  connderahly  reduced.  And  ai  many  of  these  equatioi 
condition  being  derived  as  there  are  unknown  quantities,  elimination 
readily  give  the  values  of  A,  B.., 

This  method  ia  practised  In  attnnony ;  but  it  is  inferior  in  poir 
KDoney  to  that  of  the  least  tquares,  proposed  by  M.  L^ei 
which  compensates  for  the  letigth  of  the  calculations  by  the  precisio 
the  remits.  Suppose  that  observation  have  given  valuei  of  no  very  { 
eiactnen  far  «,  y,  >.•• ;  these  being  substituted  in  the  equation  ( 1 ) 
lit  side  will  not  be  zero,  but  a  very  small  and  unlinown  qiianti 
Other  experiments  will  in  like  manner  give  the  errors,  e',  <f...  c< 
ponding  to  the  valuei  ^.y...,  x",y",,.,  viz. 

e'  =  /  +  .<y  +  Bz\...  e"=  *"  +  Af  +  B:"...,  &c. ; 
nd  forming  the  gum  of  the  iquares  of  these  equations,  we  find,  wr 
down  only  the  terms  in  A,  since  the  others  have  the  same  form, 
e*  +  e^  +  <^...  is 

=^if-y  y-)  +  2-i  {xy  +  y^'...)  +  2AB  (^i...)  +  2AC 

Thb  2nd  nde  has  the  form  }t*m  +  2^»  +  i;  and  will  be  the 
possible  when  ^  is  so  taken  that  the  derivative  shall  be  notl 
Am  +  B  =  0  [see  N".  140,  II.,  and  717]:  thus,  considering  only 
constant  and  unknown  factor  A,  we  have 

xy  +  I'y...  +  ^  {y  +  y...)+BCyj+y  ='...)  +  c(y...)  &c.  = 

whence  it  appears  that  tack  of  lite  equalims  (I)  i^  condition  m» 
mulUpUed  by  (he  facta-  y  ffA,  and  the  sum  equaled  to  zero.  The  fi 
^  must  have  its  proper  sign  continued  to  it.  Prucecding  in  the  . 
manner  for  B,  €•••,  we  shall  obtain  as  many  equations,  similar  to 
ai  there  are  unknown  constants;  these  equations  will  alt  be  of  th< 
d^ree,  and  the  process  of  elimination  will  be  attended  witl 
difficulty. 

For  example,  it  appears  from  the  principles  of  Mechanics  that,  in 
latitude  V,  the  length  of  the  umple  seconds  pendulum  is  x=A  +  B  si 
A  and  B  being  certain  invariable  numbers,  which  it  is  required  t< 
Icnuine.  For  this  purpose,  it  might  suffice  carefully  to  mcasun 
lengths  X  in  two  difierent  latitudes  y,  when  we  should  obtain  two  t 
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tions  of  condition  that  would  serve  to  determine  A  and  B.  But  the 
accuracy  of  the  results  will  be  much  greater,  if,  as  M.  M.  Mathieu  and 
Biot  have  done,  we  measure  or  in  six  different  latitudes,  and  treat  the  six 
equations  of  condition  according  to  the  preceding  method.  The  quan- 
tities ^ + B  sin  *^—  ap>  expressed  in  metres,  give  these  six  errors, 

A+  B.  0-3903417— 0-9929750,  A  +  B.  04932370-0-993474O 
A^B.  04972122— 0*9934620,  A^-B.  0-51361 17—0-9935967 
A^B.  0-566772 1  -  0'9938784',        ^+  B.  0-6045628  -0-9940982. 

Since  the  coefficient  of  ^  is  1,  the  equation  which  corresponds  to  it.is 
formed  of  the  sum  of  the  six  errors :  for  B,  we  must  multiply  each 
trinomial  by  the  factor  which  affects  D^vand  add  the  six  products; 
whence 

6^  +  -B  X  3-0657375  -  5-9614793  =  0, 
A  X  80657375  +  B  X  1-5933894  -  3-0461977  =  0. 

Elimination  then  gives  A  and  B ;  and  we  finally  have 

a:=:0-9908755  +  Bsm.^,  log  J5=a3-7238509,  -8=0-0052941816. 

See  the  Conn,  det  Temps  for  1816,  where  M.  Mathieu  has  discussed, 
by  this  method,  the  observations  on  the  pendulum  made  in  difierent  places 
by  the  Spaniards* 
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ANALYSIS  APPLIED  TO  THREE  DIMENSION 


I.— SPHEBICAL  TRIGONOMEXaY. 


FUNDAMENTAL  PRINCIPLES. 


598.  Three  pknes  MON.  NOP,  JtfOF  [fig.  7],  which  pan  tt 
the  centre  of  a  sphere,  determine  a  tzihedrsl  angle  0,  and  cut  the  i 
in  great  circles,  of  which  the  arcs  CA,  CB,  A  B  fonn  a  spherical  ti 
ABC;  the  plane  angles  of  the  trihedral  O  are  Teipectively  meaiu: 
tbe  ades  or  arcs  c^  this  triangle,  vis.  NOP  by  AB,  MON  hy  AC, 
bj  BC.  The  angle  C  at  the  triangle  is  measured  by  that  wl 
rormed  1^  two  tangents  at  C  to  the  contignoiu  arcs  AC,  BC 
iitae  tangents  bang  situated  in  the  planes  of  the  arcs,  form  the  di 
an^  NOMP  of  the  planes  thentaelveD,  i.  e.  measure  the  inclinat 
tbe  iitce  NOM  to  POM.  Hence,  Ihe  plane  atigkt  rf  ike  Irika 
are  nuasured  bg  the  tides  tf  ihe  spherical  triangle  ABC,  and  the 
nalioru  ^  the  face*  are  the  angle*  tfthi*  triangle. 

The  problems  in  which  certain  part*  of  a  i^erical  triangle  being 
it  is  proposed  to  find  the  other  parts,  are  precisely  the  same  with  tl 

which,  k:nowing  some  of  the  elements  of  a  trihedral,  we  wish  to 
the  others.     There  are  sir  elemenU :    three  angle*  A,  B,  C,  at 

three  opponte  tide*  a,  h,c,qfthe  tpherical  triangle  ;  or,  otherwise. 

plane  angle*  a,  b,  c,  and  Ihe  three  oppotile  dihedral  angles  A,  B, 

the  trihedral  under  eonsideraiion.  And  any  threeof  these  six  parts 

given,  the  qtiestion  it  to  determine  the  three  others. 
Now,  let  visual  radii  be  directed  to  any  three  distinct  points  M, 

in  space,  as  to  three  stars,  for  instance ;  these  lines  then  will  1 

edges  of  s  trihedral  0,  the  ccmstitueiit  dements  of  which  will  be  tl 

I  iphttieil  x^gfjt'ABC,  ibnaed  hj  th«  um  of  gtwt  Qiidci  thi 


182  ANALYSIS    OF    THREE    DIMENSIONS: 

the  points  in  which  these  edges  pass  through  the  surface  of  a  sphere  of 
arbitrary  radius,  but  having  its  centre  in  0. 

On  these  grounds  the  following  theorems  may  be  demonstrated : 

1^  Every  plane  angle  of  a  trihedral  being  less  than  two  right  angles, 
each  side  of  any  spherical  ifidngle  is  <  18&.  Each  angle  also  is  less 
than  two  right  angles;  as  follows  again  from  the  polar  triangle  [see  N®. 
599  below]. 

Whenever,  tlierefore,  the  result  of  a  calculatioa>  for  finding  the  value 
of  an  itttgle  ot  side  of  a  triangle,  shall  be  an  arc  >  180^,  this  solution 
must  be  rejected  as  impossible. 

QP.  Since  the  sum  of  the  plane  angles  of  any  polyhedral  angle  is  less 
than  4  right  angfas  CN^^tlO]>  lk€  iUm  ^  iht  ihree  ^d€M  of  any  spheric 
cal  triangle  is  less  than  S60^.  The  trihedral  angle  of  a  cube,  composed 
of  three  right  angles,  shows  thAt  VBX^  Side  of  a  spherical  triangle  may 
equal  and  even  exceed  90**. 

3^.  Two  spherical  triangles  are  equal  when  the  three  angles,  or  the 
three  sides,  or  two  sides  atid  the  included  angle,  or  two  angles  and  the 
adjacent  side,  are  respectively  equal  each  to  each*  These  theorems,  as 
also  the  two  following,  may  be  demonstrated  in  the  tame  manner  as  for 
the  rectUlnear  triangles  [N*».  198]. 


4*.  In  a  ^pheriotU  ifMceles  iriangie,  the  tifual  nmffks  «re  oppokUe  lo 
ifte  equal  side^,  and  (he  eonwr^  ;  and  the  arc  let  faUJrvm  fhe  f^ertex 
perpendfcnhrty  en  Me  itue,  bisects  this  bast  and  ike  angle  ct  the 
vertex, 

S\  In  any  spherical  triangle,  the  greatest  angle  is  always  opposite  to 
the  greatest  side,  the  mean  angle  to  the  mean  side,  and  the  iemsi  to  ths 
least, 

6*.  Any  one  side  is  always  kss  ihnn  the  sum  of  (he  two  others,  hnd 
greater  ikan  tkeir  difference :  for  the  sum  of  two  plane  angl^  of  b  trihe- 
dral exceeds  the  third ;  whence  tt<64-c,  5<a+r,  and  consequently 
«  >  6  —  c»  Hence  also,  the  semi^sum  of  the  three  sfdes  efa  triangle  is 
always  greater  than  aity  xme  sidei 

599.  Let  our  trihedral  0  be  cut  by  three  planes  req^tivelf  peipeii** 
dicular  to  tlie  edges ;  these  planes  will  determine  a  second  trihedral  O 
opposite  to  the  tirst  i  and  the  plane  angles  of  the  owe  tinU  Ac  ike  sufffle" 
ments  rfthe  dihedral  cmgks  rfthe  other,  and  the  ixmverse* 

For«  AOB  being  {%  8]  one  of  the  faces  of  the  proposed  iriliedral-0^ 
if  AA\  BA'  be  the  lines  in  which  it  is  cut  liy  the  two  fliMs  y>yhidl^ 
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ctdar  to  the  edges  OA,  OB,  and  therefore  to  the  face  OAB,  the  angles 
AfBai  the  quadrUateral  AOBA'  will  be  right  angles ;  and  consequently 
the  angle  A  will  be  the  mipplement  of  O.  But  our  two  cutting  planes 
ire  frees  of  the  new  trihedral  C/,  the  straight  line  O  A\  in  which  they 
iatersect  each  other^  being  an  edge  of  (hiA  body ;  and  the  dihedral  angle 
formed  fay  these  planes  is  evidently  measured  by  the  angle  AA'  B,  since 
the  plane  AOB  is  perpendieukr  to  them.  Thus,  the  plane  angle  O  of 
the  first  trihedral  is  the  supplement  of  the  dihedral  angle  A'  of  the 
second ;  and  the  same  may  be  said  of  the  other  faces ;  consequently,  the 
plane  angles  of  the  one  O  are  the  supplements  of  the  dihedral  angles  of 
the  other  O'. 

And  the  converse  is  true,  since  the  trihedral  (/  may  be  considered  as 
the  one  proposed,  and  0  as  the  one  constructed. 

Hence  we  conclude  that 

W  The  sum  of  the  three  angles  of  any  spherical  triangle  is  always 
comprised  between  2  and  6  right  angles.  For,  each  of  the  dihedral  angles 
A,  B,  C  being  lees  than  3  right  angles,  their  sum  A+B-^-C'w  less  than 
6  right  angles.  On  the  odier  hand,  since  each  of  the  dihedral  angles 
AjB,  C is  the  inn^Lement  of  the  plime  angle  eorxe^onding  to  it  in  (/^ 
we  have  A^  B+  Cs=6  right  angles  —  the  sum  of  the  three  plane  angles 
ioO^;  and  Ance  this  latter  sum  is  <irjghtangleSiWehave^+£+C'>2 
right  angles. 

2^.  The  two  trihednds  0  and  O^  determine  two  spherical  triangles, 
such  that  the  angles  of  the  one  are  the  supplements  of  the  sides  of  the 
other,  and  the  converse. 

Hamnggivena.  spherical  triangle  ABC  of  which  the  sides  are  a,  b,  c, 
we  may  always  construct  another  A'B^Cf,  with  the  sides  </,  b',  c,  such 
that  the  angles  A,  B,  Ccflkejirsi  shall  be  the  supplements  of  the  respec^ 
live  sides  a\  V,  <fqfthe  second,  and  the  converse,  vis. 

a'  =  180?  -A,  6'=  180*  -  B,  c'  =  180»  -  C...  f  I), 
A'  =  180*  -  a,  F  =  18(r  -  A,  (?—  180*  -  c...  (2). 

The  triangle  thus  formed  is  called  the  polar  or  supplemental  triangle 
of  the  first. 

These  equations  am  of  great  importance,  for  they  reduce  the  six  pro- 
blems of  Spherical  Trigonometry  to  three.  Are  the  given  quantities,  for 
instance,  the  three  angles  of  a  triangle  ABC}  To  find  a  side  tf,  take 
instead  of  this  triangle  the  supplenmntal  one  A'B*C,  of  which  we  shall 
know  the  three  sides  etyV,  c'  from  equ.  (1) ;  and  having  found  one  of  its 
angles  A',  we  shall  thence  be  able  to  deduce  the  side  a  of  the  proposed 
triangle,  it  being  ^equ.  2]  =  180^  —  A\    Thus,  when  able  to  solve  a 
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triangle  of  which  we  have  the  three  side8>  we  shall  be  able  also  to  solTe 
that  in  which  we  know  the  three  angles ;  and  similarly  for  the  other 
cases.    This  will  appear  more  dearly  from  what  follows. 

Hence  we  again  arrive  at  the  consequence  l^  p.  182 ;  for  the  sum  of 
the  three  last  equations  is  ^'+\B^4-C^=6  right  angles —  {a+b+c)  ; 
and  since  the  sum  a-^b-^c  of  the  sides  is  less  than  4  right  angles,  that  of 
the  angles,  or  A'+B^-i-  C,ia  >  2  right  angles,  i.  e.  the  sum  of  the  three 
angles  of  every  triangle  is  >  180*. 

600.  If  the  trihedral  0  [fig,  9]  be  cut  by  a  plane  pmn  perp^dicular 
to  an  edge  OA,  in  a  point  tn,  such  that  Om=:l,  we  have 

mn,s=  tan  c,  n  0  s=  sec  c,  tnp  =  tan  6,  Op  s=  sec  6. 
But  the  rectangular  triangles  mnp,  npO  give  [|N*.  S5S2 

np^  =  mn!^  +  pm^  —  ^mn.pm.  cos  A, 
np^  =  «0*  +  pO^  —  ^nO.pO.  cos  a; 

the  first  of  which  being  subtracted  from  the  second,  we  have,  in  oonse* 
quence  of  the  triangles  being  rectangular  and  Om  s=  1, 

0:=1  +  1— ^seccsecicosa+Stanctanicosii. 

From  this,  substituting  for  sec,  —  for  tan,  &c-  there  results 

cos  cos 

_..      .,       cio%a      'T    sin  c  sin  6  cos  ^ 

0  =  1 5pH 1 —  ; 

cose  cos 6  cose  cos  0 

and  this  gives  the  fundamental  equation 

cos  a  =  cos  i  cos  c  +  sin  &  sin  c  cos  ^.t.  (3). 

Of  course,  we  may  here  change  a  and  A  into  h  and  £,  or  into  c 
C,  so  that  this  equation  in  fact  represents  three. 
We  hence  deduce 

.'  cosa-*oosico8c 

cos  il  s -. — z—i •, 

sm  6  sm  c 

whence 

(cos  a  —  cos  6  cos  c)^ 


1  —  cos  *i<  or  sin  *i4  =  1  — 


sin  ^b  sin  *c 


and  reducing  to  a  common  denominator,  and  making  sin  ^  =  1  -*-  cos^, 
there  results 

.  ^^     '  1  —  cos^6  —  oos^c  —  co6^a+ 2cosacos&cosc 

sin'o  stn^c 

\»g  the  root  of  this  and  dividing  tbo  two  sidts  lifwia^  the  Sad 
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'will  be  a  symmetrical  function  of  a,  h,  c,  which  we  shall  call  M,  viz. 
sin  il        -  . 
sin  a 

But  if  A  and  a  be  now  changed  into  B  and  b,  or  into  C  and  c,  the  2nd 
side  win  remain  the  same ;  thus  the  1st  must  continue  constant^  and  we 
shall  hare 

an  A       an  B      sin  C       ... 


sina        sin  6        sine 


••• 


In  every  spherical  triangle,  the  sines  of  the  angles  are  proportional  to 
the  sines  of  the  opposite  sides. 

According  to  the  property  of  the  supplemental  triangle,  change,  in 
equ.  (S),  a  into  180  --  A,  &c. ;  and  we  lAiall  have 

'— coSil  =  cosBcosC— sinBsinC  co8a«*.(5) 

To  eliminate  6  from  the  equ.   (S)>  first  put  for  sin  i  its  value 

anB  sin  a 
= :■  J      :  let  a  and  A  be  then  replaced  in  (3)  by  b  and  B, 

whence 

cosiaBscosacosc  +  sinasinccoBB; 

and  these  values  of  dn.  b  and  cos  b  being  now  substituted  in  (3), 
1  —  an^c  put  for  cos  ^c,  and  the  whole  divided  by  the  common  factor, 
sin  a.  sui  c,  we  have 

sin  c  cot  a  ss  cos  c  cos  B  +  sin  B  cot  A*»»  (6). 

The  equations  S,  4,  5  and  6  are  the  foundation  of  the  whole  of  Trigo« 
nometry,  and  serve  for  the  solution*  of  all  triangles,  under  the  condition 
of  the  letters  A,  J9***  being  changed,  one  into  the  other. 
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601.  Let  A  be  the  right  angle  and  a  the  hypotenuse  [ng.  7] ;  if  now 
we  make  ^1  s=  90*  in  the  equations  S,  4,  5,  6,  we  shall  have 

cos  a  s  COS  6  cos  <?•#•  (m), 
sin  6  ss  sin  a  sin  £•••  (»), 
cos  A  ss  cot  JB  oot  €,••  (p), 
tan  c  s  tan  a  cos  £•••  (9) ; 

ytxh  we  iffe  llflo  M  liberty  to  diaDgQ  B  into  A,  and  6  into  aj  and  tlie 
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convene^  in  th«  equ.  5  and  6,  otherwise  they  would  cease  to  be  true  for 
any  triaogle  whatever ;  and  after  this^  making  A  =  90^>  there  result! 

cofr£  =  Bin  CooB6..^r), 

/ 

cot  B  as  coti  sin  c.t«  (<). 

These  six  equations  are  sufficient  for  the  treatment  of  all  the  cases  in 
the  solution  of  rectangular  triangles :  tjf  the  Jive  dements  a,  h,  c,  B,  C,  two 
are  given,  and  fve  have  to  investigate  same  one  qf  the  three  others.  Ques- 
tions of  this  sort  contain  three  elements,  one  of  them  unknown ;  the 
angles  of  the  triangle  are  denoted  by  A,  B,  C,  A  being  the  right  angle, 
and  we  must  look  out,  among  the  above  equations,  for  one  that  contains 
the  three  elements  proposed.  Only  it  wiU  sometimes  be  necessary,  in 
order  to  arrive  at  this  equation,  to  transpose  the  letters  B  and  C.  Thus, 
every  problem  relative  to  the  solution  of  rectangular  triimgles  contains 
three  elements,  two  given,  and  one  unknown.  The  following  are  all  the 
diiferent  cases  that  can  present  themselves : 

rtwo  angles  S,  Ck...».*«M».M.M.o%«.take  equ.  {p). 

The  hypot « aud  ]  an  angle  Band  J  j^  ^i  J  :jF::::::::::::::::::g>; 

(two  sides  6,  c t» • ••(m)^ 

A  side  b  of  the  right  angle  and  the  aisles  B,  C  ..#•••• (r). 

Two  sides  5,  c  of  this  angle  and  an  angle  Bopp • («)« 

The  frequent  use  that  is  made  of  these  formula  lenders  it  indis<^ 
pensable  to  have  them  constantly  within  our  recollection,  a  task  of 
some  difficulty,  as  several  of  them  are  not  symmetrical.  Mauduit  has 
given  a  method  which,  though  empirical,  is  convenient  as  an  aid  to  the 
memory.  The  three  elements  which  enter  into  a  proUem  being  com- 
pared in  the  order  in  which  they  presen*  themselves  in  the  figure^  as  we 
make  the  tour  of  the  triangle,  it  will  be  f({und  that,  if  the  right  angle  be 
left  out  of  consideration,  these  three  arcs  are  either  successive  or  alier^' 
nate.  And,  provided  that  the  sides  of  the  right  angle  be  changed  into 
their  complements^  we  have,  in  all  the  cases,  these  two  equations : 

cos  qfihe  intermediate  arc  rsprod.  of  the  <  ^^^ ^ 

It  will,  in  fact,  be  easily  seen  that  these  two  conditions  lead  us  again 
to  the  six  preceding  equations. 

Our  equations  demcmstrate  various  general  properties  which  it  will  be 
of  use  to  observe  m  all  xectai^lar  triangles. 

I**.  From  the  equ.  f»t)  we  conclude  that  any  one  of  the  three  sides  is 
<  or  >  90°»  oocordingly  asilie  other  two  isides  are  of  miliar  or  different 


the  JLTERNATB  arcs, 
the  aufTiovaus  mrvs. 
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^ies.    This  follows  from  the  drcumstance  that  the  cosinea  of  arcs 
>  9D*  are  nq^tive. 

2®.  The  equ.  (p)  shows  that  if  the  hypotenuse  be  compared  with  the 
two  adfaoent  angles  B  and  C,  any  One  dt  tftese  three  arcs  is  <  or  > 
90*,  accordingly  as  the  two  others  are  of  similar  or  difiel!«nt  species. 

3*.  The  equ.  (r  or  *)  prove  thai  each  of  the  angles  B  and  C  is  always 
of  tJie  stole  species  with  the  side  opposite  td  it. 

4*.  Fitui  thttcqtt.  ff)  W6  ebnelud«  that  the  hypotbttusa  «id  a  side  are 
of  the  same  ^lecies  when  the  included  angle  is  aicUte^  and  «f  diffi«Mt 
species  when  that  angle  is  obtuse. 

5*.  AAd  jlaatly^  if  iiie  side  &  of  the  right  angk  ^  96\  and  consequently 
cos  6  =  0,  the  equ.  (m  and  r)  gives  cmajs^O,  cobB  :=0;  so  that  the 
sides  CA,CB  i^^  also  equal  to  90"*  and  perpendicukr  to  AB:  the 
triangle  is  isosceles  and  bi-rectangular;  aiid  C  is  the  pole  of  the  arc 

These  theorems  will  come  to  be  appliedj  when  any  given  triangle  is 
decomposed. into  two  rectangular  ones  by  an  arc  perpendicular  to 
its  base. 


602.  These  formulse^  though  they  give  solutions  of  all  the  cases^  will 
be  found  deficient  in  pnii&t  of  accuracy^  should  the  unknown  quantity  \fe 
very  small  and  be  given  by  a  cosine^  or  be  very  near  to  90*  and  be  given 
by  a  sme.    In  these  cases  we  muit  proc^Ded  as  follows : 

The  equation  tan^  ^xss:  — — ^  (ToL  i.  p.  S093  serves   to 

1+cos  j: 

change  cos  x  into  tan  i  x.    Thus : 

l\  To  find  the  hypotenuse  a,  the  angles  B  and  C  being  ^veti,  the 
equ.  (p)  becomes 

^    -  I  — cotBcotC       «ini5ainC  — coaBcosC    . 

tan  4-  o  S3  ^n  ■  lilt  I ti ■i-<Ni^i^.-:_^g  -  Lj — i — ^^j — . — -jg ' 

1  +  cot£cotC       sin  -B sin  C  +  cos  jB cos  C 
-fcos(B+G)  '/'. 

*"»'**=    JlB-q - <«i-        . . 

From  this  eq^atl^n  we  concltidte  ihM  ^  Jmbi  vfthe  hfk)  angles  B  and 
C  U  alfvttys  >  ,90*>  otherwise  the  2nd  side  could  not  be  positive. 

2*.  Similarly^  to  obtam  a  side  h  of  tlie  right  anglei  knowki(,ihr 


L 
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angles  B  and  C,  the  equ.  (r)  gives  cos  6  =    .    ^  s=    .    ',  assumiiig 
jc  ss  90"  -  J9;  whence  [equ. dted  and  N*. S60]        *^ 

tfl  «  «  A  —  ^^^  ^^^  __  tan-|-(C— J) 
^     ""  8inC+ sinx  ""  tari-f(C+x)  * 

*«»  i  *  =  V'taa  («•.+  5^  tan  (^-45^...  (9). 

S*.  Knowing  the-  hypotenuse  a  and  a  side  c,  to  obtain  the  adjacent 
angle  JB^  the  equ;  {q)  gives 

4^8  ,  »^  1  —  tan  ccot«  J^    coscsina— sinccosa 


1  +  tanccota         coscsina+'sinccosa  ' 

^    o     n      sin(a— c) 

tan*i  JSs  ,    )        ' •«••••.. fiO). 

^  8in(a+c?)      ^*"^ 

We  shall  observe  that  the  sines  of  a— c  and  a\c  must  have  the  siune 
sign^  in  order  that  the  result  of  this  equation  may  not  be  imaginaxy ; 
thus,  when  a'\'C>  ISO*,  the  hypotenuse  a  is  <  c. 

The  hypotenuse  ceases  to  be  the  greatest  side,  when  the  triangle  has 
obtuse  angles ;  as  will  be  farther  evident  fix)m  the  ftg.  10  and  N*.  607. 

4j*.   Tfie  equ.  (m)  gives  cose  =  -^^if,  whence 

cos  b 

tanHc  =  tan4{a+6)-tani(a-«)...  (11). 

S*.  And  lastly,  if,  knowing  the  opposite  angle  S  and  the  hypotenuse 
If,  we  have  to  investigate  a  side  6,  when  h  is  very  near  to  90*,  instead  of 
at  once  employing  the  equ.  («),  we  must  niake  the  following  a»< 
sumptions: 

is  90  —  2jr,  tanxssina  sinB. 
The  j^u.  (»)  then  becomes  cos  Sis  =  tan  or ;  whence 

.     a         1— tana?  ,^^ 

^^  l+tano?  ^        ^  ^' 

and  thus 

ton  (W-i i)  SS5  ^  ton  (iS^a:)...  (12).. 

The  arc  X  will  be  given  by  the  equation  ftbove,  and  we  shall  tLeQ 
Have  6  ficom  this* 
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We  shall  sulgom  a  statement  of  a  triangle^  which  will  serve  for  prac- 
tice in  these  calculations. 


ElcacDts. 

Log.  lin. 

Log.  cot. 

Log.  bin. 

«-71°  24' 30" 

1-9767835 

1*5035475  4- 

0^731759+ 

6»  140.5S.40 

1*8000134 

1-8897507- 

1-9102626- 

e  -114.1&.54 

1-9598303 

T-6137969- 

0-3460333- 

ir-i3ai«.45 

I-8S32900 

T-8728570- 

1-9504341- 

e»  105. 53.39 

1-9831068 

1-4370867- 

0-5460201  - 

OBLIQUE-ANGLED  TRIANGLES. 

603.  We  shall  go  through  the  several  cases  that  can  present  themselves 
in  this  theory. 

1st  Case*  The  three  sides  a,  b,  c  being  given,  tojind  an  angle  A, 
The  equ.  (3),  p.  \%^,  when  for  cos  A  we  substitute  its  value  1—2 
ns^^A,  beoomes  . 

cosii  ssoob(6— c)  — 2sin6  sine  sin^4  il...  (7). 

This  equation. is  of  frequent  use;  from  it,  and  the  equation  in  the 
note  to  N^  360,  which  expresses  cos  fi  —  cos  ^,  we  derive 

2stni  sincsin*i^s:cos(&-*c)--co8a 

=  2  sin  4- (a+i—c)  'sin-j- (a+c— &).♦, 

an  equation  adapted  for  logarithmic  computation,  and  which .  makes 
known  A  by  means  o£a,b  and  c.    Assuming,  for  conciseness,  that 


we  have 


Bin 


2p^a+b+c, 

.  _.  8in(p-6)*8in(p-c)_ 
smo  smc 


and  in  like  manner,  substituting  2  cos^  -^  A  ^  I  tov  cob  A,  in  the  equ. 
(3),  we  find 

sinp  8in(p*-fl) 
sin  i  sin  c 


cos' i  A 


*  Tlie  Ist  lide  being  essentially  positive,  we  .mnit  on  the  Snd  have  e  <  «  +  ^ 
along  with  c  >  &  —  a,  since  it  would  be  absurd  to  sappose  that  the  contrary  of  these 
rdatioBs  existed.    We  arrive  a  second  timetherefore  at  thi  theorem  6°,  p.  1B2. 
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2nd  Case.  The  three  angles  A,  B,  C  being  given,  to  find  «  side  a. 

The  property  of  the  supplemental  triangle  N^  599  being  applied  to  the 
fonnulie  just  founds  the  substitution  of  the  values  (1)  p.  138  gives,  mak< 
ing2P=«>l  +  B+  C, 

•   Q  1  *-C08P.  C08(P— i4) 

«n*  A  a  «s  : — =— -t — — , 

*  sin  £•  sin  C 

.  .  eos  (P-^B)  cos  (P-C) 

COB«  4  #  SB  . p      .      ^   ' 

*  sin^.sinC 

drd  Case.  Two  sides  a  and  b,  and  the  included  angle  C,  being  given, 
tojind  the  Srd  side  c. 

The  question  wUl  be  satisfied  hj  the  equation  (3),  p.  IS^,  put  under 

the  form 

COS.  c  =s  cos.  a*  cos.  b,  (I  +  tan.  a  tan.  b,  cos.  C). 

Neither  this  formula,  however,  nor  the  following  one,  are  ad^ted  to 
logarithmic  computation ;  we  shall  shortly  resume  the  consideration  of 
these  problems. 

^th  Case.  Having  given  two  angles  C  and  B,  and  the  a^fiacenl  side  m. 
tojind  the  third  angle  A. 
The  equ.  C^),  N*.  600,  ^ves 

00$  A  as  cos  A  C08  (7  (tan  B.  tanC  cosai— 1). 

5th  Case.  Of  two  sides  and  the  angles  opposite,  knowing  three  of  the 

parts,  tojind  the  fourth.     We  must  make  use  of  the  rule  (4')  [N^  600] 
in  respect  to  the*  four  sines. 

604.  Except  when  the  three  sides,  or  the  three  angles,  are  given, 
every  problem  in  Spherical  Trigonometry  contains  among  the  given  quan- 
tities an  angle  and  a  side  adjacent  to  it  (which  in  what  follows  we  shall 
denote  by  A  and  b),  besides  a  third  element.  If,  now,  from  one  of  the 
angles,  as  C  [^fig.  2/3],  an  arc  CD  be  let  fall  perpendicularly  to  the  op- 
posite side  c,  this  side  will  be  divided  into  two  segments  f  and  f\  and 
the  angle  C  into  two  angles  9  and  9^,  vie. 

one  of  these  parts  being  of  course  negative  in  each  equation,  whenever 
the  perpendicular  falls  without  the  triangle.  But  this  we  know  will  be 
the  case,  when  one  of  the  angles  A  and  B  at  the  base  is  acute,  and  ike 
other  obtuse;  wbilsl,  on  the  contrary,  the  perpendicular  falls  wiikin, 
when  these  angles  are  of  the  same  species.  And,  in  fact,  the  triangles 
A  CD,  BCD  give  [equ.  p.  185] 

tan  CD  :«=  tauil.  sin  f  ss  tan  JB.  tinf'y 
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where  the  sines  are  essendallj  positive ;  and  consequently  tan  A  and 
tan  B  have  the  same  agns^  or  A  and  jB  are  of  the  same  species.  But, 
if  the  perpendicular  fall  within  the  triangle,  A  and  B  are  the  angles  at 
the  base  ;  whilst  if  it  fall  without,  as  for  the  triangle  A  CB,  B  is  then 
the  supplement  of  the  angle  CWA  of  the  proposed  triangle ;  and  the 
latter  angle  therefore  is  of  a  different  species  to  A^  which  establishes 
our  theorem. 

This  exposition  being  given,  we  see  that  the  proposed  triangle  is 
decampoaed  into  two  odiers,  which  may  be  treated  separately  in  order 
to  arrive  at  the  elements  required. 

605.  The  several  cases  are  comprised  in  the  formule  below ;  of  which 
(1)  and  (2)  are  deduced  from  the  equation  {q  and/i) ;  5,  6,  7  and  8 
are  found  by  deriving  from  each  rectangular  triangle  [fig.  2,  /?],  by  means 
of  the  equations  (m,  r,  s  and  9),  the  values  of  the  perpendicular  vac  CD, 
and  equating  them  two  and  two ;  vi^. 

tanf  stan(cosil...  (1)  I     cot  0  =  tan  il  cos  B...     (2) 
c=z(p  +  f' , (3)  C^  B+V  (4) 


cota      cos^^  . 

00S&       cos^  *      ^ 

tanii  _  sin^^  . 

tan  B"  sin  (P  ^^ 


oosil        sin  0 


cos  £       sin  0^ 
tan  il       cos  0 


tAnB       oos0^ 
m  A       9m  B       sin  C 


(6) 
(8) 


sin  a         sin  b         sin  c 


(9). 


Acoording  to  the  case,  f  or  0  must  be  deduced  from  the  equation  ( I ) 
and  (2) ;  regard  being  had  to  the  signs  of  the  trigonometrical  lines, 
these  arcs  f  and  0  will  receive  a  determinate  sign ;  and  we  must  intro- 
duce their  values  with  the  appropriate  sign  in  the  subsequent  equations. 

The  following  is  the  detail  of  the  different  cases  : 

Besides  the  given  elements  b  and  A, 

K  If  we  know  c  (two  ridee,  and  the  included  angle,  b,  c,  A  J,  the 
equation  (1)  gives  f,  (S)  <?',  which  may  be  negative,  (5)  a,  (7)  b,  (9)  C, 
the  species  of  which  is  otherwise  known  [N^.  QO^]. 

• 

2^.  If  we  have  C  (two  angles  and  the  adjacent  sides  A,  C,  bj  :  the 
equation  (2)  gives  0,  (4-)  V,  which  may  be  negative,  (6)  B,  (8)  a,  (9)  c, 
known  in  species. 

3**.  When  we  have  a  (two  sides  and  an  opposite  angle,  b,  a,  A), 
equ.  (1)  ^ves  ^,  (5)  9',  (3)  c,  (7)  and  (9)  B  and  C. 

Or»  otherwise,  (2)  j^ves  0,  (8)  V,  (4)  C,  (6)  and  (9)  B  and  c. 
The  problem  wiU,  in  general,  have  two  solutions ;  {ox  t^  ox  9  being 
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determined  by  means  of  its  cosine^  the  arc  has  the  double  sign  ±  ;  and 
c  and  C  will  therefore  have  two  values^  unless  we  find  reason  to  reject 
one  as  negative:  f'  and  (T  enter  into  (7)  and  (6)  in  terms  of  their 
sines;  which  correspond  to  two  values  of  B;  and  similarly  for  C  and  c. 

4^  If  we  have  B  (two  angles  and  an  opposite  side.  A,  B,  bj,  the 
equ.  (1)  gives  (f,  (7)  p\  (3)  c,  (5)  and  (9)  a  and  C. 

Or,  otherwise,  (2)  gives  B,  (6)  ^,  (4)  C,  (8)  and  (9)  a  and  c. 

There  are  again  two  solutions ;  for  ^'  or  d'  is  given  by  a  sine,  the  arc 
of  which  has  two  values  supplemental  to  each  other ;  thus  c  in  (3);  or 
a  in  (8),  receives  two  values;  and  rimilarly  for  a  or  C  in  (5)  and 
(4),  &c..«« 

It  will  be  observed  that,  in  each  of  these  cases,  it  is  requisite  to 
employ  only  the  equations  of  the  even,  or  of  the  odd  Orders,  respectively ; 
when  we  have  the  choice  of  these  systems,  we  must  of  course  adopt  the 
one  which  leads  to  the  most  simple  results. 

606.  The  following  are. some  important  consequences  from  what  has 
preceded: 

,^     -^  /-*      .  cos  6  — cos  fl  cos  (P— 006^ 

1*.  The  equaUon  (5)  gives  — r-r =s — ; j^ ; 

^  ^'°         cos6  +  cosa        cos^  +  cos^ 

and  since  c  =  9  +  9^  vre  have,  by  virtue  of  the  equations  of  the  note 

to  N».  360, 

tan4.(^  -^)  s=tan4^(a  +  &).  tanf  (a  —  6)  cot^^c...  (10). 

The  three  sides  being  known,  this  equation  gives  the  difference  of  the 
segments,  whence  we  have  the  segments  themselves;  and  then  the 
angles  A  and  B,  by  the  solution  of  the.  rectangular  triangles  A  CD, 
BCD,  which  give 

cos :/!  ss  tan  f .  cot  b,  cosBss  tan  ^.  cot  a...  (11). 

2^.  The  equation  (6),  treated  in  the  same  manner,  gives 

tan  i  (d'  —  fl)  =  tan  +  {A  +  B).  tan  +  (il  —  B).  tan  ^C...  ( 12). 

When  the  three  angles  are  given,  this  equation  makes  knovm  6  and  V ; 
and  we  have  thence  the  sides  a  and  b  in  the  triangles  BCD,  A  CD, 

cos  6  =  cot  B*  cot  i4,'  cos  a  =  cot  V.  cot  £•••  (13). 
3^.  The  equation  (8)  in  like  manner  gives 

Knowing  two  sides  a,  b,  and  the  included  angle  C,  we  ahldl  have 
B  and  V;  and  then  A  and  B  from  the  equation  (13). 
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4*.  The  equ.  (7)  gires 

When  ilterefore  we  have  Ifvo  angles  Ay  B,  and  the  adjacent  side  c, 
this  equation  gives  ^  and  f ' ;  and  the  equ.  (11)  make  known  a  and  b. 

One  of  the  chief  uses  of  the  equations  just  found  is  the  demonstration 
they  afford  of  the  analogies  ofNafier,  Equating  the  values  10  and  15, 
and  also  12  and  14  (which  comes  to  the  same  thing  with  eliminating 
9  and  ^  between  5  and  7>  or  0  and  V  between  6  and  8) ;  we  shall  have, 
ccnuddering  that  sin  2«  =  2  sin  «.  cos  a, 

^    .  /     t   L\  ^    .  /        L\       *    fl  .       sin  i  (il  —J?)  cos  4  (il  —  B) 
tan-*-  («  +  *)•  tan  4-  (a  —  6)  ss  tan«  i  c.  ------  — =;- ~~  ~- \ 

^  ^        ^  ^  8ini(il  +  J?).co84(i<  +  JB/ 

*     .  /  >«  I    TTi  A      .  t  J       r>\  ^«  .  At  aio  ■*•  («  —  6)«  COS  4-  (fl  —  A) 

^  ^  sm^(a+b).coB^{a  +  b) 

fiat  the  equation  (9)  gives 

sin  a  +  nn  ft       sin  i4  +  tin  £ 
sina  —  sini       siuil  —  sinij' 
whence 

**iLi^'l+^)  _  tan4-(il  4-  B) 
tan  i  (a  —  6)  ""  tan  ^{A  —  J5)' 

Now  let  each  of  the  two  equations  above  have  their  sides  multiplied 
and  divided  by  the  corresponding  sides  of  this  last ;  then  all  those  factors 
which  are  not  destroyed  will  appear  in  the  square ;  and  taking  the  root, 
there  will  result  the  following  equations^  as  though  each  of  the  first 
had  been  decomposed  into  two  factors : 

tax,  +  («  +  6)  -  tan  +  c.  ^4^^  =•-§  ,• 

t.o4(^  +  B)=cot  +  C.^^±^J 
^  cos  +  (a+6) 

X  ^        «^  ^  «iu  4-  (a  —  b) 

tBXi^A  -  U)  =  cot  4C.   .    ,:    ,  ■> 

sin  I  (fl  +  o) 

Siieh  are  the  celebrated  Analogies  qf  Napier.    They  are  chiefly  of  use 
for  obtaining  at  the  same  time  two  sides  or  two  angles  of  a  triangle,  of 


*  Since  tan  |  r.  cos  i(^-B)  is  a  positive  quantity,  it  follows  tliat  tan  i(a  +  b) 
and  oca  ^(ji  -^  B)  hnve  the  same  signs.  Hence,  the  temi^sum  of  any  two  angiet  is 
mfmty*  •/  the  $ame  ipeciet  with  that  of  the  opposite  sides,  and  the  converse, 
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which  we  know  two  angles  and  the  adjacent  side,  or  two  ndet  and  the 

included  angle. 

Isosceles  triangles.  Let  C  and  B  be  the  equal  angles,  e  and  6  the 
equal  sides,  A  the  angle  at  the  vertex,  and  a  the  base ;  the  arc  AD, 
which  bisects  BC,  gives  two  equal  rectangular  triangles  [N'^.  59S,  5*.], 
in  whidb  we  have 

sin 4^ as:  nn-i-il.sinft (n), 

tania=s  tanft.cosB  {q), 

cos  i  ss  cot  J?,  cot  4  ^..•..  (p), 
cos -^  i^  =  cos  4  a.  sin  B (r). 

These  relations  are  formed  of  the  combinations  3  and  3  of  the  four 
elements  A,  B,  a,  b. ;  and  they  will  make  known  any  one  of  these  aces, 
when  two  others  are  given.  Thus,  of  these  four  eletnenis  of  an  isoscdes 
triangle^  the  angle  A  at  the  vertex,  the  base  a,  the  arc  b  of  the  equal 
sides,  the  are  B^ihe  equal  angles,  any  two  being  given,  we  can  alwayt 
find  the  two  others, 

AMBIGUOUS  CASE  OF  SPHERICAL  TRIANGLES. 

607.  Spherical  triangles  result  &om  the  section  of  a  sphere  by.tfiree 
planes  which  pass  through  the  centre.  The  fig.  10  has  the  great  circle 
MKmffor  its  base,  and  is  intended  to  represent  the  hemisphere  produced 
by  one  of  those  planes;  the  two  others  are  ACa  and  BC,  which  eut 
each  other  in  the  radius  CO,  and  determine  the  triangle  ABC* 

Every  plane,  such  as  AC»,  cuts  our  hemisphere  in  a  semi*circumfer- 
ence ;  and  the  arcs  CA,  C»  are  supplemental  to  each  other :  the  angle 
A  =i  uis  the  inclination  of  this  plane  to  the  base.  Let  the  plane  MCm 
be  drawn  through  the  radius  CO,  and  perpendicular  to  the  base  MKm ; 
then  taking  MA'  ss  MA  on  the  other  nde  of  this  plane,  we  obtain 
a  2nd  plane  A'Ca'  symmetrital  to  ACa ;  and  we  have 

ma  =  ma,  AC  =  A'C,  Ca  as  Ca,  A  mt  A'  sa  a  =i  a» 

If  now  the  plane  ^Ca  be  turned  about  the  radius  CO,  this  plane  will 
be  perpendicular  to  the  base  in  the  position  M  Cm,  and  will  then  assume 
different  inclinations  to  it  in  B,  A,  K,.,,  forming  angles  suppleniental 
to  each  other  on.  its  opposite  sides.  The  arcs  CB,  CA,  CK***  go  on 
increasing  as  they  separate  from  the  perpendicular  arc  CM  s=  4^^  which 
is  the  least  of  all,  till  we  arrive  at  Cm,  which  is  the  greatest ;  6r  the 
rectangular  trumgle  ACM,  in  which  CA  s  b,  gives  cos  ACM  tas  cot  h. 
t|tn  >)/,  and  the  factor  tan  >)/  is  constant.  When  the  angle  ACM.  be- 
comes a  right  angle,  as  for  the  arc  CK,  th^  plane  of  which  is  perpen- 
dicular to  MCm,  we  have  cot  6=0,  and  the  arc  CK  is  one  of  90*. 
The  plane  still  continuing  to  tum^  cos  A  CM  becomes  negatiTe>  and 
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faimaMft  a8  bIm  out  b  j  atid  the  ares  Oil,  CK,  C^  still  go  cm  increMUg. 
In  tk«  oDQtie  of  tiiis  revolutloti,  the  cutting  plane  becomes  more  mid 
more  inefined  to  the  base,  as  it  assutnes  the  potttions  CB,  CA,  CK; 
for  the  reetangolar  triangle  ACM  also  gives 

8iu4^.  ss  sin  6.  sin  il«.«  (16)j 

an  equation  in  whidi  the  1st  aide  is  constant  whilst^  as  we  havtt  jqst  eeeib 
rin  A  at  -fint  goes  on  incteasing ;  and  sin  A  ttewfixre  at  the  same  tisM  d^ 
creases.  But^  after  b  has  reached  90°^  the  arc  then  having  the  positaon-  CK 
perpendioolar  to  CM,  sin  6  diminishes ;  oonsequentlj  sin  A  increasea,  the 
angle  A,  aeote  :o  the  hase^has  passed  through  its  least  value  k,  and  again 
begins  to  increase*  This  point  K  is  the  pole  of  the  arc  M  Cm ;  we  have 
CK  »AfjrtstAfir«90»[No.601,5»];  the  angle  K  is  measured  hj 
CM,  or  X  ss  4/  on  one  side^  and  bj  CM  ae  K»  180*  •-  4*  on  the 
other  side  of  the  plane  CK  perpendicular  to  CM. 

It  appears^  therefore^  that  aU  the  arcs  starting  from  C  and  temunating 
is  some  point  of  the  semi-circle  K'MK  are  <  90° ;  whilst  the  others 
from  if  through  m  to  X'are  >  90*;  the  least  of  all  is  CAf  =x4.^  the 
giestesi  Cm  fcs  180°— 4^;  and  every  arc  CA,  CK,  Cai'.«.  is  comprised  be* 
tween  these  limits.  The  nearer  an  arc  approaches  to  CM,  the  less  it  b; 
and  the  oontnny  is  the  case  for  Cm ;  the  intermediate  are  CK  is  of  90^ 

The  iodination  of  the  planes  to  the  base  diminishes,  from  90*  its  value 
in  CM,  as  it  assumes  the  successive  positions  CB,  CA..,  onwards  to  CK, 
where  it  becomes  K^ss^;  and  then  increases  for  the  positions  beyond  K, 
till  it  agahi  becomes  90^  in  Cm.  The  obtuse  angles,  on  tj^e  other  Side 
of  the  plane^  are  supplemental  to  those  we  have  been  speaking  of^  and 
hsTe  180^  -  ^foT  their  limit.  The  angle  is  acute  when  it  opens  towards 
the  smaller  perpendicular  arc  M,  and  obtuse  when  its  direction  is 
towaids  Cm. 

Ftum  this,  it  will  be  easy  to  perceive  whether^  for  any  given  triangle 
BCA,  the  are  perpendicular  to  the  base  A  B  fails  witlun  or  without  the 
triangle  [[see  K**.  6043 ;  and  we  also  have  a  verifieation  of  the  corollaries 
of  N^  601  >  as  to  the  relations  in  point  of  magnitude  of  the  sides  and  tbm 
angles  of  rectangular  triangles. 

606.  The  problems  which  give  rise  to  double  solutions  are  those  in 
which  an  angle  and  the  side  opposite  appear  among  the  given  elements* 

Suppose  that  two  sides  a  and  b  and  the  opposite  angle  A  are  giveu. 
The  hemisphere  MKmf  being  cut  by  a  plane  AC»  passing  through  the 
centre  O,  and  inclined  to  the  base  at  the  angle  A,  if  we  take  AC^b, 
C  win  be  the  vertex  of  the  triangle,  which  will  be  closed  by  an  arc 
CB  =s  a.     Let  us  examine  into  the  circumstances  of  this  triangle. 

Suppose  first  that  bh  <  90^ :  if  ihtn  A  be  acute  and  aUo  a  <  b,  CA 

Q  2 
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being  the  side  b,  the  other  side  a  may  fall  any  where  within  the  space 
A^CA  (making  MA'  ss  MA) ;  thus  there  will  be  two  tdtitioM,  such  as 
ACB  and  ACB':  and  if  the  angle  A  be  obtuse^  b  being  throughout 
<  90^4  there  will  still  be  two  solutions^  provided  ihat  a  >  Ca  or 
CW  s:  1 80^  —  b,  since  two  equal  arcs  may  be  placed  between  Ca  and 
Ca^  But  there  will  be  only  one  solution,  if  the  arc  a  fall  within  the 
space  aCA*  or  aCA\  whether  A  be  acute  or  obtuse ;  and  this  will  be 
the  case  when  the  length  of  the  arc  a  is  intermediate  to  Cm  and  CA\ 
ue.  to  &  and  180»  -  b. 

Let  us  now  assume  b  >  SO^^  as  the  arc  C»,  and  we  shall  in  like 
manner  see  that  there  are  two  solutions  when  the  bounding  side  a  falls 
within  either  of  the  spaces  A'CA  or  aCa,  and  but  one  if  it  fall  within 
aCA^  or  afCA ;  the  latter  of  which  cases  requires  that  a  be  again  be- 
tween b  and  180^  —  5.  It  will  moreover  be  seen  that  when  the  .side  o 
falls  in  either  of  these  latter  spaces^  the  angle  £  is  of  the  same  species 
with  the  side  b  which  is  opposite  to  it. 

From  this  we  shall  conclude  that  when  two  sides  b  and  a  are  given, 
with  an  opposite  angle  A,  there  are  in  general  two  solutions ;  but  that 
one  only  is  admissible  when  a  is  comprised  between  b  and  180®  —  6  y  in 
which  case  B  and  b  are  of  the  same  species.  But,  we  have  seen  [N®. 
604>]  that  the  perpendicular  let  fall  from  the  vertex  C  on  the  base  c  is 
situated  within  the  triangle  when  the  angles  A  and  B  are  of  the  same 
species,  and  without  it  in  the  contrary  case.  Hence  therefore  we  shall 
know  whether  the  base  c  is  $  +  f '  or  f  ~  p',  and  whether  C  is  6  +  ft' 
or  0  —  d' ;  and  the  analysis  of  the  3rd  case  of  N^  605  is  rendered  com- 
plete by  this  consideration,  which  enables  us  to  decide  on  the  solution 
that  ought  to  be  preferred. 

Thus,  when  it  is  proposed  to  solve  a  triangle,  of  which  a,  b  and  A 
are  known,  there  will  in  general  be  two  solutions ;  but  the  side  a  must 
be  compared  with  the  arcs  b  and  180® —  b ;  and  if  a  be  found  to  be  inter- 
mediate to  these  values,  we  shall  have  but  one  solution ;  B  and  6  are  of 
the  same  species,  and  we  shall  be  able  to  determine  what  is  the  position 
of  the  arc  perpendicular  to  the  base. 

It  may  also  happen  that  the  elements  given  are  such  that  they  cannot 
be  brought  to  form  any  triangle.  If  the  side  CA  or  Ca  make  an  acute 
angle  A  with  the  base,  the  other  side  must  necessarily  exceed  CM  ss  4^^ 
whilst  at  the  same  time  it  must  not  be  greater  than  Ca,  since  we  should 
thus  pass  to  the  other  side  of  the  plan6  ACa,  and  the  acute  angle  A 
would  no  longer  form  part  of  the  triangle ;  and  if  il  be  obtuse,  the  side 
a  cannot  be  <  &,  nor  exceed  CM  s=  180®  —  ^,  for  the  same  reason  t 
>}/  has  been  already  determined  by  the  equation  (16).  Hence  the 
triangle  is  impossible,  when  we  have 

il<90®frW  a<  4^  or  >  thatof  the  arcs  band  ISO"* '^b  which  is  obtuse. 
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or  A  >90»  fpUh  a  >  ISO^— ^|/  or  <tkaiofthe  arcs  h  and  180— 6  ivArcA 
is  aeuie,  • 

These  circumstances  do  not  require  any  special  calculation^  the  im- 
possibilitj  becoming  manifest  of  itself  from  the  operations. 

609.  Let  us  now  proceed  to  the  case  in  which  are  given  Iwo  angles 
A  and  B  with  the  opposite  side  b*  The  hemisphere  [fig.  10^  having 
been  cut  by  a  plane  ACa  inclined  to  the  base  at  the  angle  Ay  we  take 
AC^s  aC  =3  6 ;  and  then  through  the  point  C  draw  another  plane  BC 
inclined  at  the  angle  B  to  the  base^  which  completes  the  triangle. 

We  shall  examine  the  different  cases. 

When  the  bounding  side  a  falls  within  the  angle  aCA\  it  may  be 
lituated  on  either  side  of  the  plane  KCK,  as  Cf  and  Cf,  there  bebg 
two  planes  which  make  the  same  angle  B  with  the  base ;  whilst,  on  the 
oootrary,  if  the  side  a  fall  within  the  angle  ACA',  there  is  but  one 
solution.  Reasoning  as  before  we  shall  see  that  A  being  acute  or  obtuse, 
sad  whether  6  be  <  or  >  90®>  it  is  when  the  side  a  falls  within  th^ 
angle  afCA  or  »CA  that  there  are  two  solutions ;  whilst  in  the  angles 
mCsi  or  ACA',  there  is  but  one ;  which  is  the  reverse  of  what  took 
place  in  the  preceding  case.  It  is  at  the  same  time  evident  that, 
when  there  is  but  one  solution,  the  angle  B  is  intermediate  to  A  and 
180*>-^. 

Hence, .  wtten  iwo  angles  S  and  A  are  given,  wiih  the  opposite  side 
b,  there  are  in  general  two  solutions;  but  one  only  is  admissible  when 
B  is  comprised  between  A  and  180°  —  A.  In  this  case  the  unknown 
side  a  is  of  the  satne  species  as  ^ ;  also  the  perpendicular  arc  let  fall 
from  the  vertex  C  on  the  base  lies  within  or  without  the  triangle 
[N^.  604],  accordingly  as  B  and  ^  are  of  the  same  or  different  species ; 
so  that  we  shall  be  able  to  make  a  proper  choice  of  signs  in  c  =  ^  ±  f ', 

Thus,  when  we  wish  to  solve  a  triangle  in  which  A,  B  and  b  are 
known,  we  must  compare  B  with  A  and  180°  —  A,  since,  if  J?  be 
intermediate  to  those  values,  there  will  be  but  one  solution :  A  and  a 
wQl  be  of  the  same  species,  which  will  inform  us  as  to  the  position  of 
the  arc  perpendicular  to  the  base. 

There  are  also  cases  in  which  the  triangle  is  impossible;  and  we 
shall  see,  as  before,  that  this  happens  when  we  have 

6  <  90°  wiih  B  <^,  or  >  the  greatest  of  the  arcs  A  and  180®  —  A, 
orb>9(y  with  B  >  IdOo^^l',  or  <  the  least  of  the  arcs  A  and  180-il. 

The  calculation  itself,  however,  evidences  the  absurdity,  by  giving 
sines  or  cosines  >  1,  and  it  is  not  necessary  to  go  through  any  special 
process  for  the  purpose  of  recognising  the  eKiatence  of  the  present  case* 
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610.  tVhen  (he  triaugk  proposed  it  reelanguht,  one  of  Um  Kim 
has  thd  position  CM  or  Cm;  and  if  an  angle  and  the  side  oppo«te  to 
it  be  giveti,  there  are  two  tolutions,  reducible  in  certain  cases  to  a  single 
one. 

P.  The  hypotenuse  a  and  a  side  h  bang  given,  iojmd  the  opposite 
angle  B,  and  the  converse.  The  eqti.  (it)  [N^  601]  pves  6  or  JB  in 
the  value  of  s  sine,  which  corresponds  to  two  angles  supplementary  to 
each  otker.  Nevertheless  there  will  be  but  one  solution,  rfnoe  the 
two  arcs  CA,  or  CA%  which  complete  the  triangle  CM  A  or  CMA\  ar6 
symmetrical.  Thus  B  and  6  are  of  the  same  species  QN^  601,  3**],  aiid 
there  is  no  longer  any  ambiguity. 

9f*.  A  side  (  of  the  right  angle  and  the  opposite  angle  B  beisg 
gireo,  Ae  Srd  part  sought  admits  of  two  values ;  for  if  the  hypotenuse 
a  be  required,  the  equ.  (n)  gives  sin  <i ;  if  we  are  in  search  of  die 
third  aide  c,  the  equ.  (s)  gives  lin  c;  and  lastly,  to  obtain  the  an^ 
,C  adjacent  to  the  given  side  6,  we  have  sin  C  from  equ.  (r).  Thui 
the  unknown  element  has  two  supplemental  values  fbr  the  angle  eor^ 
vespondiDg  to  this  sine. 

611.  We  subjoin  sotee  numerical  applicaliofis. 

I.  Let  a  =5  133''  l^,  b  =  57*  28',  A  =  W  23'*:  the  triangle  is 
impossible,  since  a  ejLceeds  1S0<^  —  &  s  122<'  32^,  and  il  is  an  actite 
angle. 

IL  The  same  conclusion  must  be  drawn  if  we  have  A  ss  120*, 
B  =s  51'',  b  =s  lOl^";  for  we  find  B  <  ISO*  -*  J  or  60^  at  the  same 
time  that  6  >  9(y. 

m.  Let  6»40"  O'lO",  a sa 50^  10' SCT,  vl  «  42°  15"  14":  Aew 
is  but  one  solution,  since  A,  B  and  6  are  <  90° ;  the  perpendiMlar 
fUls  within  the  triangle,  ^  and  f '  are  positive,  and  c  is  the  sum  of  theae 
arcs: 

tan  b...  1-9238563        cos  a...  1-806*817  $  =  31050' 46^ 
cos  A...  1-8693330       cos  (f...  1-9291471  (p'=  44.44.50 

tan $...17931898—  cos  b.,.  18842363  c  =  76*35.36 

cosif.,.  i-8513925 

To  find  the  angle  C  at  the  vertex 

cos  bn..  1-8842S6S  tan  6,..  r92S856S    6  ±=  55^9' 59^ 
tanu4...  t-9583058  cot  a...  i-9211182  ^=66.26.21 

cot   0...  1-8425421  cos  «...  1-7567851  CacI2L36>^0 

€06  V.9t  1-60176^6 
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Lastly,  the  rule  of  the  four  dues  gives  B  s  34^1 5'S^'. 

IV.     For   ^==42^15'U",   ^  =:  12lo36'2(r,   6  =  SO^lCSO^,   there 
m  two  mhttoni^  B  being  <lW^Act  S&'25'i&\  and  6  <  90". 

cos  jB...  1*8693330 

abi  «...  1-8406262  - 
cos  A...  1-7193880  — 

.  sin  d'...  1-9905712  — 


cos  b...  1-8064817 

tan  A,..  0-2108864  ~ 
cos  fi...  0O173681  — 

«=a-43^5n6" 

r«=     78.6.19  or  10!  .53.41 


S4.15.3  or    5b.^2.^5    siir  &...  1*6853636 

sin  il...  1-9302745 


^.•«  0*0788818 

il...  1^193874  — 
tan  f...  1-7962692  — 
fa»— 3e»8'50* 

a    72.9.0   orl07»5r 


c=     40.0.10  or  75.42.10 


ring...  1*8276879 

sin  a...  1-9880002 
ii=76»35'36" 
or  »  103.24.24 

cotB...  0K)416956 
'  tan  A...  0-2108873  - 

sin  p...  1-7259905  -^ 

sin  (p'...  i-9785734  + 

One  of  these  two  folutiom  givea  us  the  <ziaa|^e  of  Ex.  Ill ;  for  oao 
we  have  the  trmag]efC4'  [fig.  10],  £ok  the  oOietfCA'. 

For  practice  in  this  sjpedeB  of  calculation,  we  shall  give  the  aeveiBl 
elements  of  a  spherical  triangle,  its  angles,  sides,  and  segments. 

The  questions  may  be  varied  by  taking  for  the  given  elements  the 
ans  which  correspond  to  the  several  caaes  that  have  been  successively 
dtsoused. 


Am. 

Lo^  ain. 

Log  COS. 

Log  tan. 

A  -     121^36'19"81 
B  -       42.15.13*66 
C  -       34.15.  2-76 
a «       76.35.36 
S »       M.10.30 
c  «B       40.  0.10 
f  =  -  33.  8.50 
4/..       72.  9.  0 
A  3.  -  4.%51.16-2 
d'*       78.  6.19 

i-9302747 

1-8276379 

i-7503664 

1*0680008 

1-8853636 

i-8080926 

i-7259905- 

1-9785741 

1-8406263  - 

i-9905733 

1-7193874- 

i-8693336 

i-9172860 

i-S6521l79 

i-8064817 

i-8842363 

i-9277212 

i-4864674 

1-8580019 

i-3141056 

0-2108873- 

1-9583044 

i-8330804 

0-62S7729 
0-0788819 
i-9238563 

i-7982092  - 
0-4921067 

i-9826249  * 
0-6764677 

Wc  hav^  for  the  perpendicular  arc 
/»«.      40-51-3           i-8156385      i'8787600     ]i-9368784 

SOO  ANALYSIS  OF  THRlBE  DIMENSIONS: 


11,    SURFACES  AND  CURVES  OF  DOUBLE  CURVATURE, 


GENERAL  PRINCIPLES. 

612.  To  fix  the  position  of  a  point  M  [fig.  1 1]  in  space,  we  take 
three  axes  Ax,  Ay,  Az  (which  for  greater  dmplidtf  we  shall  suppose 
to  be  rectangular),  and  through  these  lines  draw  the  planes  zAs,  zAy, 
xAy ;  we  then  giye  the  distance  PM,  or  s  ^  c>  from  the  point  to  its 
projection  P  on  one  of  these  planes,  as  also  the  projection  itself,  and 
consequently  the  co-ordinates  AN,  AS  of  the  point  P,  at  x  ^ss  a,  y  ^s^  b : 
the  given  quantities  a,  6,  c,  are  in  fact  the  distances  3f Q,  MR,  MP, 
from  the  point  to  the  three  planes ;  and  these  straight  lines  complete 
the  paralleHpiped  QN, 

Considering  that  besides  the  trihedral  angle  zAxy,  the  three  oo« 
.ordinate  planes  form  seven  other  such  angles,  we  shall  readily  see  that 
the  absolute  position  of  M  in  space  is  not  fixed  by  the  lengths  of  a,  h, 
c,  unless  we  also  introduce  the  principle  of  signs  [[N<^«  940^.  Thus, 
below  the  plane  xAy,  conceived  to  be  indefinite  in  extent,  the  values 
of  z  are  negative;  if  the  point  be  on  the  left  of  the  plane  zAy,  towards 
af,xiB  negative ;  whilst  ^  is  so  behind  the  plane  zAx. 


613*  Suppose  that  between  the  three  co*ordinates  x,  y,  z,  we  have 
an  equation,  such  as^*  {x,  y,  z)  =i  0.  This  equation  will  be  indeter- 
minate; but  if,  for  two  of  the  variables,  we  assume  certain  values 
a;  =s  a  ss  ^1^,  ^  ==  6  ss  PN  [fig.  11],  it  will  thein  give,  for  z,  at  least 
one  root  s  =  c.  If  this  root  c  be  real,  we  must  erect  at  P  the  perpen- 
dicular PM  =  c  to  the  plane  yAx,  and  the  point  M  in  space  will  thus 
be  determined. 

Now  let  the  values  assumed  for  the  arbitrary  quantities  x  andy  be 
changed,  t«e.  let  points  P  be  taken  ad  lUntum  in  the  plane  xAy;  we  shall 
derive  from  the  equation  as  many  corresponding  values  of  z,  and  as 
many  points  M;  and  these  points  will  all  lie  in  a  surface,  which  we 
may  imagine  to  be  formed  by  their  being  united  together,  and  a  con* 
tinuity  established  between  them.  This  surface  may,  for  instance,  be 
a  cone,  a  cylinder,  a  sphere,  &c. ;  and^  {x,y9z)=^0  will  be  the  equa^ 
tion  of  ike  surface,  since  it  distinguishes  the  several  points  in  it  from 
the  rest  of  space.  If  z  have  several  real  roots,  the  surface  will 
have  several  sheets ;  whilst^  if  ;?  be  imaginary,  the  indefinite  perpen<» 
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erected  at  P  on  the  pkne  xtf  will  not  meet  the  sarfiioe.  If^ 
having  taken  a  fixed  value  of  ^,  as  ^  «s  &  ea  AS,  we  make  x  vaiy,  the 
ordinate  PM  =  z  will  move  along  SF  parallel  to  the  plane  xzy  and 
the  variations  that  it  undergoes  will  be  determined  hj  f  (x,  h,  z,)  =s  0, 
which  is  consequently  the  equation  of  the  intersection  of  the  surface  by 
the  plane  SM,  the  variables  being  the  two  co-ordinates  x  and  z,  measured 
in  the  plane  QMPS.  Similarly,  making  a:  =  a,  or  z  =s  c,  we  have  the 
intersections  of  the  surface  by  the  planes  MN,  or  QR,  parallel  to  ^  or 
to  4:^ :  z  as  0  is  evidently  the  equation  of  the  plane  xy,  zssc  that  of  a 
plane  which  is  parallel  to  it,  and  at  a  distance  c  from  it ;  jr  =:  0  is  the 
equation  of  the  plane  yz,  x  ^sa  that  of  the  plane  drawn  parallel  to  it  at 
the  distance  a, 

Gl^.  The  rectangular  triangle  AMP  gircB  z^  +  AP^  ssi  AM*  * 
and  since  from  APN  we  find  AP^  ss  jfi  +  ^,  we  have^   making 

«*  +  y  +  2*  =5  R^* 

Hence, 

1^  The  distance  of  a  point  from  the  origin  is  the  root  of  the  squares 
of  the  three  co-ordinates  of  this  point. 

2*.  If  X,  y,  z  are  variable,  this  equation  will  characterise  all  the 
points  in  space,  the  distance  of  which  from  the  origin  is  the  same  and 
s=  JR ;  and  it  consequently  is  the  equation  of  the  sphere  which  has  R  for 
its  radius  and  the  origin  for  its  centre. 

Taking  two  points,  the  one  N{x,yy  z),  the  other  M(x',y,  /],  [fig.  12], 
if  n  and  m  be  their  projections  on  the  plane  xy,  mn  will  be  that  of  the  line 
MN^H.    But  [N^  373],  we  have 

mn''^(x-^xY  +  (y-yy: 

also,  MP  being  parallel  to  mn,  the  triangle  MNP  wUl  be  rectangular 
at  P;  whence  MN^  =  AfP*  +  PN^  =  wt««  +  PN* ;  and  since 
py  sa:  Nn  —  Mm  szz  -^  z',  there  results 

ix^xy+{y  ^yy  +  (z^  ;/y^R^. 
R  is  the  distance  between  the  points  (x,  y,  2),  {sf^y',  z')* ;  and  if  we 


*  Since  m0,  mC  [fig.  12],  parellelB  to  ^y,  give  BC  «  «  ^  «^  »  the  projection  of 
MNtm  the  ana  of  Xy  it  appears  that  the  length  of  a  line  in  apace  is  the  tquare  root  of 
the  turn  of  the  sfuares  of  its  priffectione  on  the  three  axei. 

"We  also  have  MP  =  ifiV:  cos  AafP;  so  that  the  projection  ntn  is  the  prodnct 
of  the  line  projected  by  the  coiune  of  its  inclwation ;  aad  conversely  a  line  in  space 
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coosidtt  4r>  jf«  %  m  ydooMo,  this  equaHam  ii  thai  qfm  spkirt  qftmdim  M, 
•ad  liAviiigLls  €«nM  siluntod  in  the  point  M  («^>^»  s^ 

615.  Let  our  surface  be  a  right  cylinder  with  any  base  £N\  287^; 
this  base  will  be  a  curve  given  on  the  plane  xy  by  its  equatioiiy*(jr^jy)  =^0« 
Assigning  to  x  and  j^  values  which  satisfy  this  equatkni,  the  point  of  the 
plane  xy,  that  these  co-ordinates  determine^  is  one  of  those  of  the  curve 
which  serves  for  the  base  of  the  cylinder ;  and  the  indefinite  perpendi- 
cular z,  erected  at  thi^  point  on  the  plane  xy,  is  a  generating  line  of  tho 
body :  thuSj  whatever  value  we  assign  to  s^  and  at  whatev^  point  we 
terminate  it^  the  extremity  of  this  perpendicular  will  be  on  the  surface 
of  the  cylinder.  Hence^  the  equation  of  the  surface  of  a  right  cyUnder 
U  that  qfiU  base,  or  /(x^y)  s:  0. 

If  the  generating  line  of  the  n^t  cylinder  be  perpendiciilar  to  die 
plane-of  xz,  the  equation  of  its  surface  is  that  of  the  base  traced  oa  this 
plane^  &c. 

The  same  reasoning  proves  that  the  equation  of  a  plane  perpendicular 
to  one  of  the  co-ordinate  planes  is  that  of  its  Trace  on  the  latter^  f  •  e.  of 
the  line  of  intersectbn  of  the  two  planes*  Thus,  let  AB  «=  «  [fig.  13]] 
and  a  =  tan  CBI;  then  x^az-^  a,  which  is  the  equadon  of  thelina 
BC  in  the  plane  zAx^  is  also  that  of  the  plane  FEBC,  perpendicular  to 
Bifx,  and  passiiig  through  BC 


616.  Let  ilf  =  0^  ^=aO  be  the  equations  of  two  sur&ces;  th< 
equations  respectively  indicate  those  points  of  q»ace  which  belong  to  ooe 
or  other  of  the  surfaces;  so  that  their  simultaneous  eadstenoe  caciespoiida 
to  the  Une  in  which  these  surfaces  cut  one  another.  ^  Hence,  a  poini  is 
determined  hy  three  equations  between  the  co-ordinates  x,  y,zqfthe  point; 
a  surface  by  a  sijigle  equation ;  a.  curve  hy  tfso,  which  are  those  of  the 
surfaces  that,  by  their  intersection,  determine  this  line.  Since  an  infinite 
number  of  surfaces  may  be  made  to  pass  through  a  given  line,  it  wiH  be 
seen  that  the  same  curve  in  space  has  an  infinite  number  of  equations* 

If  2  be  eliminated  between  M  =  0  and  iV  =  0,  we  shall  arrive  at  a 
third  equation  P  =s  O  in  <r  and  y ;  and  this  wi^  be  the  equation  of  a 
right. cylinder  which  cuts  our  two  surfaces  in  the  curve  in  question,  and 
also  the  equation  of  the  projection  ][N*.  272]]  of  this  curve  on  the  plane 
of  xy>  Similarly^  eliminating  y^  we  shall  have  the  equation  Q^^O  of  the 


18  the  quotient  of  its  projection  on  a  plane  divided  by  the  cosine  of  the  ai^e 
whicli  it  makes  with  thift  plane.  These  theorems  may  also  b«  txXwisd  to  plane 
areas  situated  in  space* 
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ptvpcefeMm  on  tbe  flm»  xz,  or  that  of  the  projeothig  cytiader.  PmO, 
Q  s£  0  are  the  equations  of  our  two  cylinders^  which  may  be  mibstituted 
for  the  given  surfaces ;  they  are  also  the  equations  of  the  projections  of 
the  ctttre^  and  thote  of  the  carvt  itself;  and  oonsequentlj,  me  may  take 
Jbr  the  eqtmtioHi  of  a  curve  ikon  of  Us  proftctumi  cm  two  qf  ike  co-«riK« 


617.  Applying  these  principles  to  the  straight  line ;  we  may  take  for 
its  equations  those  of  any  two  planes,  in  each  of  whidi  It  is  contained ; 
at  the  samelime,  it  will  be  proper  to  select  those  which  furnish  the 
most  simple  results.  The  axis  of  z  has  for  its  equations  xtssO^y  ^0, 
whidi  are  thoae  of  the  planes  yz  and  xz.  Similarly,  a;  as  ^^  y  ae  /3  ave 
the  equations  of  a  stredght  line  PM[[fig.  ll^  parallel  to  x,  and  of  whidi 
the  foot  P,  in  the  plane  xy,  has  x  s:£  «,  y  s=  /9  fbr  its  co-oidinates.  The 
same  reasoning  may  be  applied  to  the  other  axes ;  thus  jr  ^  0, 2  ^  0  are 
the  equations  of  that  of  ^,  &c... 

EF  being  any  straight  line  in  space  []flg.  IS^^  draw  through  it  a  phme 
FEBC  perpendicular  to  the  plane  xz ;  BC  will  be  ito  projection  on  the 
latter  plane  {[N*.  27^.  Let  EF  be  similarly  projected  into  HO  on  A» 
^ane  yz;  then  the  equations  of  these  projections,  or  of  the  projecting 
planes,  are  those  of  the  straight  line  EF: 

X  ^^  az  +  a, 

y^hz  +  e. 

ft  w91  be  eittily  seen  >di*t  *  and^aretheoo-ordimteSif^^ilG^of  tlM 
point  E  in  which  the  straight  line  EF  meets  the  plane  xy,  and  iliait  m 
goad  &  are  the  tatigents  of  tke  an^es  which  its  prqjecc&ons  BC,  H6,  make 
wiih  the  axis  Aii*  Eliminating  z,  we  obtain  the  equation  of  the  pro)ee« 
tion  on  Iteplwae  ^tg, 

ay  :=■  hx  +  a&  ~~  ha. 

618.  If  die  straight  line  EF  Qfig.  13^  pass  through  a  given  point 
T{x\  ff^  tT),  the  projections  C  and  H  of  this  point  are  situated  in  thoae 
of  the  line ;  and  hence  the  equations  are  [[N**.  3693 

a;  —  x^  as  a  (z  —  /), 

The  values  of  a  and  h  will  readily  be  determmed  when  the  straight 
line  ifl  to  pa»  through  a  second  point  {J',}^,  tT)- 
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When  the  staraight  line  passes  through  the  origin  A,  its  equations  are 

X  =i  az,  y  ^s  hz. 

It  will  be  easily  seen  that  the  projections  of  two  parallel  straight  lines 
on  the  same  plane  are  themselves  parallel  [N*.  268] ;  whence  the  equa- 
tions of  these  lines  must  have  the  same  coe£Eidents  a  and  6  for  Zj  and 
difier  only  as  to  the  values  of  the  constants  a  and  /?. 

EQUATIONS  OF  THE  PLANE,  CYUNDER,  CONE,  &c 

619.  Whatever  be  the  conditions  which  determine  the  nature  of  a 
surface^  they  always  reduce  themselves^  in  the  higher  analysis,  to  giving 
the  law  of  its  generation ;  which  consists  in  a  generating  curve,  variable 
or  constant  in  form,  moving  along  one  or  more  given  lines,,  called  the 
Directrices,  The  equation  of  the  surface  generated  is  obtained  by  the 
same  course  of  reasoning  as  that  of  N*.  426 ;  we  shall  proceed  to  give 
some  examples,  commencing  with  the  plane* 

A  plane  DC  [[fig.  14>3  may  be  conceived  to  be  generated  by  a  straight 
line,  which  slides  along  two  others  that  cross  each  other.  Let  the  traces 
of  this  plane  on  those  of  xz,  yz,  be  BC,  BD,  meeting  in  JB  on  the  axis 
of  z ;  makmg  AB=a  C,  these  lines  have  for  equations. 


J5C...  ,y  =  0,  2  =  iix  +  C, 
5D...  *  =  0,  2  =:  %  +  C...  (1). 


But  this  plane  BDC  might  also  be  generated  by  the  trace  BCmovmg 
parallel  to  itself  along  BD;  a  fact  which  must  now  be  expressed  in  terms 
of  analysis. 

Let  EF  be  any  straight  line  in  space  parallel  to  BC;  the  projecting 
plane  EHIF  will  be  parallel  to  zx,  and  HI  to  Ax :  also,  the  projection 
of  EF  on  the  plane  zx  tvill  be  parallel  to  BC;  bo  that  the  eqoations  of 
^Fwillbe 

ff:=a,Zss:Ax  +  /5...  (2). 

To  obtain  the  locus  E  of  intersection  of  EF  with  the  directrix  BD, 
let  X,  y,  zhe  eliminated  between  the  four  equations  (1)  and  (2)  ;  and 
there  will  result  the  equation  of  condition 

e  «  B«  +  C...  (3), 

which  expresses  that  the  lines  BD  and  EF  cut  each  other.  And  if, 
therefore,  we  assign  to  u  and  /3  values  that  satisfy  this  condition,  "we  may 
rest  assured  that  the  equ*  (2)  are  those  pf  the  generating  line  ia  one  of 
its  positions. 


EQUATIONS  OF  THE  PLANE,  CYUNDER,  CONE,  &e.  80fi 

Thusi  foppofiing  that  in  (2)  we  fubstitute  far  i?  its  value  Ba  +  C, 
these  equations  will  be  those  of  some  one  of  the  generating  lines,  the 
position  of  which  will  depend  on  the  value  assigned  to  the  arbitrary 
qusntity  ««  And  hence  we  conclude  that  if  a  be  eliminated  between 
these,  t.  e.  «  and  0  eliminated  between  the  three  equations  (2)  and  (3), 
the  resulting  equation 

z^Ax  +  B^+  C 

will  be  that  of  the  plane ;  since  x,  ^,  z  represent  the  co-ordinates  of  the 
several  points  of  any  generating  line  whatever.  C  is  the  value  of  2  at 
the  origin,  or  AB ;  A  and  B  are  the  tangents  of  the  angles  that  the 
traces  BC,  BD  of  the  plane,  on  those  of  xz  and  ^z,  make  with  the  axes 
ofxandy. 

If  C  alone  be  made  to  vary,  the  plane  moves  parallel  to  itself,  its 
tiaces  still  continuing  parallel  [N<^.  268].    Hence 

1*.  Every  equation  of  the  1st  degree  is  that  of  a  plane. 

S*.  Any  two  equations  of  the  Ist  degree  are  those  of  a  straight  line. 

S*.  When  the  equation  of  a  plane  is  given,  the  equations  of  its  traces 
on  the  planes  xz,  tfz,  and  xy  are  obtained,  by  successively  making  ^=0, 
2  s  0,  z  s=  0 ;  which  are  the  equations  of  those  planes.  Thus, 
Ax  +  Bif+  C^Ois  the  equation  of  the  trace  of  the  plane  on  that 
of  ^. 

Any  other  straight  line  in  space  might  have  been  taken  for  the  gene- 
ntrix,  and  made  to  move  along  the  traces ;  and  the  calculation,  though 
more  complicated,  would  have  led  to  the  same  result.  The  investigation 
under  this  form  will  serve  for  additional  practice* 

620.  Similar  reasoning  will  serve  for  finding  the  equation  of  the 
Cylinder.  Let  3f  =  0,  ^  =:  0  be  the  equations  of  the  given  curve 
in  space,  on  which  the  generating  line  is  required  to  move,  always  con* 
tinumg  parallel  to  itself  QN^  2873 ;  also,  let 

X  =s  <ia  +  »,  ^  =  ^2?  +  /5.,.  (1) 

denote  the  equations  of  a  parallel  to  the  generatrix,  a  and  h  being  known, 
a  and  0  dependent  on  the  position  of  this  straight  line.  In  order,  then, 
that  this  parallel  may  cut  the  directrix,  our  four  equations  must  be  coex- 
istent ;  f •  e.  if  X,  ^,  2  be  eliminated  between  them,  a  and  0  must  be  such, 
that  the  final  equation  S^Fa  shall  be  satisfied.  Thus,  if  in  ( 1 )  we 
put  Fa  for  jS,  these  two  equations  wiU  be  those  of  some  one  of  the  gene- 
rating lines,  the  position  depending  on  the  value  of  a ;  and  if  a  be  next 
eliminated  between  them,  we  shall  have  an  equation  between  x,  y  and  z, 
which  will  bold  good  for  any  generatrix  whatever ;  and  this  consequently 
will  be  the  equation  required. 
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Henoe  we  otmdude  that  to  find  the  equafcion  nf  ft  cylindneal  mrface, 
we  must  eUminatexy  ^  and  2r between  the  equatumt(l)  and  tliase  AfsO, 
/V'm  0  of  the  directrix ;  and  then^  in  the  xeialting  e^uatinn  of  cooditioii 
$  n  Fm,  substitute  j;  —  ez  for  «  and  ^  «-  Azfbr  0;  so  tiiat  the  eqettion 
of  the  cylinder  is  of  the  form  ^  --  /3z  ae  F  (s  --  az),  the  fonn^  of  tb 
function  F  depending  on  the  nature  of  the  directrix  [ne  N"*.  705, 879]. 

If^  for  example,  the  base  be  a  cirde  of  radius  r,  described  in  the 
plane  xy,  and  placed  similarly  to  that  of  fig.  18^  the  diameter  AE 
being  on  the  axis  of  je,  and  the  origin  in  A,  the  equations  of  the 
directrix  are  z  =  0,  ^*  +  j:*  =  2rx ;  and  eliminating  x,  y,  z  between 
these  and  the  equations  (1),  there  results  /3^  4-  «*  =&  ira,  for  the 
equation  of  condition.t 

Thus, 

(y  -  *«)*+  (*  -  i?2)«  =a  2r  (at  —ab) 

is  the  equation  of  ike  obiufve  cyUnder  wUh  a  circular  due  /  the  direc- 
tion of  the  axis  giving  the  values  of  a  and  5.  If  this  axis  be  in  the 
plane  xz,  we  have  6  =  0;  and  consequently, 

y*  +  (a?  —  azy  =a  2r(jr  —  OB). 

Lastly,  if  the  centre  of  the  circle  be  situated  at  the  ori^,  we  have 
only  to  replace  the  2nd  side  by  r*. 

621.  Let 

M  =  0,  N^O (I) 

be  the  equations  of  the  directrix  of  a  conical  surface  [[N**.  2893<  The 
co-ordinates  of  the  vertex  being  a,  b,  c,  every  straight  line  that  paises 
through  this  point  has  for  its  equation  [[N^  61 83, 

a?-fl=rflt(s-c),  y  -  i  =  /S(s-c) (2). 


*  The  symbols  F4r,/4r,f4r...  serve  to  denote  different  functions  oi  s\  and  in- 
dicate formols  into  which  the  same  quantity  x  enters,  but  combined  in  different 
ways  with  the  given  quantities.  On  the  other  haud,/r,/«  are  the  same  AinctioD  of 
two  different  qnantities  #  and  s  \  so  that  if  in  the  Utter  s  should  be  changed  into  *, 

the  result  would  be  identically  the  first :  /( -/«+«),/(;——)  denote  that  if  we 

made  */z^  a  ^  *,  and  ,  ■■■  a  jr.  these   fhnctJons  wonld  become  identical, 

0  •\-  log  z 

and  ss/r. 

t  This  is  evident  of  itself,  since  a  and  B  are  the  co-ordinates  of  the  foot  of  the 
^ncratrlx.    The  same  remark  applies  to  the  rone. 

The  equation  of  the  phuie  may  be  found,  by  conudering  it  as  a  eyli&der  of  Whi^ 
the  base  is  a  straight  line. 
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If  now  this  line  meet  the  curre>  it  wiH  be  a  genentrix ;  so  thiit^ 
etiminating  x,  tfy  %  between  these  four  equatknis ;  and  then,  by  means 
ni  the  equations  (2),  eliminating  a  and  /3  from  the  final  equation 
fi  ss  Fa,  we  shall  hare  for  the  cone  an  equation  of  the  form 


2 

z 


—  c  \z  -^  cj 


Tha  form  of  the  function  F,  dependent  on  the  curve  which  serves 
for  the  directrix^  is  given  by  the  calculation  itself  that  we  have  been 
eiplaining  [see  N»  70S  and  879]. 

Thus,  if  the  base  be  the  circle  AE  [fig.  18],  its  equations  are  z  =s  0, 
^^  -(-  x^  ss  2rxy  the  origin  being  at  the  extremity  A  of  the  diameter, 
which  lies  on  the  axis  of  x ;  and  the  equation  of  condition  ^  ss  Fa  is 
in  this  case 

(fl  -.«ir)*  +  (6  -  ecy^2r{a  -  oc) j 

whence 

{at  —  cxy  +  {hi  —  cyy  =  2r  (^  —  c)  {at  —  cx)y 

the  equation  of  the  oblique  cone  wiih  a  circular  base,  the  vertex  5'  being 
in  the  point  (a,  b,  c).  If  the  axis  SC  be  supposed  to  be  in  the  plane 
xz,  as  it  appears  in  fig;  18,  we  must  make  &  as  0,  and  there  will  result 

cM**  +  y*)  +  2c  (r  —  fl)  ^«  4-  o  (fl  —  2r)  z*  +  ^acrz  +  2cVx  =  0. 

Lastly,  for  a  rig^t  cone,  a  ss  r*  In  this  case  it  is  more  oonvensent 
to  take  the  axis  of  s  for  that  of  the  cone,  and  we  find,  for  the  equation 
of  the  surface  thus  disposed, 

m  being  the  tangent'of  the  angle  formed  by  the  axis  and  the  generatrix, 
armcsstr* 

If  the  circular  base  do  not  lie  in  the  plane  xy,  but  in  a  plane  inclined 
to  xy,  and  perpendicular  to  xz,  A  being  the  tangent  of  the  angle  that 
this  base  makes  with  the  plane  xy,  the  equation  (1)  must  be  replaeed 
by  z  ss  Ax,  and  x^  +  y^  +  z^  ^  i-*. 

622.  Every  sufface  of  revolution  may  be  conceived  to  be  generate^ 
[N*.  286]  by  the  motion  of  a  circle  BDC  [fig.  15],  the  plane  of  which 
is  perpendicular  to  an  axis  Az,  the  centre  I  bebg  in  this  axis,  and  the 
radius  IC  so  varied,  that  this  circle  shall  always  cut  some  given  curves 
CAB.  At  present  we  shall  consider  only  the  case  in  which  the  axis  la. 
taken  for  fhat  of  z. 

Every  circle  BDC,  the  plane  of  which  is  paridlel  to  xy,  has  for  its 
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equations  those  of  its  plane  and  its  projecting  cylinder;  or>  making 
41  ss  0,  and  the  radius  JCssa, 

z  =  ft  and  x*+y  =  •*.... (1). 


The  equations  of  the  given  directrix  CAB  being 


Jtf  =  0.  N^O (2), 

in  order  that  these  curves  may  meet>  it  is  requisite  that  the  rektion 
Fa  =s  P,  at  which  we  arrive  from  the  elimination  of  x,  y,  z  between 
our  four  equations^  be  satisfied.  If  then  Ta  be  substituted  for  /?  in  ( 1 ), 
these  equations  will  become  those  of  the  generating  circle  in  one  or 
other  of  its  positions  according  to  the  value  of  a ;  and  «  being  next 
eliminated,  we  shall  have  the  equation  required. 

Thus,  we  shall  have  to  eliminate  x,  y,  and  z  between  the  four 
equations  (1)  and  (2) ;  then,  in  the  final  equation  Fa^i0,to  substitute 
z  for0,  and  n/Cx^^^^)  for  »;  and  the  equation  of  the  surfSsiee  of 
revolution  will  therefore  be  of  the  form  z=s  F{x'^  +  y^) :  that  of  the 
function  F  depends  on  the  nature  of  the  directrix,  and  the  calculation 
itself  serves  to  determine  it. 

I.  In  the  first  place,  let  us  take  for  the  directrix  a  circle  in  the  plane 
xz,  and  the  centre  of  ^hich  is  at  the  origin ;  we  have,  for  the  equa- 
tions (2),  y  =  0,  a*  +  2*  =  r*,  and  for  the  equation  of  condition 
a'^+ff^^r*,  as  is  in  fact,  self-evident;  consequently,  substituting 
»•  +  ^  for  «S  and  z  for  ft  we  have  «*  +  y*  +  z*  =  r'  for  the  equation 
of  the  sphere  [N^  614]. 

II.  In  the  plane  xz  describe  a  parabola  in  a  position  similar  to  that 
of  fig.  15;  its  equations  will  be  y  =s  0,  x^  =  2pz;  whence  a*  ss  2pft 
and 

a:«  +  5f«  =  2ps, 

the  equation  of  the  Paraboloid  of  revolution  about  the  axis  of  z. 

III.  Similarly,  the  equation  of  the  Ellipsoid  or  HyperbolUd  of  reva* 
lution,  in  which  the  major  axis  A  coincides  with  that  of  z,  is 

il«(x*  +  y^)  ±  B^z^  =  ±  A^B*, 

the  upper  sign  corresponding  to  the  ellipsoid. 

IV.  Supposing  that  any  straight  line  revolve  about  the  axis  of  z,  let 
us  investigate  the  surface  of  revolution  which  it  generates.  The 
equations  of  this  revolving  straight  line,  which  is  the  directrix,  are 

xs=az  +  A,  yzsbz  +  B; 
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vbence  we  have 

iae + Ay  +  {be + By  ^  «* 

for  the  equation  of  condition ;  and  that  of  the  surface  therefore  ia 
;r«  +  y  =r  (fl«  +  6*)z«  +  2{Aa  +  Bb)z  +  il^  +  ^. 

Making  a?  sr  0,  we  find  [N^  450]  that  ihe  intersection  with  the  plane 
jfz  is  an  hyperbola ;  and  since  x  and  y  only  enter  into  this  expression 
comhined  in  the  binomial  x^  4*  ^S  z  is  a  function  of  x^  +  y"^,  and  the 
sin&ce  generated  is  an  hyperboloid  of  revolution. 

If  J  however^  the  generating  line  cut  the  axis  of  z,  its  two  equations 
must  he  satisfied  when  we  make  x  s  ^  rs  0  and  z  ==  c ;  whence 
A^-^acj  Bss  -^bc;  and  we  consequently  haye 

(a«  +  6«)  (s  -  c)«  =  ar«  +  y\ 

which  belongs  to  a  right  cone  [^N^*.  621^. 

To  find  the  equation  of  a  surface  of  revolution^  the  axis  of  which 
has  any  position  whatever,  we  must  either  have  recourse  to  a  trans- 
formation of  co-ordinates  QN^.  636^,  or  treat  the  problem  directly  in  a 
manner  analogous  to  the  preceding  [see  N^  629]]. 
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625.  Here,  as  in  N®.  S75>  the  remark  will  apply,  that  the  problems 
on  surfaces  which  may  be  proposed  are  of  two  sorts.  At  one  time  the 
object  may  be  to  determine  the  points  which  possess  certain  proper- 
ties; at  another,  to  give  to  the  surface  such  a  position  and  dimensions, 
that  it  shall  fulfil  certain  proposed  conditions.  In  the  1st  case,  x, 
y  and  z  are  the  unknown  quantities ;  in  the  2nd,  certain  constants  of 
the  equation  will  have  to  be  determined  accordingly  as  circumstances 
may  require.  The  conditions  given  must,  in  all  ihe  cases,  lead  to  as 
many  equations  as  there  are  unknown  quantities ;  otherwise,  the  prob- 
lem will  be  indeterminate  or  absurd.  We  shall  now  proceed  to  apply 
th^e  general  principles  to  the  plane. 

624.  To  Jittd  ihe  p'ofeclions  of  the  interseclion  of  two  planes  given 
by  their  equations 

z=:^  Ax  +  By  +  C,  z  ^  A'x  +  B^y  -{-  C 

Eliminating  z,  we  have,  for  the  projection  on  the  plane  xy, 

{A  -  A')x  +  (-B  -  B)y  +  C~  C'  =  0; 
vol*.  II.  P 
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aod  similarly^  getting  quit  of  x  or  y, 

{A'  -  i4)2  +  {AB^  -  A'B)y  ^  AC  ^  A'C  ^  0 
(iJ'  -  5)  z  +  \^B  -  AB)  x  +  BC  ^BC^O 

are  the  equations  of  the  projections  on  the  planes  of  yz  and  xz. 

625.  To  make  a  plane  pass  through  om,  two,  or  three  given  ftobUs. 
The  equation  of  this  plane  being  zss  Ax  +  By  +  C,  itii  pass  through 
the  point  {x',  ]/,  af),  we  have 

/  =  Ax^  +  J9/  +  C;  and  subtracting,  there  results 

the  equation  of  the  plane  which  passes  through  this  point  (x^  y,  /)• 

The  problem  will  continue  indeterminate  if  the  constants  A  and  B 
be  not  given,  unless  at  least  they  be  connected  by  two  equations  whence 
they  may  be  deduced.  If,  for  example,  the  plane  be  required  to  be 
parallel  to  some  other^  the  equation  of  which  is  z  as  A'x  +  By  +  C, 
we  shall  have 

A^sA",  B^B. 

If  the  plane  is  to  pass  through  a  2nd  point  (or",  y",  z"),  we  have 
aj"  =  Ax"  +  By"  +  C,  which  leaves  one  arbitrary  constant,  and  allows 
of  the  plane  being  made  to  pass  through  a  Srd  point,  &c.  [see  N^  369]. 

626.  To  find  the  point  tf  intersection  of  two  straight  lines. 
Let  the  equations 

of  the  1st  line  be  sr  a  az  +  «,   y^sbz  +  0, 
of  the  ftid    ar  ass  a'z  4-  a,  y  aa  Vz  -V-  0. 

For  the  point  in  question,  x,  y  and  z  must  satisfy  these  four  equa- 
tions ;  and  eliminating,  we  find  the  equation  of  condition 

If  it  be  not  satisfied,  the  lines  do  not  cut  each  other ;  If  it  be,  the 
point  of  intersection  has  for  its  co-ordinates 

- «-«'  _  g— g     _  ^»  -  fl«     _  yg  -  be^ 

627.  To  find  the  conditions  thai  a  straight  line  and  a  plane  ^nay  be 
coincident  or  parallel.    Let  the  equations  of  the  plane  and  the  line  be 

z  =  ilx  +  By  +  C, 

07  s HZ  +  <»,  y  s=  &z  +  g; 
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tubstitoting  az  +  M  and  bz  +  0  for  x  and  ^  in  the  Ist  of  these,  we  have 

z{Aa+  Bb  •-l)  +  Aa'{-  B0+  0=0; 

and  if  the  straight  line  and  the  plane  were  required  to  have  but  one 
point  common,  we  should  thus  arrive  at  the  co-ordinates  of  that  point. 
But,  tliat  the  line  may  lie  entirely  in  the  plane,  this  equation  must  be 
aatiified  whatever  z  be ;  whence  [N^  576], 

Aa+Bb^l,  Aa+Bfi+C^O; 

tnd  these  are  the  equations  of  condition  required. 

If  the  straight  line  is  simply  parallel  to  the  plane,  it  follows  that, 
on  being  transferred  in  parallel  directions  to  the  origin,  they  will 
become  coincident ;  thus  the  above  equations  must  be  satisfied  when 
«,  fi  and  C  are  each  supposed  to  be  nothing ;  whence 

Aa  +  Bb-^l  =0. 

628*  To  espres9  thai  a  sirttight  line  is  perpendicular  to  a  plane. 
The  plane  by  which  the  straight  line  is  projected  on  ary  is  perpendicular 
both  to  the  given  plane  and  to  that  of  xif ;  and  these  two  latter  planes 
therefore  cut  each  other  in  a  perpendicular  to  the  projecting  plane 
[N~.  272  and  273] ;  t.  e.  the  trace  of  the  given  plane  on  xy  is  perpen- 
dicular to  every  straight  line  in  the  projecting  plane,  and  consequently 
to  the  projection  on  the  plane  xi^  of  the  given  line.  Hence,  when  a 
line  u  perpendicular  to  a  plane,  the  traces  of  this  plane  and  the  pro^ 
Jeciums  of  the  line  are  at  right  angles  to  each  other.  Accordingly,  the 
equations  of  the  plane  and  the  straight  Une  being  the  same  as  in  the 
preceding  problem,  those  of  the  traces  of  the  plane  on  xz  and  yz  are 

z^Ax+Cy  zszB^+  C, 

or 

1         C       _  1         C 

and  the  known  relation  [N^  370,  equation  4]  gives 

il  +  a s=  0,   B+b^O. 

These  equations  determine  two  of  the  constants  of  the  plane,  or  of 
the  straight  line  which  is  perpendicular  to  it.  The  other  constants 
must  be  ^ven,  or  be  Aibject  to  some  other  conditions. 

629.  When  therefore  a  plane  is  to  be  drawn  perpendicular  to  a  given 
straight  line,  the  equation  of  thia  plane  is 

z  +  aar  +  6y  =  C 

The  co-ordinates  of  the  foot  of  the  straight  line  on  the  plane  xy  are 

p2 
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mmdB;  nxA  tbe  sphere,  the  centre  of  which  is  in  this  point,  has  for 
its  equation  [N^  614], 

These  two  last  equations  therefore  belong  to  a  circle,  the  plane  of 
which  is  perpendicukr  to  the  given  straight  line;  the  radius  and  the 
absolute  porition  of  the  circle  depending  on  r  and  C. 

Let  M  =  0,  iSr  =  0  be  the  equations  of  a  curve ;  that  it  may  cut  our 
cbcle,  these  four  equations  must  be  co-existent.  Eliminating  x,  y, 
and  z,  we  shaU  obtain  an  equation  of  condition  r^F{C),  and  sub- 
stituting 

z  +  ax  +  byforC,  and  v^CCa:-^)* +  (j^ -0)^  +  2^  forr, 

we  shall  have  the  equation  of  the  surface  generated  by  the  revolutiott 
of  the  given  curve  about  any  axis. 

630.  If,  on  the  other  hand,  the  plane  be  given,  and  it  be  required 
that  the  straight  line  shall  be  perpendicuhu-  to  it,  and  pass  through  a 
mven  point  (x',  y,  /)*  we  have  for  the  equations  of  the  straight 
line, 

631 .  Hence  we  may  deduce  the  distance  from  the  point  to  the  plane ; 
for,  maldng  L^^sC  —  z'  +  Ax'  +  Bi/,  and  so  putting  the  equation  of 
the  plane  under  the  form 

then  eliminating  the  co-ordinates  x,  y,  z  of  the  foot  of  the  perpendicular, 

there  results 

L  ,  _      'AL  ,  _      "BL 

and  consequently  [N*.  614]  the  distance  J  between  the  extremities  is 

i^—Jl— 

632.  To  find  the  distance  from  a  point  to  a  straight  line. 

The  equations  of  the  straight  line  being  the  same  with  those  of  N®. 
627,  the  perpendicular  plane,  drawn  through  the  given  point  C«',y,2')» 
has  for  its  equation 
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gnd  eUminating  x,y,  z  hy  means  of  the  equations  of  the  straight  line^  we 
find,  for  the  co-ordinates  of  the  point  of  intersection^ 

where  ill «  a{a?'-«)  +  6(y-/3)  +  z\ 

The  distance P between  the  points  (x,if, z),  (/>/>/)>  the  cakulation 
being  gone  through,  is  given  by 

p.  «  {^-.).  +  (y-e)*  +  /«  -  ^qp^^;^,. 

63S.  To  Jlni  the  angle  A  formed  by  two  straight  line*.  Dmw, 
through  the  origin,  parallels  to  these  lines ;  the  angle  of  these  two 
parallels  is  that  which  is  called  the  angle  of  the  straight  lines,  whether 
they  cut  each  other  or  not.    Let  the  equations  of  these  parallels  be 

(!)•••  x^az^tf^Bs,  bz,  (2)...  X  83  a%  yssb'z; 

A  then  must  be  found  in  a  function  of  a,  b,  a\  b\  Now,  suppose  a 
sphere  to  haTe  the  origin  for  its  centre,  and  unity  for  its  radius ;  the 
co-ordinates  of  the  points  in  which  it  cuts  our  straight  lines  will  be  had 
b^  eUminating  x,  y  and  z  between  their  respective  equations  and  that 
of  the  sphere,  which  is  x'^+y'^+z^:szh  Theresultis  (a«4-6«4-l)2;°sl; 
whence  we  derive  z,  and  then  x  and  y  from  the  equ«  (1) ;  a  and  b  must 
then  be  accented  for  the  values  of  z\  x'  and  y  : 

1 a  _  b 


1  a'  ,  &' 


The  distance  D  between  these  points  is  given  by 

!>•=(*- xV  +  (y-y'r  +  (^-^r  =  2-2  {xx'+yy'-\-zz% 

js+^a-^^a  gjja  a:'*+y*+2;'^  being  each  =  1.  Thus  we  have,  in  space, 
an  isosceles  triangle,  the  three  sides  of  which  are  1, 1  and  D ;  and  the 
angle  A  is  opposite  to  the  last  of  these;  so  that  the  equation  D  [N°. 
95S^  gives  for  this  angle  cos  y<  =  1  -  +  i>*  =  xx'  +  ^  +  xz\  or 

cos  il  =  -  ^.,  .  '^ 


P.  From  this  to  deduce  the  angles  X,  F,  Z,  that  a  straight  line 
makes  with  the  axes  of  x,y  and  z,  we  must  give  to  the  2nd  line  the 

pontimi  of  each  Qi  these  cms  succmiyelyi  »n(l  substitute  ia  the  »bove 
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exprenion  the  corresponding  TBluei  of  a'  and  6'.  For  exam{ile^  «  ss  0, 
^  s=  0,  are  the  equations  of  the  axis  of  z ;  that  the  eqiu  (2)  may  heoome 
such,  we  must  assume  a'  =s  &'  =  0 ;  and  these  values  being  introduced 
into  our  formula,  we  shall  have 

COS  Z  —    -T7T- S T^* 

If  the  straight  line  be  made  to  turn  about  tlie;origin>  but  without  leav- 
ing the  projecting  plane,  till  it  fall  in  the  plane  of  xz,  the  angle  of  which 
h'  is  the  tangent  will  continually  decrease,  and  at  last  become  nothing ; 
thus,  to  obtain  the  angle  that  a  straight  line  in  space  makes  with  another 
situated  in  the  plane  of  xz,  we  must  suppose  1/  szO;  which  reduces  the 
numerator  to  1  +  aa\  and  the  second  radical  to  >/(l-f  O*  ^^^  ^ 
this  second  line  verge  towards  the  axis  of  x,  a'  increases,  till,  on  the  line 
coinciding  with  the  axis,  it  becomes  infinite.     In  this  case  1  disappears* 


*  Suppose  that  we  have  the  fraction        7"     7/'\  which  may  be  written  dnder 

the  form  ^iiJ^s:j^j^lli::^ii^: — >» «  and  «  bang  the  lowest  exponents  of  «  m  the  two 
terms:  throe  cases  present  themselves* 

1^.  Um  mm  a,  the  faclon  «*,  jr«  destroy  each  other;  and  the  more  s  dlmbbhes, 
the  more  the  fraction  approaches  to  --,  which  is  the  limit  correspondiug  to  j;  ■■  0. 

Am 

2^    If  in  >  ff,  we  have  ^^^rj^f,j^^i    .*  of  which  infinity  is  evidently  the 
limit;   and  the  fraction  therefore  increases  without  any  bounds  as  ;r  is  diminished. 

3^.  And  lastly,  if  m  <  a,  the  limit  is  zero.    This  mode  of  taking  the  limit  is  what 
is  termed  making  x  indt^inUefy  gmaU,  * 

If,  on  the  other  hand,  a  and  m  be  the  highest  czponenta  in  the  two  terms,  the 

frution  wiU  appear  under  the  form  ~ .  But,  the  more  xiacieases, 


the  more  nearly  the  terms  -jp^,  — ;  approacli  to  zero,  which  corresponds  to  ^ 


A 


being  infinite;  so  that  if «  cm,  the  Umit  is -;   if  «  >  m,  the  fracUon  becomes 


j^qr;^ — »  which  IS  mfinite  at  the  same  time  with  «;  and  lastly,  if  a  <  m,  the 

limit  is  zero.    This  mode  of  operation  is  called  making  s  injlnitefy  large. 

It  will  easily  be  seen  that  this  reasoning  bears  only  on  the  1st  term  of  the  nume- 
rator  and  denominator,  so  that  wc  mif^t  at  once  have  leduced  the  fraction  to 
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before  oa'uida'';  ao  that  the  numenitor  i«  reduced  to  at^,  and  the 
lecond  radical  to  j^a^^  or  a' ;  and  the  quotient  of  these  Talues  being  a, 
we  have  for  the  angle  X,  that  a  itraight  line  in  qpaoe  makes  with  the 
sxisof  X, 

Cob  Y  is  similarly  found  by  maldng  ^^  =  0^  6'  =  oo  ;  and  hence^  the 
cosines  of  the  angles  that  a  straight  line  makes  with  the  axes  are 

cos  X  =  - 


b 

1 

cos  Z  = 


V(l+a«+6'0 


2^.  These  values  are  also  those  of  the  sines  of  the  angles  that  the 
straight  line  makes  with  the  planes  of  i^z,  xz  and  xy ;  these  angles  evi- 
dently being  the  complements  of  X,  Y,  and  Z. 

5°.  Adding  the  squares  of  these  cosines^  there  results 

coi»X+cos«F  +  coi^Z«:l. 

We  can  therefore  draw  in  space  a  straight  line  which  makes^  with  the 
axes  of  X  and  y,  any  given  angles  X  and  Y ;  but  Z  is  then  determinate 
in  value ;  as  is  elsewhere  evident  Qsee  N*.  6373* 

^•.  Along  a  straight  line  in  space^  which  makes  with  the  axes  the 
angles  X,  Y,  Z,  take  any  length  JMN  [fig.  12],  and  let  it  be  projected  on 
the  axes  of  x  and  y ;  these  projections  are 

BC  =  MN.cosX,  and  MN. cos  Y. 

But  mn  or  MP,  being  the  prelection  of  MN  on  the  plane  xy,  we  have 
mn  s=  MN,  sin  Z:  and  if  mn  also  be  now  projected  on  the  axes  of  xand 
y,  these  projections  are  BCssmn.  cos  9  and  mn  sin  9,  0  bebg  the  ao^ 


r- —  ;  and  the  same  will  be  the  case  for  every  algebraic  fnnc^xm,  as  might  be  de- 

moDStrated  by  analogous  reasoniog. 

Hence  we  conclude  that,  to  make  s  in/lniie  in  a  function,  we  must  retain  thote  two 
terms  aione  in  which  x  is  effected  with  the  highest  exponents  :  whilst,  on  the  other  hand, 
to  make  x  in/iniiely  small,  all  the  terms  must  he  suppressed,  except  those  which  have  the 
least  exponents  qfx. 
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tbat  mil  makes  with  the  axis  of  x.  Our  progeclions  therefore  are 
BC^szMN.  8in  Z.  cos  ^,  and  MN,  sia  Z.  am  0 ;  and  equating  the  two 
Talues  of  the  same  prqiections^  there  results 

cos  Xas  sin  Z.  cos  9>  cos  F  =s  sin  Z.  sin  0. 

ThuSj  instead  of  determining  the  direction  of  a  line  in  space  \sy  means 
of  the  three  angles  X,  Y,  Z  which  it  makes  with  the  axes,  it^ will  he  suffi- 
cient to  give  the  angle  that  it  makes  with  its  projection  on  the  plane  xy 
(the  complement  of  Z),  and  the  angle  0  of  this  projection  with  the  axis 
of  X ;  and  the  converse. 

Adding  the  squares  of  these  two  equations,  we  hare 

co8«X  +  cos«  y  =  sin«Z  es  1  -  oos^  Z, 
a  relation  already  found  [3*.] 

5*.  Substituting  the  values  of  cos  X,  X',  F...  in  cos  ^,  p.  213,  we  find 

cos  il  IS  cos X.  cosX*  +  cos  F.  cos  P  +  cos  Z.  cos 2"; 

and  the  angle  of  the  two  straight  lines  is  expressed  in  a  function  of  the 
angles  that  each  of  them  makes  with  the  three  axes. 

6*.  If  the  two  lines  are  perpendicular  to  each  other,  cos  i^  ss  0,  and 
we  have,  for  the  equation  which  expresses  this  condition, 

1  +  oa'  +  W  S3  0, 
or 

cosX  cosX'  +  cos  F.  cos  F'  +  cos  Z.cos  Z^  as  0. 

634.  Tojind  the  angle  0  of  two  planes.    Their  equations  being 

if  fjfom  the  origin  we  let  fall  perpendiculars  on  these  planes,  the  angle 
of  these  lines  will  be  that  of  the  planes.  Now  let  x  es  oz,  yszbz  be 
the  equations  of  a  straight  line  passing  through  the  origin ;  that  it  ms^ 
be  perpendicular  to  the  1st  plane,  we  must  have  [N\  628]  A  +  a^^O, 
B  +  b^O;  and  the  equations  of  the  perpendiculars  are  therefore 

«  +  Az=iO,y  +  Bz^0...x  +  i<'2=0,y  +  Bz^O. 

Thus,  the  cosme  of  the  angle  of  these  lines,  and  consequently  that 
of  the  plane  is 

^6^  l  +  AA'+Bff 

^{i+A*+B')^{i^A'*  +  B'^) 

1%  If  th«  2&d  plaue  be  made  to  mume  the  position  of  orz,  ^  s  0  is  ita 
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equation ;  and  we  must  therefore  make  A'  ss  CassO^  and  £^  =  00,  in 
order  to  obtain  the  angle  7\  that  a  plane  makes  with  that  of  xz.  The 
angles  IJ  and  V  that  it  makes  with  yz  and  jry  are  obtamed  in  a  cozre- 
sponding  manner ;  and  we  have 

cos  C/ss 


cosT 


1 
"■-•(l  +  ^^+B*/ 


whence 


md 


cos  ^r  +  cos  «i7  +  cos  «r  =  1, 


008  4  »  COS  r.  COS  y  +  COS  f/.  COS  f/'  +  COS  r.  cos  P, 

for  the  cosine  of  the  angle  of  two  planes  in  a  function  of  those  that 
they  respectively  form  with  the  co-ordinate  planes. 

S*.    If  the  planes  are  at  right  angles  to  each  other^  then 

1  +  ilil'  +  -BB'  =  0, 
or 

cos  r.  cos  7^  +  cos  t7^  cos  t/*  +  cos  r.  cos  V^  =s  0. 

^&S*    To  Jtnd  the  angle  nof  a  Hraight  line  and  a  plane.    Let  their 
equations  be 

z^ssAx+Bif+C,  and  X  as  flz  +  «,  ^  =a  iz  +  iS ' 

the  angle  required  is  that  which  the  straight  line  makes  with  its  pro- 
jection on  the  plane  [N*.  272] ;  so  that  if  from  a  point  of  the  line  a 
perpendicular  be  let  fall  on  the  plane^  the  angle  of  these  two  lines  will 
be  the  complement  of  «.  Now^  drawing  from  the  orig^  any  straight 
hue  X  =:  a^z,  1^  =s  b'z,  that  it  may  be  perpendicular  to  the  plane,  we 
must  have  [N^  628]  a' =z  ^  A,b'  ^  —  B.  And  the  angle  at  which 
it  is  inclined  to  the  given  line  has  for  its  cosine  the  value  determined 
[p.  213];  consequently 

l^Aa^Sb 


sm  nss 


V  (I  +  a«+ 6«)  V  0  +  il*  +  5*0 


Hence  we  shall  readily  conclude  that  the  angles  which  the  straight 
line  makes  with  the  corordinate  planes  of  xz,  yz  and  ny  have  fbr  theit 
respective  mn. 
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whkh  agrees  with  what  has  been  seen  [N^  6S3,  2^.]. 


TRANSFORMATION  OF  THE  CO-ORDINATES. 

636.  To  transfer  the  origin  to  the  point  {a,  0,  y,)  without  changing 
the  directions  of  the  azes^  which  are  supposed  to  be  any  whatever,  it 
will  be  seen,  from  reasoning  similar  to  that  of  N^  382,  that  we  must 
assume 

The  primitive  axes  x,  y,  z,  are  parallel  to  the  new  ones  of,  y',  z, 
whatever  be  the  angles  that  they  make  with  each  oiher.  We  must 
likewise  observe  to  give  to  the  co-ordinates  m,  P,  y,  of  the  new  origin 
the.proper  signs  corresponding  to  its  position  [N^  612] :  if  it  be  situated 
in  the  plane  xy,  yssO;ifitbein  the  axis  of  z^  a  and  fiai^  each 
nothing,  &c 

6S7«  In  the  case  for  changing  the  direction  of  the  axes,  the  oiigin 
remaining  the  same,  we  shall  suppose  the  original  axes  to  be  rectangular  ; 
and  the  new  ones,  which  we  shall  represent  by  Aaif,  Ay\  Azfy  of  given 
arbitrary  dywction.  Taking  any  point,  draw  the  co-*ordinates  a?',  y\  z, 
of  this  point,  and  project  them  on  the  axis  of  a: ;  the  abscissa  x  will,  ac- 
cording to  N^  383,  be  the  sum  of  these  three  projections.  Denote  by 
[xoT)  the  angle  jfAx  formed  by  the  axes  of  x  and  x\  by  {yy^)  the  angle 
y^4y,  &C. ;  then  we  shall  have 

Xszjif  CO&  (/or)  +  y  cos  (./j)  +  2^  cos  {n^x)^ 

y  =  z'  COS  {x'y)  +  y  COS  i^y)  +  z  cos  (/y)  \  ..•  {A), 
2  3s  x'  cos  {x'z)  +  y  COS  {i^z)  +  z'  eoa  (jfz)  \ 

the  two  last  equations  being  found  by  projecting  a/,  y,  x',  on  the  axis 
of  y,  and  then  on  that  of  z.  And  such  are  the  relations  which  serve 
to  change  the  direction  of  the  axes. 

Since  {afx),  (x'^),  (a^z,)  are  the  angles  that  the  straight  line  Ax' 
forms  with  the  rectangular  axes  of  x,  y,  z,  we  have  [^N*.  633,  3*.[] 

cos  \jfx)  +  cos  «(*'^)  +  cos  \x'z)  =  n 
and  likewise    cos^Cy^)  +  cos  «Cy>)  +  cos  «(y':;)  =  1  V  •..  (JS). 

cos  *(/«)  +  COS  \s^y)  +  cos  •(z'z)  =11 
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The  angles  which  the  new  axes  form  with  each  other  give  QN*.  633^ 

cos  (/y)  =s  5,  cos  (xV)  «  r,  cos  (^s^)  «  17...  (C), 
makingy  for  oondseness, 

iS  =  cos  (afx).  cos  (/jp)  +  cos  (ar'y).  cos  (/y)  +  cos  (x'z).  cos  (yz), 
T=s  cos  (jp'ar).  cos  (/«)  +  oos  (j<y).  cos  (jB(y)  +  cos  (4/*).  cos  (z'2), 
r/  =  cos  (yap),  oos  (/x)  +  cos  (yj).  cos  (/y)  +  cos  (ya).  cos  (z'z). 

If  the  new  co-ordinates  be  also  rectangular,  we  have 

5=rO,  T  =  0,  f7=sO..-  (D). 

The  equatioDS  (A),  (B),  {C),  (D),  contain  the  nine  angles  that  the 
axes  of  2',  y,  z,  make  with  those  oix,  y^z;  and  it  appears  that  when 
a  new  system  of  co-ordinates  is  selected,  of  these  nine  angles  but  six 
are  arbitrarj,  since  the  equations  B  determine  three  of  them.  Should 
this  ^stem  also  be  rectangular,  the  equ.  (D)>  which  ei^^ress  this  con- 
dition, leave  only  three  of  the  angles  arbitrary.  The  axis  of  j/  makes 
with  those  of  x,  y,  z,  three  angles,  of  which  two  may  be  any  whatever, 
and  the  third  foUcfes  from  them :  the  same  would  be  the  case  for  y, 
but  that  it  must  necessarily  be  perpendicular  to  a:^ ;  and  this  condition 
really  leaves  but  one  arbitrary  angle;  which  makes  three  in  all,  since 
these  given  angles  fix  the  position  of  the  axis  of  /,  perpendicular  to  the 
plane  xy . 

• 

638.  Instead  of  determining  the  position  of  the  new  rectangular 
axes,  by  the  angles  which  they  form  with  the  first,  we  may  adopt  the 
following  method  [Mecan.  C^L  vol.  i.  p.  59 J. 

Let  a  plane  CAy'di!  [fig.  16^  be  inclined  at  the  angle  d  to  the  plane 
xAy^  which  it  cuts  in  AC ;  let  this  trace  A  C  make  with  Ax  the  angle 
CAx  =  4^ ;  and  in  the  plane  CA^,  determined  by  0  and  >|^,  draw  the 
two  rectangular  axes  Aa^,  A%f ;  the  1st  making  with  the  trace  AC  the 
angle  CAxf  =s  f.  Our  new  axes  may  be  fixed  by  these  angles  6,  ^,  and 
^  ;  for  they  give  the  inclination  of  the  plane  x'y  to  xy,  the  direction  of 
the  trace  ^Cand  that  of  Ax'  in  the  plane  x'y  thus  determined;  the 
axis  of  y  makes,  in  this  plane,  the  angle  afAi/  =  90* ;  and  that  of  z'  is 
perpendicular  to  the  same  plane.  Thus,  for  the  transformation  of  the 
axes,  it  remains  only  to  express  the  angles  x  x,  yx...,  which  enter  into 
the  equations  A,  in  functions  of  the  given  angles  9,  ^,  and  ^. 

Now,  the  straight  lines  Ax,  Ax',  and  AC,  form  a  trihedral  of  which 
two  jdane  angles  9  ^uid  4^  are  known,  as  also  the  included  dihedral 
angle  0.  Apply  therefore  to  this  trihedral  the  formula  (3),  p.  184*,  of 
Spherical  Trigonometry,  making  c  =s  (x/),  C  ^6,0^=^-]^,  b^f;  and 
we  shall  have 

cos  [x'x)  s=cos4"<^f +  sui>^tnnf  •cost. 
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It  is  evident  that^  for  the  angle  xAtf,  we  have  only  to  operate  in  the 
same  manner  on  the  trihedral  xACy,  the  phine  angles  of  which  are 
{^*y)»  C^y  —  90*  +  >)/,  and  CAs^  =  f ;  whibt,  for  i/'Ay,  we  must  take 
the  trihedral  y^lC^,  in  which  Cjy  =  90* -f  <Pj  CAifsi90+^;  and 
consequently 

COS  (yia:)  ss  '^  COB  '^  An  f  +  Ak  ^  CM^  cob6, 
COS  (o/^)  =  -^  sin  \|/  COS  f  +  cos  >(/  sin  f  cos  0, 
cos  (ify)  S3S      sin  4^  sin  f  +  cos  ^  cos  f  cos  0. 

Taking  into  consideration  the  trihedral  sfAxC,  the  axis  Az'  makes 
with  ilCaright  angle  [N*.  266^,  as  ahio  with  the  plane  CAy';  the 
angle  of  the  phines  xy  and  sfAC  is  90*  +  (l>  supposing  the  plane  CA^ 
to  he  situated  ahove  xy ;  and  makings  in  the  equ.  (3)^  p.  184. 

'c  =  (/a:),  t  ta  gO'  +  d,  a  «s  90%  i  «  +, 

we  shall  have 

cos  (z^x)  =  —  ^  >)/  sin  (• 

In  like  manner^  the  trihedral  z'ACy  gives 

cos  (/y)  =s  —  cos  \|/  sin  0^ 

^  being  augmented  by  90^.    And^  lastly^  zAC  being  also  a  right  angle^ 
and  the  dihedral  zACx  =  90*  —  0^  the  trihedral  zACx'  gives 

cos  (x'z)  ss  sin  f  dn  t, 

whence  cos  {^z)  =^cosfsva6, 

and,  finally,  cos  (/z)  sa  cos  (. 

And  thus  we  have  the  values  of  the  nine  coefficients  of  the  equa-* 
tions  (il). 

The  equations  B  and  D  of  condition  are  of  themselves  satisfied  by 
these  values,  as  might  easily  be  proved. 


PLANE  INTERSECTIONS* 

■ 

639.  When  th^  intersection  of  the  two  surfaced  Is  a  plane  curv^, 
it  is  most  convenient,  for  the  ascertaining  of  its  properties,  to  refer 
it  to  co-ordinates  taken  in  this  plane  DOC  [fig*  17],  determined  by  thd 
dngle  0  which  it  makes  with  the  plane  xy,  and  the  angle  ^  that  Or 
makes  with  the  intersection  OC  of  these  planes:  we  shall  take  this  line 
OC  for  the  axis  of  x' ;  and  the  perpendicular  OA,  erected  on  OC  in  tbS 
cutting  plaoe  DQC^  will  be  the  aada  of  ^t 


PLAKE  IKTERSECTION&  »i 

Since  the  question  now  is,  to  obtain  the  equation  of  the  curve  of 
intersection  of  the  two  surfaces  in  respect  to  the  co-ordinates  J^  tfy  it 
is  obYions  that,  one  of  these  surfaces  being  referred  to  the  axes  x^,  y,  2^, 
by  means  of  the  transformation  (il),  it  would  be  sufficient  then  to 
make  /  s=  0,  and  we  should  have  its  intersection  with  the  plane  x'Chf* 
In  80  simple  a  case,  however,  it  is  preferable  to  make  z^  =s  0  in  the 
eqn.  (A),  and  then  investigate  in  a  direct  manner  the  cosines  of  {x'x), 
(/x)....  Accordingly,  in  the  trihedral  AOCB,  we  know  the  plane 
angles  a  =  4^^  5  =  90%  and  the  included  dihedral  angle  C  =  0 ;  whence 
the  equ.  (3),  p.  184,  becomes 

cos  (i/x)  ==  sin  4^  COB  0,  cos  (y'^)  =  —  cos  >J/  cos  0. 

Moreover, 

#'a?  =  >I/,  cos  {x'y)  =  sin  >p,  {x'z)  =  90'; 

and,  lastly,  the  plane  xfOt^,  which  we  suppose  elevated  above  that  of 
:fif,  makes  with  the  axis  Oz  the  angle  (jf*z)  ^90—0. 
Thus,  the  equations  {A)  give 

ar  =s  a/  cos  \|/  +  y  sin  4^  cos  6 

y  =3  x'  sin  4^  —  y  cos  4^  cos  d  ^  •••  (iS)« 

z  =y  sinO 

We  should  equallf  have  arrived  at  these  results^  by  making  use  of 
tbe  equations  of  N*.  638. 

640.    Let  these  equations  be  applied  to  the  oblique  cone  with  a 
circular  base.     We  shall  take  the  plane  zAx  [fig.  18],  drawn  through 
the  axis  SC  perpendicularly  to  the  cutting  plane  AB,  for  the  plane  of 
xz;  and  AB  being  the  section  of  these  two  planes,  or  the  axis  of  the 
curve,  the  vertex  A,  in  which  this  axis  cuts  the  curve,  will  be  assumed 
as  the  origin  of  the  co-ordinates :  also,  the  plane  xAy^  parallel  to  the 
circular  base  of  the  cone,  will  be  the  plane  of  xy  ;  it  cuts  the  cone  in  a 
circle  AE,  of  radius  r,  which  may  be  considered  as  the  directrix  itself 
[N*.  621].    Thus,  our  cone,  tbe  vertex  of  which  has  a,  o,  c,  for  its 
co-ordinates,  and  the  axis  of  which  is  in  the  plane  xz,  and  the  base  in 
the  plane  ay,  has  for  its  equation  c^  (x^  +  y)  +  2c  (r  —  a)  4:2...  =  0, 
as  in  p.  207.     On  the  other  hand,  the  cutting  plane  AB  being  per« 
pendicular  to  xz,  it  will  cut  the  plane  xy  in  the  axis  Ay,  and  we  must 
therefotre  assume  4^  ^s  90"*  in  the  equ.  (£) ;  whence 

«  ST  y  cos  d,  y  =s  j/,  z  =  y  sin  B»»»  (1 ) ; 

y^lc*^  cos«  0  +  2c  (r  —  a)  sin  d  cos  d  +  (a«  —  2ar)  sin«  6] 

+  c«  asT*  +  2cry  (a  sin  0  —  c  cos  9)  =  O...  (2). 
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And  this  ib  the  equation  of  the  curre,  which^  by  Taiymg  a,  c,  r,  and 
B,  may  be  made  to  repretent  all  the  Bectiona  of  the  oblique  cone  (except 
the  panllelfl  to  the  base) ;  the  values  of  a^  being  measured  along  Aif, 
those  of  y  along  A  B,  It  will  be  easy  to  discuss  this  equation  [N*.  450], 
and  to  gather  from  it  that  the  curves  are  all  of  the  same  species  as  for 
the  right  cone. 

That  the  section  may  be  a  circle>  the  coefficients  of  af^  and  j^  must 
be  equal  [N*.  446]];  whence 

(c«  +  2ar  —  a«)  tan«  d  =  2c  (r  —  a)  tan  0. 

Of  the  solutions  of  this  equation,  tan  d  =  0  corresponds  to  the  base 
AE  of  the  cone.  As  to  the  other  value  of  0,  for  the  explanation  of  it, 
we  have 

« -  Tx      'SD      c  .,  .  -«      c  -^  a  tan  • 

tan  SAD  =  -77:=  -,  tan  SAB:s  — — - — r-  ; 
AD      a  a  -f  c  tan  8  ' 

and  if,  for  tan  0,  we  substitute  our  second  root,  there  results,  after  the 
different  reductions, 

.       o.^ d^  +  a'^c c_  __SD 

2a^r'^a^  +  '2c^r'^ac^''2r'-'a'^       DE' 

or 

tan  SAB  =  —  tan  SED  =  tan  SEA, 

The  section  tlierefore  is  again  a  circle,  when  the  angles  SAB,  SEA, 
formed  with  the  opposite  generatrices,  are  equal.  The  cutting  plane 
yAB^  being  compared  with  the  circle  AE  of  the  base,  they  form  what 
are  called  sub-'contrary  sections. 

To  obtain  the  plane  sections  of  the  right  cone,  we  have  only  to 
assume  a  =s  r  in  (2),  which  gives 

y«  (c*  cos  «0  —  r«.  an  H)  +  c«  ar'»  +  Scr/  (r  sin  0  —  c  cos  «)  «»  O, 

an  equation  equivalent  to  that  of  N®.  386.  The  factors  of  «'•  andy* 
in  this  equation  can  no  longer  be  rendered  equal  in  two  different  ways  ; 
and,  in  fact,  the  two  sub-contrary  sections  now  coincide. 

641.  The  oblique  cylinder,  the  base  of  which  is  a  circle  situated  as 
for  the  cone  in  the  preceding  case,  with  its  axis  lying  in  the  plane  xz, 
has  for  its  equation  [p.  2063j 

^  4-  (a:  —  azY  =  2r  (ic  —  az) ; 

in  which  introducing  the  values  (1),  the  cutting  plane  beiqg  perpen- 
dicular to  xz,  we  get 

5^ (cos«d  +  o'8in«»  — 2amn 0co8«)  +  a^ssSf^ {co»0  -  asin 0), 
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The  MClioQ  generally  is  an  eUipse ;  bot  beoomea  a  circle  when 
im  4  as  0,  which  brings  us  to  the  base  of  the  cylinder^  and  also  when 

(a*  —  1)  tan  0  =  2a,  or  tan  d  =  —  tan  2m, 

[eqn.  L,  359]»  m  being  the  angle  that  the  axis  of  the  cylinder  makes 
with  that  of  z ;  consequently  B  is  the  supplement  of  2«. 
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642.    The  general  equation  of  the  2nd  degree  is 
ajr«+  6y»+  cz«+  2rfxy  +  2exz  +  2fyz  +  gx  +  hy  +  ««  =  *...  (1). 

To  discuss  this  equation,  i.  e.  to  determine  the  nature  and  position  of 
the  surfaces  which  it  represents,  we  shaU,  in  the  first  place,  simplify  it 
by  such  a  transformation  of  the  co-ordinates  as  will  make  the  terms  in 
xy,  xz,  andyz,  disappear.  The  axes,  from  being  rectangular,  will  be 
rendered  oUique,  by  the  substitution  of  the  values  {A),  p.  218 ;  and 
the  nine  angles  which  enter  into  them  being  subjected  to  the  conditions 
(B),  there  will  remain  six  arbitrary  ones,  of  which  we  may  dispose  in 
an  infinity  of  ways.  But  if  we  propose  that  the  new  axes  also  be 
ifctangular,  since  this  condition  is  expressed  by  the  three  relations  (P), 
the  six  arbitrary  angles  will  now  be  reduced  to  three,  which  the  three 
coefficients  of  the  terms  in  xy,  xV,  and  tf'z,  equated  to  zero,  will  serve 
to  make  known ;  and  the  problem  thus  becomes  determinate. 

This  calculation  will  be  facilitated  by  proceeding  in  the  manner 
following.     Let  x  =s  az^  ^  ss  /3z  be  the  equations  of  the  axis  of  x' ; 

assuming,  for  conciseness,  I  =      .^      ^,         y  we  find  [p.  214] 

cos  (xV)  =  la,  cos  (xy)  =a  /ft  cos  [afz)  as  I; 

and  making  similar  assumptions  for  the  equations  x  »  mz,  y  as  /9'a,  of 
the  axis  of  y ;  aa  also  for  those  of  the  axis  of  /,  we  have 

cos  (y'x)  s=  t»,  cos  (y'y)  =  W,  cos  (/z)  =  t, 

cos  {Jx) = f v,  cos  (<y)  =  rer,  cos  (z'z) «  r. 

Thus  the  equations  {A)  of  transformation  become 

y^w  +  re^y'  +  rerz'. 
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and  the  nine  ungles  of  the  problems  are  replaced  by  the  aix  unknown 
tenoB  »,  m,  %\  S,  0,  0' ;  the  equations  (B)  being  satisfied  of  them* 
selves. 

These  values  of  x,  y,  z,  must  now  be  substituted  in  the  general  equa* 
tlon  of  the  2nd  degree^  and  the  coefficients  of  sf^,  x'z  and  y/,  eadi 
equated  to  «ero ;  whence 

(«•  +  dg  +  e)a''+  (da  +  b0  +f)fi^  +  e«  +JB  +  c  =  0...  afzT 
{aa"+der+e)a'  +  (da''+b0''^j)ff  +  ea:'+JVr+c^O...yz. 

Any  one  of  these  equations  may  be  obtained  singly,  and  without 
making  the  substitution  throughout ;  also,  from  the  symmetry  of  the 
calculation^  having  found  one  of  the  equations  we  shall  be  able  from  it 
to  deduce  the  two  others. 

Let  of  and  ff  be  eliminated  between  the  first  of  these  equations  and 
those  X  =  a%  ^  =  /S^^  of  the  axis  of  y ;  the  result  will  be  the  follow^* 
ing  equation^  which  is  that  of  a  plane, 

{aa  +  dff+e)x+{da  +  b0  +f)y  +  {ea  +JP  +  c)  2  =  0...  («). 

But  the  first  equation  expresses  the  condition  on  which  the  term  in 
x'y  is  to  be  got  quit  of;  and,  so  long  as  this  is  the  only  object  in  view, 
a,  p,  a,  0  may  be  assumed  at  pleasure,  provided  that  this  first  equation 
be  satisfied.  Hence,  we  have  but  to  draw  the  axis  of  y  in  the  plane 
of  which  we  have  just  determined  the  equation,  and  the  transformed 
equation  will  be  without  the  term  in  d/'y. 

In  like  manner,  eliminating  »'  and  j8^  from  the  second  equation,  by 
means  of  those,  x  =  a^z,  y  =  0^Zy  of  the  axis  of  /,  we  shall  obtain  a 
plane  such  that,  if  any  Hue  drawn  in  it  be  taken  for  the  axis  of  z',  the 
transformed  equation  will  be  devoid  of  the  term  in  x*z'.  But,  from  the 
form  of  the  two  first  equations,  it  is  evident  that  this  plane  will  be  the 
same  with  the  former ;  and  hence,  drawing  in  it  any  two  lines  as  the 
axes  of  y  and  2^,  thU  plane  wiU  he  that  of  i/z^y  and  the  transformed 
equation  will  have  no  terms  either  in  x'y*  or  afz'.  Since  the  directions 
of  these  axes  in  this  plane  may  be  any  whatever,  there  is  an  infinite 
number  of  systems  which  will  answer  the  end  proposed.  The  equ.  (2) 
will  obviously  be  that  of  a  plane  parallel  to  the  one  which  bisects  all 
the  parallels  to  the  axis  of  x,  and  which  is  called  the  diametral  Plane. 

If,  moreover,  the  term  in  y'z  is  to  disappear,  J  and  0  must  be  deter* 
mined  from  the  third  equation  ;  and  thus  we  see  diat  there  is  an  infinite 
number  of  oblique  axes,  that  will  fulfil  the  three  conditions  proposed. 


« 
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643.  Bat  suppose  that  the  axes  of  J^  ^,  z\  are  also  to  be  rectangu- 
lar. Then  the  axis  of  x'  must  be  perpendicular  to  the  plane  tfz'  of 
which  we  have  just  found  the  equation.  But  that  x  ^=i  az,  y  ==i  fiz  may 
be  the  equations  of  a  perpendicular  to  this  plane^  it  is  requisite  [N^  628] 
that 

fl«  +  rftf  +  e  SB  (e«  +y&  +  c)  a...  (3), 

da  +  hfi  +f=^  {e»  +JB  -h  c)  jS...  (4) ; 

whence^  substituting  in  (3)  the  value  of  a  deduced  from  (4)^  we  find 

+  [(fl  -  6)  (c  -  6)  e  +  (2J«  -/^  -  e«)  e  +  (2c  -  a  -  h)fd]  ff» 
+  L(c  -  fl)  (c  -6)rf  +  (2c«  -/«  -  c^»)cf  +  (26  -  «  -  c)fe]fi 
+  (fl-c)/rf+(/*-d»)e  =  a 

This  equation  of  the  Srd  degree  gives  for  fi  at  least  one  real  root ; 
and  the  equ.  (4<)  then  gives  one  for  a ;  whence  the  axis  of  a;'  is  so  de- 
termined  as  to  be  perpendicular  to  the  plane  i/:f,  whilst  at  the  same 
time  the  equation  is  cleared  of  the  terms  in  x'z'  and  x'y\  An^  it  only 
remains  therefore  to  describe,  in  this  plane  ^:^,  the  two  other  axes  at 
light  angles  to  each  other,  and  so  that  the  term  in  y/  may  disappear. 
But  it  is  evident  that  we  might  in  the  same  manner  find  a  plane  x'/, 
such  that  the  axis  of  j/  shall  be  perpendicular  to  it,  and  the  terms  in 
^y*  ^y  ^  EP^  ^^^^  ^^i  <^^  ^^  turns  out  that  the  conditions  which  ex- 
press that  the  axis  of  y  shall  thus  be  perpendicular  to  the  plane  are 
again  (3)  and  (4),  so  that  the  same  equation  of  the  Srd  degree  must 
also  give  /S'.  And  the  same  is  the  case  for  the  axis  of  /.  Hence  the 
three  roots  of  the  equation  in  0  are  real^  and  are  the  values  of  fi,  ff, 
(T ;  and  «,  a,  a,  are  subsequently  given  by  the  equation  (4).  There 
is  therefore  but  one  ay  item  of  rectangular  axes,  by  which  the  equation  can 
he  divested  of  the  terms  in  x'^fyxf^^y'z  ;  and  there  is  one  such  in  all 
cases;  our  calculation  points  out  the  mode  of  determining  these  axes. 

This  system  takes  the  denomination  of  the  Principal  Axes  of  the 
Surface. 

644.  Let  us  now  examine  the  difierent  cases  that  may  be  presented  by 
the  equation  of  the  Srd  degree  in  /9. 

1**.  If  we  have 

(a-6)/e+(/*-e«)rf  =  0, 

the  equation  is  deprived  of  the  first  term ;  in  which  case  we  know  that 
one  of  the  roots  of  0  is  infinite,  as  is  also  »,  since  the  equ.  (4)  now  re- 
duces itself  to  ea  +  yS  =  0 ;  the  corresponding  angles  are  right  angles, 
TOI*.  II*  Q 
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and  one  of  the  azes,  that  of  if,  far  instance,  lies  in  the  pbme  «y;  its 
equatum  is  obtained  by  eliminating  «  and /3  by  means  of  x  as  «r,  jf  ss  hz, 
and  is  ex  +fff  =sO.  The  directions  of  y  and  z'  are  giren  by  our  equft* 
tion  in  0,  reduced  to  the  2nd  degree. 

2^.  If,  besides  this  first  coefficient,  the  second  be  also  =  0,  deducing 
b  from  the  equation  above,  in  order  to  substitute  it  in  the  factor  of  /8*, 
this  factor  becomes  reduced  to  the  last  term  of  the  equation  in  0 : 

and  these  two  equations  express  the  condition  proposed.  But,  the  co- 
efficient of  0  is  deducible  from  that  of  /3*  by  changing  b  into  c  and  d  into 
e,  and  the  same  is  the  case  for  the  first  and  the  last  terms  of  the  equation 
in  /3;  80  that  the  equation  of  the  3rd  degree  is  satisfied  of  itself ;  and 
there  is  consequently  an  infinite  number  of  systems  of  rectangular  axes, 
which  make  the  terms  in  x'y'*  x'/*  ai^d  yV  vanish.  Let  a  and  b  be 
eliminated  from  the  equations  (3)  and  (4)  by  means  of  the  two  equations 
of  condition  above ;  it  appeari^  then,  that  they  are  the  product  o£fa  —  d, 
and  €0  --  d  hy  the  common  factor  ed»  ■{•fdfi  +fe;  the  two  factors 
therefore  are  each  nothing ;  and  eliminating  a  and  0,  we  find 

fe^dz,ey  ss  dz,  edx  +fdtf  +fez  =  0. 

The  two  first  equations  are  those  of  one  of  the  axes;  the  third,  that 
of  a  plane  perpendicular  to  it,  and  in  which  the  two  other  axes  are  to  be 
drawn  in  arbitrary  directions.  This  plane  will  cut  the  surface  in  a  curve 
in  which  all  the  axes  at  right  angles  to  each  other  are  principal ;  and 
this  curve  is  consequently  a  circle,  the  only  one  of  the  curves  of  the  ted 
degree  which  possesses  such  a  propwty.  The  surface  is  one  of  revolution 
about  the  axis  of  which  we  have  just  given  the  equations ;  as  might 
readily  be  shown  by  transferring  the  origin  to  the  centre  of  the  circle. 
[See  Annales  de  Math.  vol.  iL,  for  two  beautiful  Memoirs,  by  MJ  Bret]. 


645.  The  equation,  being  thus  divested  of  the  three  rectangles,  will 
be  of  the  form 

^«*  +  my^+nx^+qx  +  q'y  +  ^'«  =  *...  (5); 

and  we  shall  now  get  quit  of  the  terms  of  the  Ist  dimension,  by  a  transfer 
of  the  origin  [N^  636].  It  is  clear  that  this  operation  will  always  be 
possible,  unless  one  of  the  squares  a?S  y\  t^  be  wanting  in  the  equation ; 
we  shall  examine  these  cases  separately,  and  in  the  first  place  shall  discuss 
the  equation 
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Emrj  straight  line  puMing  thxoagh  the  origin  cuts  the  surface  ia  two 
poiiits,  at  equal  distances  on  each  side  of  the  origin,  since  the  equation 
remains  the  same  after  changing  the  signs  of  a,  jf,  z;  thus  the  origin, 
being  the  middle  point  of  aU  the  chords  drawn  through  it,  is  a  centre; 
and  consequently,  the  turface  pouestes  the  property  cf  havmg  a  centre, 
at  all  times  when  the  tranfformed  equations  not  deficient  in  one  cf  the 
sqttarei  of  the  variables. 

We  shall  assume  n  to  be  always  positiTe ;  it  remains  then  to  examine 
the  cases  in  which  k  said  m  are  both  positiTe,  or  both  negatiTO,  or  of  dif- 
ferent rigns. 

64&  If,  in  the  equation  (6),  k,  m  and  n  be  positive,  h  must  necessarily 
he  80  also;  otherwise  the  problem  would  be  absurd f  and  not  represent 
any  thing  ;  and  if  A  be  0,  we  have  jr  s  0,  y  =s  0,  z  :=0,  simultaneously 
[NML2],  and  the  surface  is  no  more  than  a  single  point. 

But,  when  h  is  positive,  making  2c,y,  or  z  separately  ae  0^  we  find 
equations  to  different  ellipses,  and  these  axe  the  curves  which  result 
frsm  the  section  of  our  surface  by  the  three  co-ordinate  planes.  Every 
plane  parallel  to  these  also  gives  ellipses,  and  it  would  be  easy  to  show 
that  the  ssme  is  the  case  for  all  the  plane  sections  [N^GSQ^;  and  on 
this  account  the  body  has  received  the  name  of  the  ElUpsoid.  The 
lengths  A,  B,  C  of  the  three  principal  axes  are  obtained  by  investigating 
the  sections  of  the  surfaces  by  the  axes  ;r,and^and  z,viz. 

k0^h,mB^m:h,nA^^h. 

Eliminating  k,  m  and  n,  by  means  of  these,  from  equ.  (6),  we  have 

^+  ^+  ^  =  1,  or  A^B'z^  +  A^Ch^^  +  B'C^x^ ^  A^BH>, 

the  equation  if  the  elUpsoid  referred  to  iis  centre.and  its  three  principal 
axes.  We  may  conceive  this  surface  to  be  generated  by  an  ellipse,  de* 
scribed  in  the  plane  xy,  moving  parallel  to  itself,  its  two  axes  at  the  same 
time  so  vnryxng,  that  it  shall  slide  along  another  ellipse  traced  in  the 
plane  xz.  If  two  of  the  quantities  A,B,  Cdxe  equal,  we  have  an  elli^ 
soid  of  revolution ;  if  if  =  B  ss  C,  the  surface  is  that  of  a  sphere. 

647*  Suppose  now  that  k  is  negative,  m  and  h  positive,  or 

ifci*  —  my*  —  !!«•  aas  —  A. 

Assuming  »  6r  y  as  0,  we  shall  perceive  that  the  sections  by  the  planes 
ofyz  and  xz  are  hyperbolas,  having  their  minor  axes  in  the  axis  of  z ;  the 
planes  drawn  through  the  axis  of  z  also  give  thb  same  curve ;  and  the 
surface  is  said  to  be  an  hyperbdUnd.  The  sections  parallel  to  the  plane 
of  2y  sure  always  real  elUpses,  in  which  A^  B,C^^1  denoting  the 

q2 
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lengtlis  along  the  axeg>  measured  from  the  origiii,  the  equation  will  be 
the  same  wiUi  that  above^  except  as  to  the  sign  of  the  first  texm>  whicli 
here  becomes  negaiive- . 

6i8.  Lastly^  when  k  and  h  are  negative, 

all  the  planes  drawn  through  the  axis  of  z  cut  the  surface  in  hyperbolss, 
which  have  their  major  axes  in  that  of  z ;  the  planea:;^  does  not  meet  the 
surface ;  but  its  parallels,  beyond  two  opposite  limits,  give  ellipses.  We 
have  therefore  an  hyperboUnd  of  two  sheets  about  the  axis  of  z.  The 
equation  in  A,B,Cvi  stUl  the  same  with  the  one  preceding,  except  that 
the  term  in  z*  is  the  only  one  that  is  positive. 

649.  When  A  =  0,  we  have,  in  each  of  Uiese  two  last  cases, 
jfcz^  s  my«  4-  fufi^  the  equation  of  a  cone,  which  is  to  our  hyperbobids 
what  the  asymptotes  were  to  the  hyperbola  [see  p.  206]. 

There  still  remains  the  case  of  it  and  m  being  negative;  but  a  simple 
inversion  of  the  axes  serves  to  bring  this  under  the  two  preceding  cases. 
The  hyperboloid  has  one  or  two  sheets  around  the  axis  of  x,  accordingly 
as  A  is  negative  or  positive. 

650.  When  the  equ.  (5)  is  without  one  of  the  squares,  x^  for  instance, 
it  may  then  be  divested  of  the  constant  term,  and  the  Ist  powers  of 
X  and  y,  viz. 

A'z*  +  t»y*  =  Ax. 

The  sections  by  the  planes  of  xz  and  xy  are  parabolas,  turned  one  way 
or  the  other,  according  to  the  signs  of  k,  m  and  k ;  and  the  planes  parallel 
to  these  also  give  parabolas.  The  planes  parallel  to  yz  give  ellipses,  or 
hjrperbolas,  according  to  tlie  sign  of  m.  The  surface  is  in  one  case  an 
elliptic,  in  the  other  an  hyperbolic  parahokid;  kssm,  when  the  parabolind 
is  one  of  revolution. 

651.  When  A  =s  0,  the  equation  has  the  form  a*z^  ±  &V  »  0,  accord' 
ing  to  the  signs  of  k  and  m.  In  the  one  case  we  have  z  =  0,  y  s=  0,  what- 
ever x  be,  and  the  surface  reduces  itself  to  the  axis  of  x.  In  the  other, 
(az  +  by),  [az  —  &y)  =  0  indicates  that  either  factor  may  be  assumed 
s=  0  at  pleasure ;  whence  we  have  the  system  of  two  planes  which  cross 
each  other  in  the  axis  of  x, 

652.  When  two  squares,  as  x*  and  y\  are  wanting  in  the  equation  (5), 
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hj  traiuferziiig  the  origin  in  a  direction  paraUel  to  z,  it  may  be 
xeduced  to 

*-8*  +  fiy  +  9«  =  0. 

The  KctioDS  by  planes  drawn  along  the  axis  of  z  are  parabolas; 
whilst  the  plane  xy  and  its  parallels  give  straight  lines  that  are  parallel 
to  each  other.    The  surface  therefore  is  a  cylinder  on  a  parabolic  bate 

[N*.  eao]. 

Should  the  three  squares  be  wanting  in  the  equ.  {5),  it  would  be 
that  of  a  plane. 

MS.  We  shall  easily  be  able  to  distinguish  the  case  in  which  the  pro* 
posed  equ.  (1)  i^  decomposable  into  two  rational  factors ;  those  in  which 
it  is  formed  of  positive  squares^  which  resolve  themselves  into  two  equa- 
tions, representing  the  section  of  two  planes ;  and,  lastly,  those  in  which, 
being  ocmiposed  of  three  parts  essentially  positive,  it  is  absurd.  All  this 
is  analogous  to  what  has  been  said  in  N**.  453  and  459. 
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DEFINITIONS^  TAYLOR'S  THEOREM. 
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65^.  The  more  manifold  the  objects  that  a  branch  of  science  embraces, 
and  the  greater  the  variety  of  its  applications,  the  more  difficult  it 
becomes  to  give  a  precise  definition  that  shall  convey  an  idea  of  it  in  its 
full  extent,  and  comprehend  aU  the  subjects  on  which  it  maybe  brought 
to  bear.  That  part  of  the  higher  analysis,  denominated  the  Differential 
CcdcuUts,  is  applicable  to  questions  so  varied,  that  we  cannot  explain  its 
nature,  without  first  making  some  preliminary  observations. 

An  equation  ^  =^(x)  between  two  variables  x  and  y  being  given,  we 
may  consider  it  as  represented  by  a  plane  curve  J9MM'[fig.  22]  referred 
to  two  rectangular  co-ordinate  axes  Ax,  Ay ;  and  it  will  readily  be  under- 
stood, that  if  to  the  abscissa  x  we  assign  a  series  of  values,  and  thence 
deduce  those  of  the  corresponding  ordinates  ^,  we  shall  have  a  series  of 
points  M,  M\..  of  the  curve ;  but  that  these  points  will  be  separated 
from  each  other  by  a  certain  interval,  however  near  we  suppose  the 
values  of  X  to  be  to  each  other.     Thus,  in  its  present  state,  the  equation 
y  =y  (x)  does  not  express  that  there  is  continuity  between  the  points. 
And  the  same  remark  will  apply  to  every  equation  between  3, 4...  vari- 
ables.    Let  us  see  whether  analysis  cannot  furnish  us  with  some  artifiGe 
that  will  serve  to  evidence  the  fact  of  continuity  between  the  points. 

Let  our  example  be  the  equation  y  =  ctx^  +  bx^  -f  c.  If,  after  con- 
sidering a  point  M,  which  has  the  co-ordinates  x  and  y,  we  wish  to  talLe 
another  point  AT  and  to  compare  it  with  the  first,  denoting  its  co- 
ordinates AP',  PM'hy  or  +  A  and  ^  +  A:,  we  shall  have 

y  +  A  =  a{x  +  /*)'  +  h[x  +  hy  +  c,  and,  developing, 

y  +  A  =  (a«»  +  6a:«  +  c)  +  (3a««  +  %bx)h  +  [2ax  +  6)*«+  ah\ 
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Now^  in  this  expremcm,  the  co^ffleietU  cf  ike  1st  power  cf  k,  tix. 
Smt"  +  ^Xy  is  derived  from  the  function  proposed^  bean  the  impress  a£ 
it,  and  oonesponds  to  it  alone ;  moreorer,  this  ooefficieiit  is  independent 
of  Ay  which  is  the  distance  PP*  of  the  extremities  of  the  two  ahedssB, 
sod  oonsequently  measures  the  interval  between  the  two  points  of  the 
eurve :  this  coefficient  therefore  is  suitably  composed  for  expressing  that 
we  eonaider  that  two  points  of  the  curve  may  be  as  dose  to  each  other  as 
we  think  fit^  and  consequently  that  the  function  is  continuous.  And 
henoe  we  shall  conclude  that  whenever  a  question  proposed^  of  whatever 
nature  it  may  be,  rests  on  the  idea  of  continuity,  it  is  the  coefficient  of 
the  1st  power  of  A  in  the  development  of  thefunction^  when  x  is  replaced 
io  it  by  X  «f  k,  which,  suitably  combined  and  analysed,  will  give  the 
nltttion  of  the  problem. 

Reasoning  in  the  same  manner  for  the  general  case  y  ^J[x),  where 
the  symboiyindicates  any  function  of  x  [see  note,  p.  206],  if  jt  be  replaced 
by  X  +  Aand jf  hyy  +  A,  we  shall  have  the  equation^  +  k  ^J{x+h); 
and  the  first  point  must  now  be  to  develop^^x  4*  A)  so  as  to  exhibit  the 
tenns  affected  with  the  different  powers  of  h,  Tlus  operation  will  d&« 
pend  on  the  nature  of  the  function  /,  and  we  shall  shortly  see  how  it 
may  be  effected  for  each  particular  form  of  ^:  at  present  we  shall  only 
remark  that  if  we  take  A  s  0,  which  supposes  A  =  0  and  makes  the 
second  point  coincident  with  the  first,  all  the  terms  of  which  Ais  a  factor 
must  disappear  in  the  development  in  question;  so  that  there  will  remain 
only  the  fiirst  term,  which  consequently  must  be  ^,  or  /{x).  It  is  also 
evident  that  h  cannot  be  affected  with  any  negative  exponent ;  for  should 
there  exist  mj{x  +  A)  a  term  of  the  form  Mh^^,  which  is  equivalent  to 

M 

t;^,  on  making  A  ss  0,  this  term  would  become  infinite,  and  the  result 

would  no  longer  be  fix).  Thus  it  follows  that  the  development  of 
y*(jr  4-  h)  must  be  of  the  form 

/(»  +  k)  »/(«)  +  a  series  ^ terms  qfmkick  k,  affected  mtk  differeni 

positive  powers,  is  a  factor*, 

&S6.  But  it  may  be  shown  that,  generally, 

f{x  +  k)  =/(«)  +  y*  +  mh...  (1), 

L  e.  besides  the  term  f{x),  of  which  we  have  just  proved  the  existence^ 
there  will  be  1^  a  term  yA  containing  the  1st  power  6{  k  multiplied  by 
a  function  of  jt  alone,  which  we  shall  denote  by  ^;  and  2°.  a  collectkm 
of  otlnr  terms  into  which  h  enters  in  hi^er  powers  than  the  Ist,  and 
whi<^  we  denote  l7«A,«  being  a  function  of  4r  and  A#  and  also  admiiliBg 
the  fiwloff  km  my  positive  power. 
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To  prove  this  protrasition^  which  serves  as  the  basis  of  the  whole  of 
the  Differential  Calculus,  let  a  tangent  TH  be  drawn  at  the  point 
M(Xiy)  of  the  curve  BMM,  the  equation  of  which  is  y  =y*(;r).  This 
straight  line  we  know  is  obtained  by  drawing  through  the  point  M  any 
line  MM!y  called  a  lecant,  and  making  it  turn  about  ikf  till  the  points 
M  and  JUif  coincide  with  each  other.  We  shall  represent  this  geometti- 
cal  operation  under  an  analytical  form.  Changbg  x  into  x+  h,  and  y 
into  ^  4-  ^>  in  order  to  arrive  at  a  second  point  A/'  of  the  curve,  we  shall 
have  y  +  k  ^f{x  +  h)  for  the  ordinate  FM' ;  thus  MQ,  =  A, 
PM'  =JT[a:  +  A),M'Q=it,orA  =  FM' -  PM ^fl,x  +  h)  ^f\x) ; 
whence  the  rectangular  triangle  MM'Q  gives 

tan  3f  Af  Q  =  -^  -  ^ j- ; 

and  to  deduce  the  direction  of  the  required  tangent  TM,  we  must,  in 
this  expression,  make  A  =s  0,  in  order  to  express  that  M^  verges  to  actual 
coincidence  with  M.  The  value  of  tan  HMQ  is  therefore  what  the 
second  side  of  this  equation  becomes,  when  we  assume  A  =  0.  And 
since  this  direction  of  the  tangent  depends  on  the  first  point  M,  it  is 
clear  that  the  result  must  be  a  function  of  x ;   thb  function  we  shall 

call  y. 

Hence  it  follows  that  the  value  of  this  second  side  must  eonsist'of  two 
parts:  1°.  of  the  term  y,  which  is  independent  of  h ;  2**.  of  other  terms 
of  which  h,  in  different  positive  powers,  is  a  factor,  and  which  disappear 
when  we  assume  A  =  0.  Denoting  the  aggregate  of  these  terms  bv  a, 
which  will  be  a  function  of  j;  and  k,  we  shall  have 

Jlx  +  h)  -Jlx)        , 

^^  [     ^^   '  =  y  +  «...  (2), 

an  equation  which  reduces  itself  to  (1),  by  getting  quit  of  the  denomi- 
nator A,  and  transp06ingy][a;).  This  reasoning  can  only  fail,  on  the  sup- 
position that  the  point  which  we  have  taken  in  the  curve  have  no  tangent, 
and  this  never  happens  but  in  certain  special  cases,  in  which,  in  fact,  the 
differential  calculus  does  present  obscure  results ;  but  so  long  as  we  keep  to 
generalities  which  allow  of  x  having  any  value  whatever,  we  may  rest 
satisfied  that  the  equ.  (1 )  Ib  always  true. 

656.  It  is  established  therefore  that,  whatever  be  the  form  of  the 
fdncdony^  the  expressiony(x  +  A)  is  susceptible  of  being  developed,  by 
suitable  operations,  in  several  terms,  of  which  the  1st  is  the  proposed 
function/(a:)  ;  the  second  a  term  ^h  which  contains  k  only  ia  the  Ist 

poweri  «nd  M  ft  factor  of  a  fuootioa  of «?  j  lastly,  of  other  terou  oompriwd 
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in  the  form  »h,  «11  of  which  contain  the  factor  k  in  some  power  higher 
than  the  Ist^  i.  e.  A  =s  0  gives  «  s=  0* 

This  second  term  t^k  has  for  its  coefficient  a  function  y  of  x,  which 
essentially  results  from  the  proposed  function  y  or^ ;  and  moreover,  as 
it  is  independent  of  A,  it  is  adapted  for  expressing  that  the  function  f  is 
oontinuousy  since  it  arises  from  our  considering  two  points  of  a  curve  to 
he  as  near  to  each  other  as  it  is  possible  to  conceive.  It  is  to  this  fisustor 
/of  the  1st  power  of  k  that  we  give  the  appellation  of  the  deiiva" 
five  or  the  differential  coefficient  of  the  function  ^;  it  is  also  expressed 

The  function  a,  as  we  shall  shortly  explain,  is  itself  susceptible  of 
bemg  developed  in  several  terms,  proceeding  according  to  the  powers  of 
k,  and  each  coefficient  of  which  might,  as  well  as  y,  be  made  use  of  to 
express  the  continuity  in  y :  but  as  we  shall  see  that  these  coefficients 
depend  on  y,  this  remark  does  not  at  all  weaken  our  consequences;  only, 
in  treating  of  problems,  we  may  be  induced  to  prefer  one  or  other  of 
these  coefficients,  according  to  the  object  in  view. 

657.  It  appears  that  the  more  h  decreases,  in  the  equ.  (2),  the  lestf 
•  becomes,  till,  on  h  becoming  cero,  it  is  reduced  to  nothing;  and 
hence  we  arrive  at  this  conclusion,  which  frequently  gives  an  excellent 
mode  of  calculation  for  deducing  the  function  J'Xx)  from  J*(x),  that  the 
derivative  ^  (]i£tL  function  y  is  the  resulting  value  of  the  1st  side  of  the 
equ.  (2)  when  h  is  made  nothing ;  i .  e.  the  derivative  y,  or  the  different 
tial  coefficient  qfajunctioti  ^,  is  the  limit  of  the  ratio  of  the  increment  of 
thU function  to  that  of  the  variable;  for,  the  numerator  yi[ar  +  h)  — y(a:) 
is  the  excess  of  the  second  function  above  the  primitive  one,  and  the  de- 
nominator is  the  increment  A  assigned  to  ar«  [See  what  has  been  said  in 
NMlSon&mf^f]. 

658.  It  will  be  well  to  know  the  origin  of  the  word  differeniiat  Sincej 
in  the  equ.  (2),  the  term  a  decreases  indefinitely  along  with  A,  whilst 
y,  which  is  independent  of  A,  remains  constant,  it  is  clear  that  the  less 
h  be,  the  more  will  the  2nd  side  verge  to  the  value  y ;  so  that,  for  very 
small  values  of  A,  the  differencey(a;  +  A)  —  ^x)  reduces  itself  to  yA; 
and  since  this  is  the  difference  between  the  second  function  and  the  pri* 
mitive  one,  yA  has  received  the  appellation  of  a  small  difference,  or  a 
differential.  Also,  Leibnitz,  the  inventor  of  this  Calculus,  having  de« 
noted  an  infinitely  small  increment  assigned  to  a  variable  by  the  symbol 
d,  dy  and  dx  have  been  fixed  on  as  symbols  for  replacing  the  letters  k 
and  h  above^  and  we  have  i{dx  (instead  of  yA)  for  the  differential  of  y, 
YiM.  djf  ss  %fdx.    Thia  notation  is  generally  received  in  the  branch  of 

WO  ac«  now  «(pUimng  the  pnndplesi    Th»  dcrivatite 
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or  ike  differential  coefieieni  qf  tkeJiinciuMgmzfix)  %$/,  Qrf{x),  or 


■J-  ;  and  U  is  the  coefficient  of  the  2nd  term,  or  of  the  1st  power  ofh,  in 

the  developmeni  of  the  second  Junction  f(^x  +  h);  or  the  Bmii  qfiheratio 
rfthe  increment  qf  ike  function  J{x)  to  thai  of  the  variaUe  x;  or^  lastly, 
it  is  the  co^jfieieni  of  the  ififinitehu  small  difference  dy^^dx,  fohkh  we 
find  when  x  is  increased  by  dx. 

Attaching  to  the  word  derivative  the  preceding  acceptation^  we  may 
now  define  the  diffirential  calculus  to  be  a  branch  of  the  higher  analysis, 
in  which  are  investigated  the  derivatives  tf  all  Junctions  that  can  be  pro^ 
posed,  their  peculiar  properties  assigned,  and  application  made  of  these 
derivatives  to  the  prvblems  in  which  the  continuity  of  the  functions  is  one 
of  the  essential  conditions. 

Conndering  the  expression  if  as  known,  wheny(i:)  is  given,  since  jf 
is  a  function  a£x,  it  will  itself  be  susceptible  of  Tariation,  and  in  its  turn 
have  a  derivative,  whidi  we  shall  denote  by  y^  ;  similarly,  the  derivative 
of  y"  will  be ^,  that  of  ^^  will  be  ^'^... 

Thus  we  shall  understand  what  is  meant  by  the  derivatives  qfthe^rsl, 
second,  third  order. . . 

659.  We  are  still  ignorant  how  x  and  h  enter  into  « ;  let  us 
now  see  how  this  function  may  be  developed.    Rqmesentingy  +  m  hy 

/  P,  the  equ.  (9)  will  become 

yi*  +  A)  «/«  +  PA  «  ^  +  Ph...  (5) ; 

and  assuming  x  +  A  s  z,  whence  A  s  2  •»  x,  we  have 

fz^y  +  P{x^x), 

where  P,  which  was  a  function  of  x  and  A,  will  now  be  so  of  4f  and  z. 
But  these  variables  are  independent  of  each  other,  since  their  diflPerence 
A  is  arbitrary ;  and  we  may  therefore  look  upon  z  as  a  given  omstant 
number,  and  make  x  alone  vary,  along,  however,  with  y  and  P  which 
contain  x.  Thus,  changing  x  into  x+  iin  the  last  equation,  l^^z  will 
undergo  no  change ;  2?.y  will  become  y  +  y^i  +  ft';  3**.  P(»  —  x)  will 
be  changed  into  (P  +  P't  +  yt)  (ft  —  x  —  »).  Throughout  the  equa- 
tion, retain  the  coefficients  of  those  terms  alone  in  which  1  is  of  the  Ist 
degree,  and  the  result  will  be  [[see  N^ .  576  and  668] 

P«y  +  P^(z-x)...(4). 

Let  this  equation  be  treated  in  the  same  manner  as  the  onepreeeding; 
iprithottt  repeating  the  calculation,  it  will  immediately  be  seen  tikat  the 
change  of  x  into  «  +  j  gites 


flodiimilarlj 
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SP'«y+J^(«^«)...(5); 


••• 


&G.  8s  See* 


Let  P,  P',  P".,.  be  now  eliminated  from  the  equs-  (3),  (4),  (5).t. ; 
and,  h  b^ing  then  reinstated  in  place  of  2;  — :  ^>  we  shall  have 

which  is  the  fonnula  called  TaifiafM  Theorem,  from  the  name  of  the 
celebrated  geometer. by  whom  it  was  discovered. 

By  the  theorem  (I),  every  function^  was  decomposed  mioff-i'g'h+mh, 
the  third  pert  mh  containing  the  several  temu  into  which  h  enters  m  a 
higher  power  than  the  first:  we  are  now  acquainted  with  the  formation 
of  these  terms. 

It  is  therefore  demonstrated  that  when^  in  any  function^j?,  an  incre- 
ment k  is  given  to  x,  the  series  (^A),  the  development  o{J\x  +  A),  can* 
tains  only  integral  and  potkive  powers  qfh^  so  long  at  least  9Ax  preserves 
an  indeterminate  value  QN*'.  655^.  This  series  {A)  serves  for  finding 
this  development^  in  all  cases  in  which  we  can  deduce  from  fx  the  suc« 
oessive  derivatives  fx,f"x.:y  or,  y,y...  For  example^  let  jf  =s  a*: 
we  dediioe  from  it  j^s  ma!^^\  su6h  being  the  obetecAent  of  A  in  the 
devdopmeot  of  («  +  Ay»;  and  similarly  ^'^  aa  m  (m  —  1)4^~*, 
y^  SB  m  (m  —  1)  (m  —  ^)J*~^  &c  Substitutuig  these  values  in  Ae 
equ.  {^A),f{x  4-  h)  becomes  {x  +  ky^,  and  we  'again  find  the  series  of 
Newton.  We  have  only  to  know>  therefore^  that  the  2iid  tenn  of  {x+  A)" 
is  nu^^^h,  and  we  shall  have  the  ccnaplete  development,  whatever  be 
the  ei^ent  m. 

We  have  already  learnt  [p.  151,  &c.21m>w  to  develop  difiennt  funetions 
in  aeries;  bat  as  the  investigation  of  these  expressions  is  a  simple  applica* 
tion  of  theprindplesof  the  calculus  of  derivations,  we  shall  deduce  them 
from  the  formula  of  Taylor,  and  according  to  the  rules  of  this  calcolus ; 
and  no  use  consequently  wiU  be  made  of  the  former  series  tiU  they  have 
been  demonstiated  anew. 


RULES  FOR  THE  DIFFERENTIATION  OP  ALGEBRAIC  FUNCTIONS. 

660.  The  manner  in  which  the  derivative  y  is  composed  of  x  depends 
on  the  primitive  fui|ction  .yj'and  bears  the  inlpreBSrof  it*  We  must  be  able, 
for  evexy  function  proposed,  to  fohn  this  4erivetiye|  and  there  are  two 
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modes  of  obtaining  it.    The  first  lesults  firom  the  definition  itself,  ex« 
pressed  by  the  equation  (1) : 

We  must  change  x  into  x-\r  hin  the  proposed  Junction  fx,  and  exe^ 
cute  the  necessary  calculations  for  exhibiting  the  term  affected  with  the 
1st  power  of  h :  the  coefficient  of  this  term  wUl  be  the  derivative  required, 
orf^x. 

k 

661.  The  second  process  is  founded  on  the  property  of  limits  [N''. 
567]].  Having  changed  x  into  x  +  h,  we  subtract  the  proposed  func- 
tion>  and  divide  by  h,  in  order  to  form  the  ratio  y*  +  »,  of  the  incre- 
ment of  the  function  to  that  of  the  variable  ;  then,  h  being  diminished 
indefinitely,  we  investigate  the  value  to  which  this  ratio  continually 
tends,  t.  e.  we  investigate  the  value  in  the  case  of  A  =  0  ;  this  limii 
will  be  y. 

The  most  convenient  plan,  however,  will  be  to  compose  rules  for  each 
species  of  function,  so  that  we  may  be  able  to  dispense  with  the  direct 
application  of  these  processes,  in  the  different  examples  that  we  meet 
with ;  these  rules  then  will  give  the  derivative  for  each  case,  without  the 
necessity  of  our  reasoning  specially  upon  it,  in  the  same  manner  as  a 
multiplication,  an  extraction  of  roots,  or  any  other  algebraical  operation 
is  effected. 

662.  Let  ^  =s  i<  +  JBtf  —  Ct... ;  A,  B,  C...  being  constants,  and 
«,<•••  functions  of  x»  To  obtain  the  derivative,  we  shall  apply  the  first 
rule.  Accordingly,  substituting  x-^hfot  x,  A  undergoes  no  change, 
Bu  becomes  S  (u  +  u'h  +  »h),  Ct  is  changed  into  C  (t  +  t*h  +  /SA).*.; 
and  thus  the  second  function^  (x  +  A)  is  in  this  case 

F=  (il  +  Btt  -  Ct...)  -f  (Bi/-  Ct\..)  A  +  B«A  -  Cfih... 

Consequently,  y'^Bu'*^  Ctf... ;  and  the  derivative  of  a  polynomial  is 
the  sum  of  the  derivatives  of  the  several  terms,-  retaining  the  signs  and 
the  coefficients :  the  constant  terms  have  zero  for  their  derivatives. 

Thus, 

y  s±s  fl^—  a?s  gives/ s=s  —  2jf, 

y=:l  +  4a«  — 5*  -  3jf«  gives  /  as  8*  -*S  — 9x^ 

663.  For  y  ss  ti  x  ^,  fi  and  /  b^ing  functions  of  s,  substituting 
«  +  A  for  X,  there  results/(a:  +  A)  or 

r«:(tt  +  tt'A  +  ^A)(i  +  <'A  +  |8A} 
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Similarly^  ^  =  uMv,  making  tv  =:  z,  becomes  y  =  ti.2 ;  whence 
j^^t^z  +  uz' :  but  we  also  have  /  z=.  fv  +  iv' ;  and  therefore 

.  y  »  /w/  +  tuv'  +  HVlf. 

Our  demonstration  equally  extends  to  4^  5...  factors  [see  N*.  680]; 
and  thu8>  the  derivative  cfa  product  is  the  sum  of  the  derivatives  obtained 
by  considering  each  factor  successively  as  the  only  variable. 

y  ==  (a  +  a:)  (a  —  a?)  gives  y=  (a  .^  or)  1  —  (a  +  a?)  1,    since  +  1 
and  —  1  are  the  derivatives  of  the  factors ;  or  y  =  ^-«  2x. 

yss{a+  bx)  ar*  gives/  ^bx^  +  3**  (a  +  bx). 

664.  z  and  u  being  identical  functions  of  x,  let  x  be  changed  into 
z-^-h  in  zssu;  we  shall  have  then 

z+7fh  +  ah^u  +  u^h  +  fih; 

wbence  [N*.  576]  z^  =»  t/;  and  we  similarly  have  z**  =  t/*,  /"=  «'".•• 
Consequently,  /n^o  identical  Junctions  have  their  derivatives  also  identical 
for  all  orders. 

665.  Let y  =  - ;  we  have  then  ty^u;  whence  y't  +  yt^  =  «', 
and  thence 

ThuSy  the  derivative  of  a  fraction  is  equal  to  that  of  the  numerator, 
mnus  the  product  of  the  proposed  fraction  by  the  derivative  of  its  deno* 
minator,  this  difference  being  divided  by  the  denominator. 

666»  Or,  otherwise,  ii  is  equal  to  the  denominator  multiplied  by  the 
derivative  of  the  numerator,  minus  the  numerator  multiplied  by  the  de^ 
rivative  of  the  denominator,  this  {Ufference  being  divided  by  the  square  of 
the  denominator. 

These  rules  may  also  be  deduced  by  effecting  the  division  of 


r= 

u+f^h  +  ah 
/  +  /'A  +  0h 

whence  y' 

:a  &C. 

Thus, 

«f  — 

X           Jf*       . 

X  Jf*      .        ,1       (2'-'x)x 


For  y  = 
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S  — 2«  ' 


^■"  (S  — &)«  ""        (3-2jr)«      • 

667.    If  {he  numerator  u  be  comtanty  we  mutt  make  u'  as  0  and  we 

shall  havey  as  —  --  so  — ^  :  <A«  derivative  of  aJractioH  ^  ii^AtoA 

/A«  numerator  is  constant,  is  minus  the  product  of  the  numerator  by  the 
derivative  of  the  denominator,  divided  bg  the  square  of  this  denominator* 


For  example^ 


4.     .         .  4.air  8 

1     .        ^       S««      8 


668.    Let  U8  now  investigate  the  derivative  of  powers. 

I*.  If  m  be  integral  and  positive  in  y  =  a:*,  since  af^  ==  ar.«*^*,  the 
derivative  relative  to  the  first  factor  is  I.je'^'  ;  and>  according  to  the 
rule  for  products,  the  same  may  be  said  for  each  of  the  in  factors ; 
whence  the  derivative  is  y  =  mx*"'. 

And  if  we  are  treating  of  y  =  z"^,  z  being  a  function  of  x,  since 
j8«  s  Z.Z""*,  the  derivative  relative  to  the  1st  factor  is  z'.2*^* ;  and 
each  of  the  m  factors  z  gives  this  same  quantity.  Consequently,  the 
derivative  is  y  ■=  m  2?»"*.«'. 

For  example^  ysi(a^bx+  cj^)*  &s  z^,  making 

z^a  +  bx  +  ex*  ; 
and  we  have 

x'ss  &  +  2cjp,y  =  mi^^sf  =s  w  (a  +  6x  +  (?x«)**>  X  (i  +  2ca?). 

For  ysa3^(a  +  ba^),  making  a  +bx*ss  z,  we  have  /  sb  26ar ;  aad 
by  the  rule  of  N*.  668,  y  =  Sx^z  +  a:*/  =  «« (Sa  +  5&a«). 

Lastly^for^as  (a  +  6jr)S  by  assuming  a  +  bxtsiz,  wehaveyflBjer*; 
whence 


2*^.    When  m  is  integral  and  negative  (m  =  ^  n,  and  ^  s  4!"  =  1^)9 

we  have  V  =  — ;  whencey  = '  ■,  by  virtue  of  the  rule  of 

N*.  667j  and  of  what  has  been  now  demonstrated,  1®.    Thus 

y  sc  —  ««""*"*./  s=s  injj*-**/* 
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For  y  =  ?.webavey«-^, 

3^.  When  m  is  fractional  [m  =  ^1,)  we  have  y  =  zi,  whence^  rais- 
ing to  the  power  9,  yv  =  ^p  :  p  BXkdq  sore  here  integers  positive  arnega^ 
live  :  80  that  we  may  take  the  derivatiyes  of  the  two  ddes,  which  are 
identical  functioiis  of  x  [N*.  664] ;  it  follows  from  the  two  preceding 
cases  that  ^[^*y=pzP"*/;  andsmce  p  =  gm^  and  ^  =  z"*,  we  have 
[ace  N\  670], 

q^m '  "y  sa  qmtf^^J ;  whence  ^  ss  !««*•' .jb('. 

Whatever  therefore  be  the  exponent  m,  the  derivative  ^  2*,  2  being  a 
Junction  qfx,  is  msf^K?/,  /  being  a  derivative  deduced  from  z  ^fx. 
We  say  nothing  of  the  irrational  or  imaginary  exponents,  which  are 
included  among  the  preceding  ones  [|see  p.  14>].  We  shall  now^  in 
conclusion,  give  a  demonstration  which  emhraces  all  the  cases. 

669.    Let  X  he  changed  into  x  +  A  in^  s  jb"*;  then 
snd  dividing  throughout  hy  ±",  and  making  h  ss  xz,  we  have 

(^)"=('+r=<'-"'='+^+*- 

But,  (1  +  z)"*  is  independent  of  x,  since,  h  being  arbitrary,  z  may 
have  any  value  whatever,  even  when  that  of  or  is  determined :  it  follows 
therefore  that  our  last  member  must  also  be  devoid  of  «,  and  conse- 
quently that  its  second  term  be  so  in  particular ;  whence  -—7,  =c  oon- 

stant ;  t.  e.  y  must  be  composed  of  x  in  such  a  manner  that,  being 
divided  by  x""',  its  quotient  shall  be  a  function  of  m,  as  fm,  ot 
jf^al^Kfm. 


Lex  us  now  determine  this  function^.    We  have 

(x  +  A)"  =  x«  +  hsl^-^fm  +  &c. 

and  consequently, 

{x  +  A)«  =  aj»  +  hsT-Kfn  +  &c. 

(x  +  *)•+•  s=  «-»+•  +  Aar+«-»/(m4-n)  +  &c., 
changing  m  into  »,  and  then  into  m  4-  n.    But,  on  multiplying  the  two 
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Ist  equations^  we  find  for  their  product  the  Srd  equation^  except  that 
fm  +fn  appears,  instead  of/  (m  +n);  and  therefore  Qnote,  p.  206]]. 

/(m  +  n)  =/»»+/«. 

But,  considering  n  as  an  increment  of  iw,  we  have/(m  +  »)  =fm 
+  nf^w  +  &c  ;  consequently,  fn  =  nfin  +  &c. ;  and  since  the  1st 
side  is  independent  of  m,  the  2nd  must  be  so  also,  viz.  f^m  =  an  un« 
known  number  a ;  whence/"  =/'"  =  0,  and 

Jhssan;  whenoe/n  =  am* 

The  point  now  is  to  determine  the  numerical  constant  a.  For  this 
purpose,  since 

(ar  +  *)•  =  ar-  +  ^x—»  am  +  A«..., 

making  m  =  1,  we  have 

{x+  h)  ^x  '{'  ha;  whence  a  =  1 ; 

thus,/7ff  =  m,  and  the  derivative  is  /  =  tox""'. 

And  in  the  next  place,  for  y  =  z*,  where  s  is  a  function  of  jr,  we 
have 

f{x  +  h)  =  (2  +  2^/*  +•••)"  =2*4-  W2*~'  s'.A  ^■.••j  and y'^mz'^Kz', 

1 
670.    For^  =  V2  =  s*»  we  have 

m 

J  -1  / 

the  formula  for  the  derivative  of  radical  functions. 

Fory  =  J/  (fl  +  6x*)*,  making  2;  =  a  +  6x*,  we  have 

and  similarly 

^  =  </ar*givesy'  =  ia:       = 


The  roots  of  the  2nd  degree  being  of  such  constant  recurrence,  an 

express  rule  is  formed  for  the  case  of  m  =  2:  y=z^  z  gives y=r—^; 

and,  the  derivative  of  the  square  root  of  a  function  is  the  quotient  from 
the  derivative  of  the  function  divided  by  the  double  of  the  radical  itself 
For  example. 


t 


or 
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u  ^=  a  -{•  If  tJ  X rives  1/  —  - — : 1 — :. 


3(  =  (oo^  -f.  6)2  +  2  -v/  [a'*'  —  x').  (or  —  6),  we  have 

2a^  -  ^o:'  4-  26a: 


y  =  6aar^(ax3  +  6)  + 


V(ac'^-^«) 


Lastly^ 


•^        >/  (a*  +  ^0  (2x2  ^  a2  -  2x^  a**  _^  x«)  ' 

Had  we  multiplied  the  fraction  proposed  above  and  below  by 
*  +  V  («*  +  ^%  we  should  have  had 

^  =  a-?  +  ^^(^  +  "')'-y^  =  ^+aW(a'  +  x7 

671.  A  complex  function  y  ^^Jx  being  given^  suppose  that  by  re- 
presenting one  part  of  this  function  by  z,  or  making  z  =  Fx,  the  pro- 
posed function  becomes  of  a  simpler  form  and  is  expressed  in  z  alone, 
y=:^z;  we  have  then  these  three  equations,  of  which  the  Ist  results 
from  the  elimination  of  z  between  the  two  others : 

(1)5^  =A  (2)  z  =  Fx,  {S)tf  =  (pz. 

We  shall  |)roceed  to  deduce  the  derivative  y   from  the  two  latter, 

without  making  use  of  the  first.  As,  however,  there  are  now  two  variables 

jr. and  z,  our  previous  notation  becomes  inefficient;  for  y  would  appear 

equally  to  denote  the  derivative  of  the  1  st  equation  and  that  of  the  3rd ; 

whereas,  x  is  the  variable  in  the  one,  z  in  the  other,  and  the  functions 

^  and  ^  are  totally  dififcrent.     But  the  derivative  of  y  is  expressed  as 

well  by  dy  9A  hj  i/  [N®.  658] ;  and  since  the  derivative  of  x  is  j:'  =  1, 

dy 
OT  dx  =  \,  we  shall  write  y-y  to  mark  that  the  derivative  of  y  is  taken 

ax 

■ 

relatively  to  the  principal  variable  x,  which  receives  the  arbitrary  in- 
crement k  :  dy  is  called  the  differential  of  y,  an  expression  synonymous 
ftiih  derivative,  and  differing  from  it  only  as  to  the  notation  which  it 
implies. 

This  being  premised,  if  a:  be  changed  into  or  -f-  A  in  (2),  and  the 
corresponding  increment  of  z  be  denoted  by  A:,   Z  —  z  =  ^,  we  have 

dz 

t  =  -J-  /*  +  ...;  and  in  order  that  y  may  now  become,  in  the  equatigd 
dx 
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(S))  the  same  quantity  Y,  as  though  x  had  heen  changed  into  x  +  h  in 
( 1 ),  we  must  change  2  into  z  ■{■  k,  viz. 

where  the  coefficient  of  k  is  the  derivative  of  ^  =  ^z,  taken  as  though  z 
were  the  only  variable,  and  independent  of  x,  as  our  notation  expresses. 
Substituting  for  k  its  value,  we  have 


and  hence* 


;  .  ^^    dz 


dy       dy    dz 
dx       dz    dx' 


The  2nd  side  is  the  product  of  the  derivatives  of  the  equations  (2) 
and  (3),  i.  e,  of  ^2  in  respect  to  s,  and  of  Fx  in  respect  to  x.  The  deriva^ 
live  of  a  Junction  qfz,  when  z  is  a  function  of  x,  is  the  product  of  the 
derivatityes  of  these  two  functions. 

It  is  unnecessary  to  give  examples  of  this  theorem,  which  has  been 
already  applied  [N^  668],  to  the  derivative  of  2»;  it  will  also  oome 
much  into  use  subsequently. 

672.  The  equation  y  =Jx  may  be  of  so  complex  a  form,  as  to  make 
it  necessary  to  introduce  two  variables  z  and  u,  representing  functions 

of  .r;  in  which  case  the  proposed  equation      .y=^ (0 

results  from  the  elimination  of  x  between  the  three  given  equations 

(2)...  z  =  Fx,  (S)...  u  =  4.x,  (4)...  ^  =  ^  (2,  u)  ; 

and  from  these  we  have  to  deduce  the  derivative  of  the  equ.  (I)»  as 
though  x  had  been  at  once  changed  in  it  into  x  4-  /<•  This  transforma- 
tion, made  in  the  equations  (2)  and  (3),  gives  for  the  increments  k  and 
t  received  by  2  and  u. 


•  Observe  that  the  two  dz  which  appear  here  do  not  destroy  each  other ;  for  the 
dz  which  divides  dy  indicates,  not  only  a  division,  but  also  that  the  derivative  or 
differential  tfy  is  deduced  from  the  equation  y  »  ^t,  as  though  the  iucrement  k 
were  assigned  to  z,  and  not  to  x ;  in  which  case  cTr  is  »  1 :  on  the  other  band,  Ae 
multiplier  da  indicates  that  the  derivative  of  z  is  deduced  from  the  equation  g^FjF^ 
or  having  received  the  increment  A,  or  r£r  a  1. 
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het  z  be  now  changed  into  z  +  ki  and  «  into  u  -{-  i  in  equ.  (4). 
Since  diis  step  of  the  operatum  is  the  same,  whether  k  and  i  have  a 
detenninate  value^  or  remain  arbitrtiry,  z  and  u  majr  be  treated  as  inde- 
pendent variables.  We  are  at  liberty  therefore  first  to  change  z  into 
z  ^  k  without  altering  u ;  then^  in  the  result,  to  substitute  u  +  ifor  u 
without  making  any  variation  in  z;  and  this  douUe  operation  will 
lead  to  the  same  end  as  though  the  two  changes  had  been  made  simul- 
taneously. 

Thus^  substituting  z  +  A:  for  z  in  ^  ^  ^  (z,  «)^  u  is  assimilated  to 

the  other  constants  of  the  equation,  whilst  if  becomes  ^  -f- ;/   ^  4**--« 

QtZ 

It  remaina  to  substitute  in  this  u  +  i  for  u.  The  Ist  term  y  must  now 
be  considered  as  containing  only  a  single  variable  u,  and  becomes 

The  2nd  term  -  -  it  is  similarly  a  function  of  the  variable  u ;   and 

substituting  «  + 1  for  u,  the  development  will  commence  with  this 
same  term  [N^.  654] ;  so  that  the  sum  is 

There  is  no  need  to  consider  the  subsequent  terms,  as  the  only  object 
of  the  calculation  is,  to  find  the  coefiident  of  h,  and  the  terms  t'S  k^,  ik... 
would  lead  to  A^  A^...  Substitute  therefore  the  values  of  k  and  t  given 
above ;  and  we  shall  have 

where  the  coefficient  of  A  is  the  derivative  required,  and  the  same  as 
though  it  had  been  directly  deduced  from  the  proposed  equation  ^  =fo, 
vi«. 

dx      du  dx      dz  dx 
The  remailc  made  in  the  preceding  note  applies  hete. 

673.  Should  there  be  three  variables  in  the  transformed  function 
^  =  ^  (z,  w,  /),  it  wwuld  but  be  requisite  to  add  to  the  2nd  side  a  Srd 

term  of  ihe  same  form,  ^.  -r  ;  and  so  on. 

B  2 
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*Hence,  the  derivative  of  a  function  composed  of  different  fMrticilaf' 

functions  is  the  sum  of  the  derivatives  relative  to  each,  considered  separ* 

atefy  and  indepetidently  one  of  the  other,  according  to  the  rvk  of 

N*.671. 

It  ifi  obvious  that  the  derivations  of  the  products  and  the  quotients  are 
only  particular  cases  of  this  theorem  QN**.  663  to  667]. 

^^^^  n^xW'  ^®  ^^®  ^"^  u^  making 

2  s=  a  -^  6x^  «  =  1  —  X,  whence  /  ^  i,  «'  =:  —  1. 


z 


;'  .  -22«' 


The  derivative  cXy,u  being  considered  constant,  is  ~;  we  have 


for  the  derivative  relative  to  u\    the  sum  of  these  is  the  derivati?6 
required;  and  consequently 

,  _h    .   ^z  _  b-^-hx-^-^a 

y  sr  -^ 7 — -^ '—  becomes  — - — ,  making 

•^  4?— 5a:  t 

z  =  1  —  orS  ti  :i=  So:  -  2arS  «  =  4  -*  5*,  whence  a'=  -2x,  u'  =3-4af, 

and  taking  the  derivatives  of  y  successively^  in  respect  to  but  one  varia^ 
ble  z,  u,  at  t,  and  adding,  we  have 

^  "  t         7  /«        ■"       (4-5x)«     ' 

When  the  values  that  ought  to  be  equated  to  the  variables  z,  «•••  are' 
not  very  complicated,  we  usually  perform  the  operations  without  having 
recourse  to  this  transformation,  leaving  it  to  be  tacitly  supposed.  Thus 
we  deduce  at  once  from 

^  =  (a-2x  + x')^  y  =  3(a-2a!  +  a:^)«  (3j:«-2). 

674?.  T^  derivative  y'  having  been  found,  by  treating  this  function 
of  X  according  to  the  rules  just  explained,  we  shall  from  it  deduce  the 
derivative  y  of  the  2nd  order :  this  will  in  like  manner  give  jf",  then 

For  example,  ^  =  a:~'  gives  y  =  —  x"*^,  tf'  =  2x'"', 


y"  =  —  ^.Sar*  &c.,  y")  =5  ±  2.3...  ifx-<*+»). 
In  like  manner,  y  =  -y/a  =  a:"^  gives  y  =  t  *    * 
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1.3.5...  (2ii  — 8)*   •  ,  '    ' 

For  y  =  X",  we  have  y  =  mar*-*,  /'  =  m(ni— 1  JjJ*"', 
y»)  ss  m(m— 1)  (m-2).,.  (m-n+  l)x*^». 

675.  It  will  be  easy  now  to  aj^ly  the  theorem  of  Taylor  [A,  N®.  659J 
to  all  algebraic  functions,  t.  e.  to  obtain  their  development  in  a  series  of 
ascending  powers  of  h,  when  x  is  changed  in  them  into  x-i-h. 

I.  Let  y^x^^;  we  have  already  found  if,  y ... ;  and  hence 

1  1        A       A«  A« 

=  I ""  :3  +  3  —  *  :xm- 


This  development  is  a  progression  by  quotient  [N®.  579]. 

x^— o*  a* 

II.  y  s =  « in  like  manner  gives 

X  X  ^ 

III.  For  y  s  \^x,  we  findy,  y... ;  and  substituting  in  the  series  of 
Taylor,  we  have 

//  ^AN         /^     *  1'^^         ^1.8.5...  (211-3)      A- 

IV.  GeneraUy,  y^^  gives  the  development  of  Newton's  formula, 
whatever  be  the  exponent  m. 

(x+ A)-  =  X*  +  ifix^»A  +  m,  2:^  ar^A«  + ... 

m— 1  m— 2     m— w-f  1  . 

2  3  n 
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676.  To  obtain  the  derivative  of  y  =/x  =  a»,  following  the  rule  of 
N^".  660,  we  find 

Jlx+h)  =  a»+*  =  a*.a*  =  o«  +  /*  +  &c...  [N^.  655]  ; 
whence,  dividing  by  «',  a*  =  1  +  ^^  +  ^^ 
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But,  the  Ist  side  of  this  equation  being  independent  of  x,  the  2nd, 
and  the  coefficient  of  h  individually,  must  be  so  also ;  and  consequently,  y' 
must  be  so  composed  of  x  that,  when  divided  by  c^,  its  quotient  shall  be 
a  constant  k,  some  function  yet  unknown  of  the  base  a,  or  ^  ^  lu^n 
Thus, 

and  from  the  formula  of  Taylor, 

k^x"*^       itV        k^a^ 

The  constant  k  is  determined  as  in  N^.  585 :  we  assume  a:  =  1 » then^ 
in  a  ^  1  4-  ^  +  -fA:^..«,  we  make  A:  =  1,  and  denote  the  base  correspond- 
ing to  this  by  e,  e  being  =  2.7182818S8...     Lastly,  we  assume  £x  =  I 

in  the  first  series ;  when  the  2nd  side  becomes  e,  and  we  have  d^  =  «, 
a  =  e*;  and  thus 

k  =  r =  to  =x  ■= , 

Log  e  log  e 

accordingly  as  the  system  of  log  is  any  whatever,  or  has  tl^e  base  e,  or, 
lastly,  the  base  a.  We  here  employ  the  notation  agreed  on  p.  159;  la 
denotes  that  the  base  of  the  log  is  e,  ox  that  the  log  referred  to  are  the 
Napierian,  &c.  To  conclude,  the  differential  Calculus  again  sffodb  the 
series  demonstrate^  N^*  585,  and  of  course  the  consequences  that  were 
drawn  from  them. 

677.  Let  y  =  tf=,  2  being  a  function  of  ar,  z  =^ ;  the  rule  of  N*'.  671 
gives  y  =  ka*.  ^  =  a\  sfla ;  z'  being  deduced  fifom  z  ^ezjx.  Thus,  Ike 
derivative  of  an  exponential  quantity  is  the  product  of  this  quantity  btf 
the  derivative  of  the  exponent,  and  hy  the  constant  k,  which  is  theNapter^ 
ian  log  of  the  base. . 

^  =s  c**      gives .y  =e  e^.  w/. 

y  =  a5*+ » y  =  a3*+ '.  Sla 

678.  For  5^  =  Log  x,  the  rule  of  N^  660  leads  to 

Y=  Log  {x  +  h)  =  Log  j:  +  y'h  +  &c  ; 

whence 

(X  "^  h\ 
— ^-,1  =s  Log  (1+2)  =yjr«  +  &c.. 


wpr 
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assuming  h  =  xz.  But  it  is  observable  that  here^  as  in  N°.  669,  z  is 
independent  of  x,  since  by  making  suitable  changes  in  the  arbitrary 
quantity  k,  r  may  remain  constant  whilst  x  varies.  The  2nd  side  there- 
fore of  our  equation,  and  the  term  i/xz  individually,  must  not  contain 
X ;  80  that  y  is  composed  of  x  in  such  a  manner  that  the  product  ^'x  is 
some  constant  M,  ^x  =  M.     Thus  [N<*.  674], 

.       M    „  M    „,      2M    j^  Q.SM 

Log(.:+A)  =  Logx  +  M^- -  —  +  —  -  ...  j, 

Log{l+2)  =  JI/(Z  —  -l^Z^+iZ'  —  :iZ*  +...). 

As  to  the  value  of  the  unknown  quantity  M,  it  depends  on  the  base  a 
of  the  system.  Let  <  be  the  log  of  1  +  z;  thena<=l  +  zs=14-it/-f  iAr«<*...; 
whence  z=i  kt{\  +4- A:/ +...);  and  substituting  this  value  in  the  series 
for  Log  (1  +z),  we  have,  the  common  factor  /  being  suppressed, 

1  =  Mk(l  +  ^kt.„)  —  4AfW(l  -{- i  ki...y... 

And  this  relation  must  subsist,  whatever  /  be,  ^  and  M  retaining  their 
constant  values.  Suppose,  therefore,  that  2;  ^0;  then  /  =  0;  whence 
1  =  Mk,  and 

M=j^  =  loge=^,y  =  ^=_. 

It  will  be  easily  seen  that  M  is  what  has  been  denominated  []p.  160]] 
the  modulu^,  the  constant  factor  in  a  system  of  logarithms,  which  serves 
to  transform  them  into  Napierian  logarithms,  and  the  converse.  We 
might  therefore  again  deduce  the  same  series  and  the  same  theory  as 
before. 

679.  Let  y  sn  Logz,  z  being  a  function  of  x ;  we  have  [N*.  67 1^ 

_  M/  _  /  _  / 
z         kz       zla' 

The  derivative  of  the  kg  of  ajunclion  is  the  derivative  of  this  Junction, 
multiplied  hy  the  modulus  and  divided  by  the  function  itself.  The  factor 
3f  is  1,  in  the  case  of  Napierian  logarithms.* 


*  The  dirSvstiveB  of  \Q\g  might  have  been  denved  from  those  ef  exponentials: 

y  a  a*  gives/  «  ««.  z,laayz'Ja\  whence  Ve  ^  »  — ^.     Conversely,  from  this 

yla        y 

last  equation  may  be  deduced  the  preceding  6ne,  i.  e,  the  derivative  j»'  of  a*. 


248  DIFFERENTIAL   CALCULUS: 


^  =  \{)-^^-^  &y^^    ^=^^^7"^ 


Mnzf 


^  =  Log  z"  =  n  Log  2r  •      y  = 

*  z 

=  Lo  ^  ^_       M 

y  =  Log(:p+^l+:r«)  ......     ^  =  7(-f.f^y 

680.   Logarithms  serve  frequently  to  facilitate  the  investigation  of 
derivatives. 

I.  Let  y  =  uivz,,. ;  we  deduce  from  it  lif  ^  lu  ■{-  It  -{•  Iv  + ... ;  and 

thence  —  = h  r  H — •••  Multiplying  this  hy  the  proposed  equation, 

we  have  y,  and  the  result  proves  that  the  rule  of  N®.  663  is  true,  whaU 
f  ver  be  the  number  of  the  factors. 

y'      tz' 

II.  y  ^=z'  gives  li^  =  l.lz,-  z=z  —  4-  t'lz  and  consequently, 

1/  z 


y.  =  -  ('-J  +  i-fc) 


III.  From  ^  =  a*  ,  we  deduce  It/  =  b^,  la,  y  ^=^a^  >  ¥*:lla  lb, 

IV.  y  ^^7^  gives  ly  =  tHz ;  and  consequently. 
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681.  To  determine  the  derivative  of  ^  :=  sinor,  the  radius  being  1, 
we  have 

sin  (x  ±  A)  =  sinx  cosA  ±  cosx  sinA=:^  ^y^  +  &c. ; 
whence 

v' 

2  cosx  sin  A  ^2yh  +  &c,  sin  A  =  -^^  A  +  &c 

*^  cos  a; 
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The  2nd  side  must  be  devoid  of  x ;  thus^  the  coefficient  of  h  must  be 
flome  unknown  constant  A,  or  y=i4  cos  or^  smh=sAh  +  &c. ;  whence  we 

jdeduce  —7-  =  i4  +  &c. ;  and  diminishing  h,  we  see  that  A  is  the  limit 

of  the  ratio  of  the  sine  to  the  arc  h.    fiut  this  limit  [N^  362]  we  know 
to  be  1 ;  thus,  A  =^\,i/'  ^  coBx. 

Similarly,  for  z  =  cosx, 

cos  (x  ±  A)  ^  cos  X  cosA  If  sinx  sin  A  ^  z  ±  z'A  4-  &c. ; 
from  this  we  deduce,  by  subtraction,  2  sinx  sin  A  s=  —  2/h  +  &c.;  and 

bence  sin  A  =  -, —  h  +  &c.  But  we  have  already  found  sin  A=A+&c.: 

sinx  "^  •       .> 

-2' 
and,  by  the  comparison  of  terms,  we  have  -, —  =  1,  s'  sc  —  sin  x. 

Bin  X 

The  derivatives  of  sin  x  and  cos  x  being  thus  found,  we  easily  pass  to 
those  of  the  higher  orders,  and  it  appears  that  they  recur  periodically  ii^ 
the  order 

sinx,  cosx,  — sinx,  — cosx. 
The  theorem  of  Taylor  consequently  gives 

«in(x+A)=sma:(l-2  +2^4-) 


+  cosx(A-|i+iL...). 


Let  h  be  now  assumed =0  and  ^90^  successively,  and  we  shall  arrive 
at  the  same  series  with  those  of  p.  1 65 ;  whence  result  the  formation  of 
the  tables,  the  ratio  v  of  the  diameter  to  the  circumference,  and  the 
formuliB  of  N".  588  to  595. 

682,  For  y  =  sinz,  we  have  ^  =  a',  cos  z. 

If  y  :=  cosz,  we  have  y  =  —  z'.  sinz.  % 

Let  V  =  tan  z  = :  then  FN®.  6661  y  =  — 7-  =  /.sec'z. 

^  cosz  ^  -"  "^        cos^z 

The  derivative  of  the  tangent  qfjin  arc  is  the  square  of  the  secant, 
ntuHipliedhy  the  derivative  of  the  arc,  a  function  of  x. 

—  z' 
For  «  =  cot z,  we  have  if  =  ■■.  „  . 

sin^  z 


Since    >/i(l  -V  cosx)  =  cos|x,   the  derivative  of    this    radical  is 
— 4sin  -^z;  what,  in  fact,  the  regular  process  gives. 
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Let  y  ss  cos  mz ;  we  have  y  =  —  mz\  sin  mz, 

y  =  sinmiz? y'  =  »Z2'.  cosmz. 

^                      / 1  \          J  J         /           sin  (/x) 
From  V  =»  COB  ( tx),  we  deduce  «  = ^ — -, 

X 

For  ^  =  cofl  x^"*,  we  have  /y  =  sdn  x.  /  cosx ;  and  hence 

/                          sin  jc  \ 
«'  =  cos  x"'*  ( cosx.  Icosx ). 

^  \  C08X/ 

V  =  gives  1/  =: =  z'.  tanz.  secz  :  and  this  is  the  deriva- 

■^       cosz  cosz 

tiveof^  =  secz. 

^  I  .  1  y       (sinz)'       z'cosz        , 

For  y  ^s^lsin  z,  we  have  y  =s-H — ^  =  — : =  z .  cot  z. 

•^  sin  z  sin  z 

-       (cosz/ 
y  ==Z  cosz. y  =  =  —  z.tanz. 


y  s=  /tan  z  ••• y  = 


cosz 


co^z  tanz       sin^z* 


M.  L^endre  has  given  in  the  Conn,  des   Temps  for  1819   series 
proper  for  the  calculation  of  the  log  of  sin^  coSj  and  tan. 

Let  y  =  log  sinx;  denoting  the  modulus  by  M,  and  applying  Taylor's 
theorem^  we  have 

,       ,  '  ,,  M      ,„      SMcosx 


sin'^x  sin^x 


••■ 


h^  cot  X 

log  sin  (x  +  A)  sslogsinx  +  Mh  cot  x  —  M    .    „ [-  &c.; 

'  "  8in2x 

and  transposing  log  sin  x,  there  results^  for  the  diff.  A  between  tbis  log 
and  that  of  sin  (x  -f  A)^ 

We  similarly  find  for  the  diff  A,   and  A«  between  the  log  of  the 
cosines  and  of  the  taaogents  of  x  4*  A  and  x : 

A,  =  7- AfAtanxfl  + -r-;r  +  ;; — ^  1  —  : — it-  Cl-4«»*Jf). 

V        «in2x^9co#x/       l-cos**'' 

,      2MA,,      .       ^         ,         ,       «^  V  .4AfA*cos2x/,     sin^atX 

A»  =  -r-5-(l-Acot2z4-jA«+4A'cot5  2x)+— ^— (I ^— ); 

sin  2x  '         sm*  iix      \  «      / 

A  being  the  length  of  the  differential  arc  [Vide  Vol.  I.  p.  303  J 
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Tbas,  to  obtain  log  sin  2VSS\  knowing  the  l<^of  sin  27^30',  we  make 
A  =s  !i'  ss  3  sin  r ;  and  the  calculation  is  as  follows : 

A i-94-085  4-94085— 

M 1-63778  i-86215 

cot  X 0-28352  sin  2x 1-91336 

1st  term...  i-86215  2nd  term...  7-88964— 

The  3rd  term  does  not  give  any         1st  term  ...  =      0-00072803 

thing,  when  we  limit  ourselves  to         2nd  ==      000000078 

seven  decimals.  3rd...* a      0* 


A  «      0-0007273 

log  sin  X s=      1*6644056 

log  sm  27°  83'=     1-6651329 

This  method  is  particularly  useful  when  we  wish  to  calculate  the  log 
to  a  high  degree  of  approximation. 

683.  Suppose  that  x  is  the  sine  of  an  arc  ^ ;  which  we  write  thus; 

^  =  arc  (sin  ^  x),  or  x  =  sin  ^. 

The  variable  x  which  receives  the  increment  A  is  no  longer  the  arc^ 
but  the  sine.     Now^  the  equation  x  =  sin  ^  gives 

Consequently^ 

for  ^  »  arc  (sin  =  z),  yK  hate  y  =  ^,/_,,y 


y  ^  arc  (cos  ^  z).... y  = 


-z' 


>/(l-2*) 


Let  ^  =  arc  (tan  =  z)  ;  then  z  =  tan^,  /  =a       ^   , 

y  ssa.cos^j^;  and  smce  co8« ^ a=  f+T** -^ '*' !+>' 


Thu5^  the  derivaiive  of  an  arc,  expressed  h^  Us  sine,  is  1  divided  bff. 
the  C9nne  ;  thai  rfan  arc,  expressed  bi^  £fo  cestne^  u  —  1  divided  by,  the 
sine;  lastly^  that  of  an  arc  expressed  by  its  tangait  is  1  divided  by  I  -i- 
ike  square  of  this  tangent. 
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Should  the  radius^  instead  of  being  1 ,  be  r^  we  shall  have,  rendering 
^he  formuls  homogeneous  ^N*.  347, 2*], 

^  =s  arc  (sin  =  «),  ^  =  arc  (cos  =  2),  ^  =  arc  (tan  ^  z), 
^"•^(H-z^)'    ^""  V'(''*  — 2*)  cos*^* 
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684*.  If  the  equation  F{x,if)  =  0  be  resolved  and  so  brought  under 
the  form  y  =^,  it  will  be  easy  thence  to  deduce  y',  y'\  y"\..  This  re- 
solution, however,  which  is  rarely  possible,  is  by  no  means  necessary ;  for 
suppose  that,  for  y,  its  value^  be  substituted  in  the  proposed  equation ; 
there  will  result  then  a  function  of  x  identically  nothing,  wliich  we  shall 
denote  by  z  =  F{x,fx)  =  0;  and  the  derivatives  z',  z",  2^"...  will  also 
be  nothing  QN^.  664*]].  But,  to  obtain  z',  we  must,  according  to  what 
has  been  observed  in  N^  672,  simplify  the  complex  expression  F{x,Jx), 
by  equating  the  group  of  terms  Jx  to  y,  and  apply  the  rule  of  that  N*^. 
to  the  equation  z  =  jP(  j;,  ^)  ^  0 ;  and  this  equation  is  the  very  one 
proposed.     Hence 

,       dz       dz    ,      ^     ,  dz       dz 

dx  ^  dy^         '  ^  dx       dy 

These  two  terms  are  known  functions  of  x  and  y,  and  are  called  par^, 
tial  Differentials.  For  example,  from  the  equation  y^  +  a;*—r^  =  2=0, 
we  deduce 

dz       ^     dz      ^  ,  X 

and,  similarly, 

a;3  4.  ^2  —  2rx  =  r*  gives  yy  -{■  x  —  r  =  0,  y  =  —— ; 
x^  +  ^x'hf  =  ay^  leads  to  (2aa:«  —  3ay«)  /  +  4x5  4-  ^^jj.^  --  q. 

685.  It  is  true  that  y  is  here  expressed  in  jr^and  y,  and  not  in  x  alone, 
as  would  have  been  the  case  had  we  resolved  the  equation  F(x,y)  =  0. 
If  we  wish  to  have  y  in  terms  of  j:  alone,  it  will  remain  to  eliminate  y 
between  the  equation  z  =  0,  and  its  derivative  /  =  0.  Thus  we  see 
that,  in  the  first  example,  x*  +  ^*  =  r*,  we  have  a:  +  y/  =  0 ;  whence 

eliminating  y,  x^  =  y«  {r^-x'^J,  y'  =  ^^^f_^,y 
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lliifl  elimination^  which^  howeirer^  is  seldom  of  much  service^  raises  y  to 
the  same  degree  in  which  y  appears  in  the  proposed  equation  2^=0 ;  for, 
if  y  tssfx  have  n  values,  since  the  calculation  for  the  derivative  leaves  in 
y  the  same  radicals  that  tliere  are  in^  f  N®.  610'],  i/  has  also  n  values. 
If  y  he  only  of  the  1  st  degree  in  /  =  0,  the  cause  will  be  that  y  appears 
there  also^  and  contains  in  itself  these  radicals  which  the  subsequent 
elimination  oi  y  will  make  apparent* 


686.  Tlie  equation  /  =  0  coiltains  x,y  and  y,  which  are  functions  of 
s ;  and  the  reasoning  of  N®.  684  proves  that  we  may  hence  deduce  the 
equation  z'  =  0,  considering y  and  y'  as  containing  x,  and  applying  the 
rule  of  N®.  672.     The  notation  that  has  been  made  use  of  must  now 

be  extended.     For  example,  -7—^ ,  ,  ,^y   will  signify  that,  in  the  former^ 

the  derivative  has  been  first  taken,  considering  x  as  variable,  and  that 
we  have  then  taken  the  derivative  of  the  result  relatively  to  ^ ;  in  the 
second,  the  derivatives  are  taken  three  times  successively,  twice  in  re- 
spect to  X,  and  once  in  respect  to  y.  Also,  it  follows  from  what  has 
been  said  [N®.  672],  that  these  derivatives  may  be  taken  in  what  order 
we  think  proper :  in  the  2nd  case,  for  instance,  we  might  take  them,  first 
in  respect  to  y,  then  twice  in  respect  to  x ;  or,  otherwise,  once  for  x, 
once  for  y,  and  once  again  for  x  [vide  N®.  70S]. 

dz       dz 
Accordingly,  the  equadofi  /^-p-  +  T--y'  =  0  gives 

This  equation  of  the  I  st  degree  in  1/'  will  give  that  derivative  in 
terms  of  x,y,  aiid  ^  ;i/  may  be  eliminated  by  means  of  the  equation 
z'  =  0 ;  and  if  ^  be  then  got  quit  of  through  the  equation  z  a=  0,  the 
degree  of  ^'^  will  be  raised. 

The  last  example  of  N^  684,  {2aa:«  —  Soy' )  y  +  4"X»  +  ^axy  =  0, 
taking  the  derivatives  relatively  to  x,y  and  y,  as  independent  varia- 
bles, gives 

{2ax^  —  Say)  y  +  12x«  +  ^ay  +  Saxy'  —Gay/^  =  0. 

687.  If  the  proposed  equation  z  =  0  contain  a  constant  term,  it  will 
disappear  from  the  derivative  /  =  0,  as  we  have  shown  in  N^.  662. 
Thus,  jr*  +  y  =  r*  gives  x  -f  yy'  =  0,  which  is  independent  of  r,  and 
expresses  a  property  common  to  all  the  circles  which  have  their  centre 
at  the  origin.     We  can  also  get  quit  of  any  other  constant  we  think 
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proper^  by  eliminating  it  between  the  equations  z^ssO,  z'^O ;  ovlj  the 
constant  that  vanished  in  the  first  instance  will  make  its  a{^)earBnce 
again :  ^  ess  ax  4-  ^  gives  t^  ss  a,  which  does  not  contain  b ;  and  dimi- 
natiog  a,  we  have  ifssf^X'\-h,  which  is  independent  of  a. 

The  derivative  of  the  2nd  order  does  away  with  a  2nd  constant;  that 
of  the  Srd  order,  with  a  Srd  oonstmit.  Sec ;  and  the  result  thus  expnwaitB 
a  property  of  the  proposed  equation,  which  exists  whatever  these  con- 
Btants  be :  ^''ss  a  —  bx'^  gives  ^  =  —  bx,  y}f  +  y* ^  -  6 ;  and  eli- 
minating   by    there    results    this    equation,    cleared    of   a    and    b. 

We  may  likewise  get  quit  of  a  constant  c,  by  resolving  the  proposed 
equation,  under  the  form  c  ^J{r,  y),  and  differentiating.  And  since 
these  two  processes  must  lead  to  equivalent  results,  and  the  latter  of 
them  introduces  radicals  depending  on  the  degree  of  c,  it  is  evident  that 
if  we  prefer  eliminating  c  between  the  equations  z  :=  0,  /  :=  0,  the  de* 
gree  of  y'  will  be  ra^ed.     For  example, 

.y«  -  2cy  +  ^  =  c«,  {.y  -  c)  /  +  a?  =x  0 
give 

(a*  -  2f)  .y'«  -  ^xt/y'  -  a:»  =  0. 

688.  It  appears,  therefore,  that  any  derivative  of  the  order  n,  of  the 
equation  z  =  F{x,iy)  =  0,  can  contain  y*)  only  in  the  1st  degree ;  when 
it  is  otherwise,  the  equation  does  not  arise  from  immediate  d^rentia- 
tion ;  but  from  our  having  eliminated  some  constant,  or  y,  or  x,  by  means 
tif  the  proposed  equation. 
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689.  Every  general  question,  treated  on  by  the  differential  CalculuSj 
leads  to  an  expression  in  x,  y,  y\  y .••,  such  as 

and  if  we  wish  then  to  apply  it  to  a  specific  example  y±sjra;,  we  must  de- 
duce (y),  (y^')...,  substitute  their  values  in  >)/,  and  this  function  will 
be  expressed  solely  in  terms  of  x.  The  brackets  [  ]  are  introduced  to 
indicate  that  x  is  the  principal  variable,  and  receives  the  increment  h* 
But  it  may  be  that,  instead  of  y  =  Fx,  there  are  given  two  equations 
which  connect  y  and  x  with  a  third  variable  t  : 
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The  direct  course  would  now  be  to  eliminate  t  between  these  two 
equations,  and  having  thus  obtained  ^y  =  Fx,  to  derive  from  it  (i/), 
(y)....  and  substitute  in  4^.  This  calculation  however,  generally  long, 
or  even  impossible  to  be  effected,  is  not  necessary ;  it  will  be  sufficient 
to  express  the  function  4"  ^i^  terms  of  i,  by  means  of  the  equations  (a) 
and  their  derivatives  ^^  f"» »  these  being  no  longer  taken  in  respect 
to  X,  but  to  t,  thus  become  the  independent  variable.  Let  us  see  there-< 
fore  how  the  given  function  ^  can  be  modified  so  as  to  contain  t,  p% 
/'...,  instead  oi x,y,  (tf).... 

If  hy  k,  i  be  the  simultaneous  increments  of  the  variables  x,  y,  t, 

y  =  Fx  gives  k  =  (/)A+  i  (/')^*  +  .-  (1), 
y  =  ipi  ...  k^y'i  +4  y't*  +  ...  (2), 
y  ^Jl     ...     h  =  xi      +  i  /'t«      +  ..•  (S). 

These  derivatives  correspond  to  the  respective  functions  F,  ^,f; 
(/)  is  the  derivative  of  Fx  relatively  to  x;  y  and  sf  are  those  of  the 
equations  (<z)  in  respect  to  t,  or 

The  function  4*  is  given  in  terms  of  (y),  (y).«»  and  our  object  is 
to  express  it  in  terms  of  x\  y,  x",  y...,  which  are  known  functions- 
oiL 

Now,  equating  the  values  of  k,  and  then  substituting  for  h  the  aeries* 
(3),  confining  ourselves  to  the  two  first  powers  of  A,  we  have 

(/)*'«  +  c(y)  x"  +  (/)  x'«]. + i^..  ^  yi  +  *y't^... ; 

and  since  i  is  quite  arbitrary,  this  gives  ^N®.  576] 

(y)  ^^ =y.  (/)  *"  +  (./')  *" =/''  *«• 

Hence,  to  express  4^  in  terms  of  /  alone,  we  must  substitute  for  ar,  y, 
(/)*  (y )—  ^^  values  a:  =^1,  ^  =  0/, 

,y,=^.(y^  =  fi:^... (D. 

(y),  (y')...  might  be  derived  from  the  value  of  (y),  which  is  the  quo- 
tient of  the  derivatives  relative  to  t,  deduced  from  the  equations  (a)  : 

(,/)  =  ^  =  ^  •  37-     ^^^  (y )  represents  a  function  of  «,  (y)  s=  P'a:; 
X       at     da 

and  this,  since  a:  =y^>  may  in  turn  be  considered  a  function  of  t,  such 

We  may  therefore  apply  our  previous  reasoning  to  these  three  last 
equations,  and  shall  thence  conclude  that  (y^)  is  the  quotient  of  the 
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derivatives  of   ^p  and  ft  relatively  to  t.       But,  that  of  ^/  =  "^  is 

"^ — j^ — ;  and  consequently,  dividing  this  by  of  the  derivative  of  y?. 


x'* 


we  arrive  again  at  the  previous  expression  {D)  for  (y'). 

Similarly,  the  derivative  of  this  value  of  t/'  being  divided  by  x\  w€ 
have 

(/')  =  ?3  -  -^  -i''  (7^  -  iTTJ-  (^); 

and  so  on  for  the  rest.  There  are  three  modes  therefore  of  treating  4/. 
We  may 

W  Eliminate  t  between  the  equations  (a),  from  the  resulting  equa- 
tion .y  =  Fx  deduce  {t/),  {y'').>>,  and  substitute  these  values  in  ^: 

20.  Substitute  for  (/),  (/')...  their  values  <D),  (£)— ;  when  4^ 
will  be  expressed  in  terms  of  x,  y,  y\  a;^.M  and  subsequently  of  /,  by* 
means  of  the  equations  (a)  and  their  derivatives : 

3®.     And  lastly,  transform  the  fraction  (y)  =  -,  into  a  function  of 

X 

i,  then  take  the  derivatives  relatively  to  i,  dividing  each  time  by  j^  or 
f'l,  and  substitute  the  values  thus  obtained  for  (y),  (yO***  ^1^  4"* 

690.  Let  r  be  a  given  function  of  /,  r  =ijl ;  *and  suppose  that  the* 
equations  (a)  are  ar  =  r  cos  /,  ^  =  r  sin  /  ;*  then 

or'  =  /  cos  ^  —  r  sin  /  y  =  /  sin  ^  4-  r  cos  t, 

jr"=  /'cos  ^  —  2/  sin  /  —  r  cos  ^      y'=  /'sin  /  +  2/  cos  /  —  r  sin  /, 
&c.... 

and  if,  in  ^,  we  substitute,  first  the  expressions  (D),  which  will  intro- 
duce y,  y,  y...  instead  of  {y),  [if').,. ;  then  the  values  that  we  have 
just  obtained,  there  will  appear  in  the  result  only  /  and  r,  /,  /'..., 
which  are  known  in  terms  of  t,  from  the  equation  r  ^Jt.     Thus,  if 


*  These  are  the  equations  by  means  of  which  rectangular  co-ordinates  are  trans- 
formed into  polar ;  and  trhen  a  differential  formula  \  has  beefk  found  for  the  Ist 
system,  this  calculation  will  reduce  it  to  one  suitable  for  the  2nd  system.  Of  the 
following  values  of  •!>  the  first  expresses  the  tangent  of  the  angle  ^,  that  a  radius 
vector  makes  with  the  tangent  to  any  cnrve  ;  the  other  is  its  radius  of  curvature' 
[N".  724,  733].  These  expressions  therefore  are  transformed,  by  our  process,  lAto^ 
others  conrespoudiBg  to  polar  co-ordinates. 
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from  the  value  (D)   of  (y) ;    and  since  those  of  x'  and  y  give 
^x  —  x'tf  ^  r*,  y^  +  xaf  ssrr  (this  equation  is  the  derivative  of 

y«  +  ««  =s  f*),  we  finally  find  4^  =  -y. 

Similarly,  let  >|.  =  *•'  t  ^ ^^^  =  S^."^  '^.T :  we  have 

(y)       «y-y^ 

x'«  +  y*  =  r»  +  A  ary  -  y x"  =  r«  +  2/»  -  rr^  j 
and  therefore 

Thus  4^  is  known  for  every  value  of  t,  since  the  formule  will  he  ex* 
premed  in  t  alone,  when  we  have  r  s^« 

691.  When  ^  has  heen  thus  transformed,  <  is  the  independent 
variable.  If  we  wish  to  restore  ar  to  its  previous  state,  we  have  only 
to  assume  o^  s  1,  whence.,,  j^  s  x'" 3=  •••  =  0;  for  y  in  this  case 
again  becomes  {y'),  and  y  is  consequently  changed  into  (y),  &c.  We 
may  see  this  verified  in  our  examples. 

4^  having  been  once  generalized  and  adapted  to  the  principal  variable 
i,  it  is  indifferent  whether  or  not  x  were  that  variable  originally,  and 
we  may  suppose  that  it  was  some  other  variable  11  that  was  indepen- 
dent. But,  when  we  make  ^  =s  1,  we  at  once  imply  that  the  principal 
variable  is  « ;  (^  =«  1  establishes  the  same  thing  therefore  for  t;  or  the 
condition  fvbich  expresses  thai  t  is  the  principal  variable  is  f  :=s  I ; 
whence  0  =  /^  =  Z^'... ;  that  is  to  say^  the  differential  of  t  is  constant. 
When  4^  has  been  generalized  so  as  to  suit  any  principal  variable,  no 
differential  is  constant. 

Since  the  series  (3),  p.  255,  is  derived  from  the  equation  x  ^^Jt,  x* 

dx 
denotes  -y »  and  «^  ^  1  shows  that  the  differential  of  x  relative  to  any 
at 

tliird  variable  t  is  constant 

Similarly,  if  we  assume  ^=±  1,  in  order  that  /  may  become  the  prin- 
cipal variable,  it  must  be  understood  that  the  derivative  of  t,  relative  to 
any  other  variable  u  is  constant.  The  use  of  this  proposition  will  be 
Brum  what  follows. 


€^2.  In  case  4^  do  not  contain  x,  or  ^  =s  ^y,  (y },  (y)..*^  the 
equation  x  ^sji  is  no  longer  necessary ;  it  will  be  sufficient  if  we  have 
its  derivative  z^  ^^f^l ;  for  the  relations  (D)  do  not  introduce  x  into 
4r,   but  only  a^,  y,..,  and  the  preceding  calculations  are  easy*    But^  if 

VOl<.   II.  B 
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thiB  given  derivative  equation  should  contain  t,  instead  of  x,  as  the 

dependent  variaUe,  should  we,  for  instance,  have  F  (t,  f,  ar)  =  O,  it 

will  he  necessary  first  of  all  to  generalize  this  equation,  so  that  no 

.if 
differential  shall  be  constant  in  it,  by  substituting  -  for  Z' ;  and  we  must 

then,  in  order  that  t  may  be  the  principal  variable,  make  /  s=  1 ;  which 

is  tantamount  to  at  once  replacing  f  by  ->. 

Suppose,  for  example,  that  the  equations  {a)  are  ^  =  9/,  ^  =  (O,  the 
derivative  being  here  relative  to  x ;  that  it  may  become  so  to  /,  wc  must 
assume 

and  >]/  having  been  generalized  by  means  of  the  relations  (D),  we  must 
introduce  these  values,  and  ^  will  then  be  expressed  in  terms  of  t  and 
of  derivatives  relative  to  /,  if  x  do  not  enter  into  it.    Thus 

It  is  obvious  that  >]/  will  be  expressed  in  a  function  of  t,  ^ce  'if%  y" 
have  derivatives  relative  to  t,  deduced  from  y  =  fi ;  and  ^  therefore 
will  be  known  for  any  value  of  t. 

Similarly,  if  the  equations  (a)  be  ^=  pt,  <**  =  1  +  (y)*,  the  deri- 
vatives being  relative  to  x,  we  shaH  change  the  latter  of  these  expressions 
into  /'»  =  ar**  4-  y* ;  and  f  being  then  assumed  =  1,  so  that  /  may  be  the 
independent  variable,  we  have  ^^  +  y^  =:  I ;  whence  jV  +  y'tf"  =  0- 
Our  generalized  value  of  4^  becomes  therefore,  eliminating  *"  or  y, 

of  1/ 

^l'  =  -7/  =  ^^r    -^^^  ^^^^  ^  niay  now  be  expreaaed  in  a  fanotion  of 

y  X 

i,  it  remains  only  to  deduce,  from  y  =  ^t,  the  derivatives  y,  y^  rela^ 
tive  to  /;  then  /  =s  jy/  (1  —  y«),  and  to  snbstitute  in  >]/  =  /;  3^. 
If,  instead  of  y  =  ^/,  x  ssjl  had  been  given,  we  should  have  operated 
in  the  same  manner  on  the  second  value  of  >]/. 

Again,  let  ^  =    r^>  ^  being  the  principal  variable  origwiallj^  and 

^\2/  ) 

it  being  required  that  t  should  become  so,  and  also  that  f'^  =  1  4-  C^')*. 
The  formulffi  2),  E  give,  after  having  multiplied  above  and  below  by 

•whilst  from  x'*  4- y^=  1>  ^'c -derive 
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From  the  last  of  these  equations  eUxninating  3l\  then  yS  fay  means 


of  the  two  preceding  ones  we  find  or"  =a  —  ^—^  —  "^ ;  and  thus  the 


espieasion  ^  finally  becomes 

693.  These  principles  will  serve  to  simplify  some  demonstrations. 
If  we  have  the  equation  y  =^*,  and  its  derivatives  (j/),  (]/')*•>  rela- 
tively to  X,  and  we  wish  to  gain  the  derivatives  of  xs^  relatively  to  y, 
without  solving  the  first  equation,  we  must  makey  s  1,  0  =  y^  =s  y^... 

in  ike  equations  2>>  *•  ^*  it  will  be  enough  if  we  assume  (y)  s=  ~^, 

For  example^  y^o^  gives  (^')  =  ka* ;    And  henoe   we  derive 

-,  =  ito*  =  Ay ;  whence  a^  =  —.,  when  y  is  the  independent  variable. 
X  ky 

It  is  evident  that  we  thus  have  the  derivative  of  x  =  Log  y» 

Far  y  =E  sin  X,  we  have  (y)  ^s  cos  x ;  and  we  consequently  find 

1  11' 

-  =s  COB  X,  x'  5= asD  -7-7T 2v>  tibe  derivative  of  the  equation 

ar  «Jos  X      V  (1  —  3r) 

X  =s  arc  (sin  s:^  ^)  p.  251. 

Lastly,  from  ^  ss  tan  x,   we  deduce  the  derivative  of  x « arc 

(tan  ss  5)1. 

11.  "1 


(y)  =i r  *=  -7>  a?"  3?  COS«X  s=  T— 

^^ '       cos'x      X  1  + 


/ 


*  Thi«  admtts  of  a  direct  demonstration ;  for  let  A  and  A  be  the  aunultanooaS 
inoremeDts  of  jr  and  x ;  then 

y  -A  gives  A  -  y A  -f  J/A*  +..., 


A  »  gfy'  h^-  (*y '  +  *y«).  4  A«  +... ; 


^ve  have  the  values  of  y',  y", .  • 


b2 
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69^.    To  generaluee  a  function  4^  of  the  Ist  order^  we  change 

(y)into<,or*?=t:  J;or^  =  ^, 
.   -^  ^         x"      dx     dt      di  dx      dx 

suppressing  the  common  divisor  di ;  only  it  must  be  borne  in  mind  that« 
on  the  2nd  side,  dy  and  dx  denote  differentials  taken  relatively  to  t 
Hence^  when  a  deriveUive  function  •\0  is  of  the  1st  order,  and  is  expressed 
hy  the  differential  notation  d,  it'  mil  not  require  to  undergo  any  aUera" 
tion,  when  we  wish  to  change  the  independent  variable;  only  dy,  dx.,. 
will  denote  differentials  taken  relatively  to  this  new  variable.  It  is  this 
which  renders  the  differential  notation  so  highly  convenient  in  the  in- 
tegral Calcfulus,  and  in  every  operation  in  which  we  are  caUed  on  to 
change  the  principal  variable,  provided  that  the  derivatives  are  but  of 
the  1st  order. 

Let  y  s=  sin  2 ;  then  y  =  cos  z.z^  reduces  itself  to  ^y  =  cos  z^z ; 

whence  dz  =  — ^  =     , ,,     — «v ;    and    this  mode    is   preferable  to 

that    of    N^   693,   for    obtaining  the    derivative   of    the    equation 
z  sssarc(sm  =y). 

To  conclude,  the  advantage  of  which  we  speak  does  not  extend  to 
the  2nd  order ;  fqr  the  2nd  formula  (D)  becomes 

cPy      dx.d!hf  — dy.  d^x 
d?""  dj^  ' 

The  derivatives  are  here  relative  to  a  Srd  variable  t,  of  which  x  and 
y  are  supposed  to  be  given  functions.  But  it  follows  from  the  fcire- 
going  principles,  that  the  Ist  side  is  no  other  than  the  derivaiiye  of 

du 

j^,  afterwards  divided  hy  dx;  and  considering  dy  and  dx  as  functiODS 
dx 

of  t,  we  may  assume  QN^  689,  S*»]. 

(dj\  (d^\ 

d^y  ^  d\dx)   ^  _  AffW 
rfi«""     dx    'dx''^      dx    ••*' 

so  that  the  equations  (D),  (£)•«•  are  easily  retrieved^  and  may  indeed 
be  borne  in  memory. 


CASES   OP   FAILURE   IN  TAYLOR'S  THEOREM. 

695.  The  formula  Qil,  N^  6593  niay  not  always  be  true,  when  for 
X  we  substitute  a  number  a ;  for  ^  ^^^^  becoming  y  (a  +  A)  i^hen  x 
is  changed  into  a  +  A,  it  is  possible  that  the  constants  of  the  functioii 


* .  .'.'.'_' 
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Svoaj  destroy  a;  in  wliicb  case,  sliould  x  be  found  involved  under  any 
radical  signs^  the  value  a  4*  A«  suhitituted  for  x^  would  leave  A  under 
these  signs  j  and  thus  h  would  have  fractional  powers.  It  will  be  seen 
likewise  that,  f(ft-\rh)  containing  no  other  variable  than  h,  it  is  not 
always  developable  according  to  integral  and  positive  powers  of  A.  Thus 
oot  A,  log  A...  must  have  negative  exponents  for  k,  since  A  =  0  renders 
them  infinite. 

Let^  s=  \/  «  +  ^  («  —  ay ;  for  x  =  a  +  A^  we  have 

Similarly,       ^        +  >/  "^  gives  ^  +  n/  (a  +  A),  or  hr^  +  >/«... ; 

1  A 

and,  lastly,  —7-; -{-  >y  x  becomes  A"'^  +  V  a  +  :: — t-^m. 

^  (X  —  a)  ^-l  »J  a 

Thus  our  rules  have  hitherto  been  free  from  exceptions,  because  x 
has  preserved  its  general  value ;  but  when  we  come  to  apply  these 
rules  to  particular  cases  in  which  x  shall  be  a  given  number,  we  may 
accidentally  meet  with  an  exception  to  the  theorem  of  Taylor.  It  will 
be  well  to  ascertain  the  characteristics  which  betoken  this  circumstance, 
and  to  learn  what  must  then  be  done,  in  order  to  arrive  at  the  true 
series  imf{a  +  A). 

696.  The  development  oiJ'{a  +  A)  being  arranged  according  to  A, 
let  the  least  fractional  power  of  A  be  m,  comprised  between  the  integers 
/  and  /  +  1 ;  we  may  assume  then 

/(a  +  A)  =  J  +  5A  +  CA«  +  DA'...  +  LA'  +  MA**.... 

If  m  be  negative,  MA"*  will  be  the  1  st  term  of  the  series.  A,  B,  C.« 
are,  in  general,  finite  and  unknown  constants. 

Now,  since  this  equation  exists,  whatever  A  be,  let  the  derivatives  be 
taken  rdatively  to  this  variable : 

f  {a  +  k)==B+2Ch  +  SDh\..  +  /LA'-'  +  mitfA-"'..., 
y*(a+ A)  =  2C  +  2.3  2)A... +/(/-  l)LA'-«  +  w(i«  — l)MA*-«... 
y^-'(fl  +  A)=2.3D...+/(/-l)(/-2)LA'-H«(w-l)(w-2)3fA"^.« 

Making  A  =s  0,  we  find 

and  the  coefficients  A,  B...   L  are  therefore  the  values  respectively 
assumed  by  fx  and  its  derivatives,  when  we  make  xsza,  precisely  as 
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is  Tajloc^s  aoSes.  Bcet>  at  aach  deriyatimiy  the  1st  temi  ^mppeatB,  as 
being  eoutaat ;  thus,  at  the  Uh  denradott^  Hve  obtaia  L :  atllie  (/-f  l)lk 
lire  faaye 

/(«+»)  (a  +  A)  =  J7I  (m  -  1)...  MA*-*-*  +... ; 

and  nace  «i  is  a  faction  <  i  +  1,  this  Ist  term  bas  a  negatioa  cxpa* 
nent,  whence  &  =  0  gives  y*^''*'  0  a  =  oo .  And  all  the  deiiTativeB,  oo« 
ward  from  ^  C''' '),  wiil  be  infinite  in  like  manner^  since  tlus  exponent 
always  continues  negative  in  them  QN^  668^  S*'.^*     Hence^ 

1**.  If  the  value  or  s=  a  do  not  render  any  of  the  functions  y,  y',  y*... 
infinite,  there  is  no  failure  in  the  development  of  Taylor's  theorem. 
[N^  659]. 

2<».  If  any  one  of  the  Junctions  y,  j/,  y ...  become  infinite  Jar  xsssoy 
all  tkeJbUmving  ones  are  so  also  ;  and  in  this  case  iht  theorem  faUs,  hut 
only  from  the  term  which  contains  the  first  kifinite  derivative  ;  hat  this 
point  acquires  a  fractional  exponent. 

3°.    If  y  is  infinite,  y^,  y'\*»  are  so  abo^  and  h  has  negative  powers. 

4®.  Since,  fiir  y  s  ^"*,  the  derivative  of  the  nth  eider  is  of  the  fi»nii 
jj^Mr-n^  which  no  value  of  a:  renders  infinijte,  unless  it  be  «  »  0^  when 
m  is  not  integral  and  positive,' we  have  it  proved  tliat  the  fonmila  Unr 
the  binomial  (a?  +  A)"*  is  never  in  fault  (this  case  excepted).  The 
same  may  be  said  of  the  series  for  a',  Lc^  {1  +  x)$  sin  x  and  cos  x. 


697.     It  remains  to  show  how  we  are  to  find  the  development  whic|^ 
must  replace  the  faulty  part,  when  this  case  exists^     For  this  purpose, 
X  must  be  changed  into  a  +  A  in/jr,  and  the  development  of/ (a  +  A) 
effected  by  means  of  the  series  already  known.     For  example, 

^  =  c+(x-6)>/(x-a)givesy  =  ,^^^^_^^: 

x  =  a  renders  this  value  of  y'  infinite;  those  therefore  of  y,/*..-  are 
so  also,  and  h  srast  have  an  exponent  between  0  and  1,  in  the  develop- 
ment of  F=y{a+A);  the  Ist  term  isy  =e.  ^Let  j;infactbe  dianged 
into  a  +  A    in   the    expression  proposed,   and   we   have   Y  '=^  c  ^ 

{a  -  h)h^  +  At 

Again,  let  ^  =  c  +  x  ^{x  —  b)  (a;  —  ay  ; 

then 
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xsza  gives  ^s^c+a^ysl;  the  other  derivatives  are  infinite.  The 
developinent  therefore  of!J\a  +  h)  commences  with  c  -i-  a  -i-  b,  but  the 
other  terms  no  longer  proceed  according  to  A^^  A^...  In  effect,  substi- 
tuting a  -{-  h  for  x,i/  becomes 

y  =  (c  +  a)  +  A  +  (a  -  b}h^  +  h\ 

698.  Havittg  found  the  different  terms  that  are  not  faulty  of  the  series 
Y,  to  obtain  the  succeeding  ones,  subtract  the  known  part  fTomJ'(a-\-h); 
the  remainder,  being  reduced,  will  be  a  function  S  of  h,  which  we  shall 
have  to  develop  in  a  series  that  no  longer  proceeds  according  to  integral 
poweiti  of  h. 

Let  A  be  the  value  of  S  £ot  ks=zO;  we  have  then  S  ss  A-i-  Mh^,  m 

being  the  highest  power  of  h,  which  divides  S  —  A,so  that  the  quotient 

S^A 
M  =  be  not  0,  or  infinity,  for  A  =  0.     This  condition  will  make 

known  the  number  m,  and  the  function  Moi£  h.  We  must  now,  in  like 
manner,  make  A  =  0  in  id ;  and  B  being  the  value  that  then  results  for 
M,  assume  M^^B-^^Nh^  and  determine  N  and  n ;  and  so  on.  Thus,  the 
developqaent  required  will  be 

If  S  ought  to  have  negative  powers  of  A,  we  shall  assume  A  ==  A'~*, 
develop  according  to  h^ ;  and  then  change  the  signs  of  the  exponents  of 
K  [8ee  les  Fonct.  qnalyL  N».^l  1  and  120]. 

699.  Let  us  inquire  now  into  what  takes  place,  when  x  ^  a  causes  a 
term  P  of  the  functionyx  to  disappear.  P  must  in  this  case  have  for  a 
factor  some  power  m  of  a:  —  a  [N<>.  500],  or  P  =  Q(ar  —  fl)"*. 

1**.  If  9it  be  integral  and  positive^  the  mth  derivative  will  contain  a 
term  disengaged  of  the  factor  x  —  a,  since  the  exponent  is  successively 
reduced  down  to  ...2, 1,0;  and  thus,  the  factor  Q,  which  has  vanished 
from  all  the  preceding  derivatives,  will  re-appear  in  the  with  and  the  fol- 
lowing ones :  the  theorem  of  Taylor,  therefore,  will  hold  good,,  and 
nothing  particular  presents  itself  in  this  instance. 

Let  ^  =  (j:  —  ay.  {x  —  b)  —  ax'^ ;  we  have 

y=-fl3_2a'A-6A«-h  A». 

2°.  When  m  ins.  fraction  copoiprbed  between  / and  and  /  +  1,  x  =  a 
causes  Q  to  disappear  from  all  the  derivatives;  also,  that  of  the  order  /+ 1 


264  DIFFERENTIAL    CALCULUS: 

having  the  factor  {x  —  «)"'"*"*,  the  exponent  of  which  is  negaldve,  the 
deri^tive  becomes  infinite^  and  the  series  of  Taylor  is  in  fault  from  this 
term.  And,  in  fact«  since  the  radical  indicated  by  (x  —  a)*  disappears 
from  the  whole  series,  but  stSl  continues  in  J[a  +  k),  the  two  sides 
could  not  one  of  them  have  as  many  values  as  the  other,  if  h  did  not 
become  affected  with  this  same  root. 

8 

Thus,  y  ^  ars  +  (ar  —  i)  (x  —  a^  gives 

F  =  fl5  +  Sa«A  +  Sah^  +  (a  -  b)lfi  +  A»  +  A*. 
See  also  the  examples,  N<*.  695  and  697. 

S^.  If  m  be  negative,  P  and  all  its  derivatives,  having  x  «-  a  in  the 
denominator,  axe  infinite  for  x^a,  and  the  development  of  Taylor 
being  in  fault  from  the  very  first,  h  has  negative  powers.  This  is  the 
case  for 

V  = >  whence  Y  «=  a'A"'  +  2a  +  A ; 

^       X— a 

^       >/(x*-axy  a\aj  2fl  U/    "^ Sa\a/  •" 


700.  Suppose  that  x  =  a  causes  a  radical  to  disappear  from  y,  whilst 
it  still  remains  in  y,  t.  e.  that  this  radical  has  the  1st  power  of  x  —  a  for 
a  factor :  it  follows  that,  for  x  =s  a,  y '  will  have  more  values  than  y,  on 
account  of  the  radical,  which  exists  only  in  y'.  Now,  by  elevating  the 
equation  y  =yx  to  a  suitable  power,  we  can  destroy  this  radical,  which 
win  no  longer  enter  into  the  equation  z  =  F(x,y)  =  0.  Take  the  deri« 
vative  of  this  [N^.  684?] 

dz       dt    . 

and  in  it  substitute  a  for  x,  and  for  y  the  unique  value  referred  to;  then 
the  coefficients  will  become  certain  numbers  A  and  B,  viz,  A  4-  By'  =^0^ 
But,  by  supposition,  f/  has  at  least  two  corresponding  values  a  and  /3, 
viz.  il  +  5«  =  0,  ^  +  BQ;  whence  B{»  —  0)  =  0,  or  -B  =0  and 
il  s=  0,  since  »  is  different  from  j8.  Thus  our  derivative  equation  from 
z  s=  0  is  satisfied  of  itself,  and  is  independent  of  any  value  of  y : 

dz  ^  dz  ^  .  0 
—  =0,  —  =  0,  t/  =  -. 
dx        'dy        '^  ^    0 
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Vmang  now  to  the  derivative  equation  of  the  2nd  order^' which  has 
the  Ibrm  [N^  686] 

ay 

its  Ist  tenn  disappears ;  and  since  M,NfLare  functions  of  x  and  ^  free 
from  ladicalst  and  which  subsequently  become  known  constants^  the 
equation  My  ^  +  2Nj^  +  L  sb  0  will  determine  the  two  values  of  ^ : 
unless  hr  x=ia,  there  ought  to  be  more  than  two  values  of  y ,  cor- 
responding to  one  of  y ;  for,  in  that  case,  M,  N,  L  will  each  be  found 
to  be  mthing  simultaneously,  and  recourse  must  be  had  to  the  equation 
of  the  Bed  order :  y  and  y^'  wiU  disappear  from  this,  their  coefficients 

dz 
bebg  2{M^  4~  -^0  '^^  jr>  ^^^^  ^^^  nothing ;  y  will  enter  into  it  in 

the  cube. 

Geneially,  we  must  proceed  to  a  derivative  of  the  same  order  as  the 
radical  that  x^  a  removes  from ^. 

For  example,  let  y  =  x  +  (x  —  «)  i^{x  —  &) ; 

then  y=l  +  >/(x-.6)  +     "^"^ 


and  xsssa  gives  y  as  a,  y  ss  1  ±  t^{a  —  6).    But  the  proposed  equa- 
tion is  also  equivalent  to 

(y-x)«  =  («-a)«.(x-.i); 

whence        2(y  —  x)y  »  2(^y  —  x)  +  (x  —  a)  (Sx  —  26  —  a)  ; 

each  side  of  which  becomes  0,  when  x^yzsncu      The  derivative  of  the 
2nd  order  is 

(  y  -  x)y '  +  ( y  -  1 )«  =  S  X  -  2a  -  6 ; 
and  this  gives  (y  —  1)^  =  a  —  6,  and  the  same  value  of  y  as  above. 

Simikxly^  y  =  (x  —  a),  (x  —  6)'' ^vesy  =  0, 

y  ss  ^(a  —  &),  when  x  =  a.    But  if  we  get  quit  of  the  radical,  and 
take  the  derivatives  of  the  three  first  orders : 

5^  =  (x-ay  (x-6), 
3^  =  (x— a)«(4x-S6-fl), 
yV  +  %y*  =  2(a:-.a)  (2x-a-6), 
ff  +  %y/  +  V'  =  8x-6fl-2i : 

X  =  a  and  ^  s  0  satisfy  the  three  first  equations,  and  the  4th  gives 
y  s=s  i^a  —  6,  as  before. 
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Should  the  radical  diaappear  from  ^  and  if,  but  remain  in  y,  {^^^Y 
is  a  factor  of  ^  and  y^  which  have  each  the  same  number  of  valuesy  whikt 
y"  has  more  than  either^  for  x^s^a.  If  the  radical  therefore  be  made  to 
vanish  from  the  pn^xisfid  ^uation  y^^fx,  and  we  proceed  to  investigate 
y"  by  means  of  the  derivative  of  the  2nd  order  of  the  implicit  equation 

z  s=  0^  it  must  give  if'^  ==  -^  as  being  satisfied  Independently.  We  must 

pass  on  to  the  Srd>  4th...  derivatives^  whence  alone  3^^  can  be  deter- 
mined. 

The  same  reasoning  will  apply  when  {x-^ay  is  a  factor  of  a  radical 
in  y  ^='fxy  &c. 

For  example,  yss^x  ^  (x-— a)^>/a;  gives,  when  x^^^a. 

But  the  proposed  equation  is  also  equivalent  to 

whence  %'-))<y— «)  =  i^-^Lj  {hx-a)y 

•V(/-I)  +  ^(j^-x)  =c6(x-fl)  {Sx^Za\ 
3/*  4-  4./'(y-l)  +/*'(*-^)  =  12(5a:-4«). 

When  jT  =  a^  we  find y  =z  a;  the  equation  of  the  1st  order  whoUy 
destroys  itself;  that  of  the  2nd  gives  y'  =  1  i  the  following  one  is  0=0^ 
and^  finally,  the  last  gives  y  ts.  ±  2^  a. 
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701.  Let  Ah^  be  a  term  of  the  series/(a  +  K),  a  being  positive;  this 
term  and  all  the  succeeding  ones  give  a  sum  of  the  form  hf*{A  +  Bh?  ) 
[N^  698].  But,  A  -^  Bkf  reduoes  itself  to  A  when  h  is  nothing,  and 
increases  by  insensible  degrees  along  with  the  factor  h :  if  therefore 
h  be  very  small,  A  will  exceed  Bh? .  Thus,  h  may  he  taken  so  small, 
that  any  term  of  the  series  f  {a  +  h)  shall  be  greater  than  the  sum  of  all 
those  thatfoUotv, 

702.  When  a  increases  and  becomes  a  +  A,  ^a  may  be  of  such  a 
nature  as  to  increase  or  to  decrease  according  to  circumstances,  h  con- 
tinuing positive.  For,  in  the  series /(a  +  A)  ^=-fa  +  hf'a,.,,  since  h 
may  be  taken  exceedingly  small,  the  sign  oifa  will  determine  that  of 
the  development  of /{a  +  A)  — ^a ;  if  therefore  fa  be  positive,  fa  is 
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iacreasiiig;  and  the  ooiltnry  when  fa  bas  tke  sign  — .  Thus  it  is  fchat 
ain  a  increases  up  to  90^,  and  then  begins  to  decrease^  because  cos  a,  the 
deiivative^  is  positive  in  the  1st  quadrant^  negative  in  the  2nd.  Hence^ 
iffx  remain  podtivejrom  jr  =  a  (mward  to  x  a:  o  4-  b,  without  in  the 
mean  tkne  becoming  infinite,  Jx  goes  on  increasing  through  the  whole  of 
this  extent. 

Suppose  that^  iny^(a  -^  K),h\s  made  to  increase  from  sero  up  to  b, 
and  let  a  +A  =  p,  a+Asa^be  the  values  which  give  the  leaat  and. 
the  greatest  result;  then 

will  be  positive.    But,  these  are  the  derivatives,  rdative  to  A,  of* 
f{a  +  h)  ^fa  -  hfpja  +  hfq^f{a  +  *). 

These  functions  therefore  must  go  on  increaauig  in  th^  interval  from 
ht=iOU}h^=b;  and  since  A  =  0  reduces  them  to  nothing,  thev  are 
positive  for  this  interval,  or 

Aa  +  h)>fa  +  hfp9nd  Kfa+kTq. 

The  contrary  would  be  the  case  if  h  were  negative.      Hence, 

/{a+  A)  =^fa  +  some  number  comprised  between  hf'p  and  hf^q, 

L  e.  if  we  Umt  the  series  for  J\a  +  h)  to  the  1st  iermfdi  the  error  is 

>  hf'p  and  <hfq. 

Suppose  now  that  Taylor's  series  holds  good  for  its  three  first  terms, 

J{a  +  /i)  =^Ja  +  hfa  +  yAy'fl... ;  and  let  p  and  q  be  the  values  of 

a'^h  {or  wYach.y\a  +  A)  is  respectively  the  least  and  the  greatest, 

from  A  7=  0  to  A  s;s  6 ;  for  this  extent,  tbeu;  the  quantities 

y*(«  +  A)  -/"p,fq  -/"(a  +  k) 
are  positive,  as  also  their  primitives 

/'{«  +  h)  ^fu  -  hf'fj'a  +  hf'q  --fia  +  A), 

since  A  =  0  reduces  each  of  them  to  nothing.    And  the  same  may  be 
said  for  the  primitives  of  these  last  functions,  which  ^e 


^  Assaming  s  -^-k^  z,  F{m  +  A)  becomes  F» ;  and  if  the  derivatiTe  b«  taken 
relatively  either  to  x,  or  to  A,  since  «'-l,  it  will  equally  be  F'z  [N°.  672],  i^(4P-f  A) 
therefore  may  be  indifferently  supposed  to  have  arisen  from  the  variation  of  x,  or 
of  A  in  F{x  -f"  A).  Thus,  though  we  have  here  considered  the  derivatives  as  relative 
to  h,  they  will  result  the  same  as  if  we  had  taken  them  for  s,  and  had  then 
made  ^  ==  a* 
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J{a  +  h)  -Ja  ^  hfa  -  ^K^f'p^fa  +  hf'a  ^\h^f'q  -^(0  +  h)  ; 

whence,  consequently^ 

y(fl  4-  h)  ==/«  +  hf'a  +  +AM, 

A  being  some  number  comprised  between  /'^p  andf^'q. 

Taylors  Series  therefore  being  confined  to  its  tfvojirsi  terms,  the  error 

is  comprised  between  the  limits  '^h^J"p  and  \hlf*q. 

And  generally,  if  the  series  forf{a  +  A)  be  stopped  at  the  term  which 

A" 
precedes  h\  the  error  will  lie  between  the  products  of  ■        byyc»)p 

andy^*)^,  or  by  numbers,  the  one  of  which  is  less  than  the  1st,  the  oUier 

greater  than  the  2nd  of  these  quantities ;  p  and  q  being  the  values  of 

X  +  A  which  rendery"(x  +  A)  the  least  and  the  greatest  in  the  interval 

from  A  =  0  to  A  any  whatever.     But  it  is  incumbent  that  no  one  of  the 

functions^,^'...y(")x  become  infinite,  from  j:  =  ato«=sfl  +  A. 

And  since  p  and  q  are  values  intermediate  to  a  and  a  +  A,  the  error 

h\f(*)(a  +  /) 
is   — ^       ^ ,  j  being  some  suitable  and  unknown  number.     Pro- 

vided  therefore  that  no  one  of  the  derivatives  be  infinite,  we  may  assume 
exactly 

fix + h)  _/x  +  hfx+  -rx...  +  ji^j:::^-^  +  ,.^(.3...,  • 

Thus  we  have  a  new  demonstration  of  Taylor's  series,  and  can  mea- 
sure the  error  committed  in  stopping  it  at  a  specified  term,  or  obtain  a 
finite  expression  which  shall  be  its  value. 

For  example,  y  =  a*  gives  y(»>  =  A*. «' ;  f^^\x  +  A)  =  A".  a*+* ;  the 

least  and  the  greatest  values  of  which  correspond  to  A  =s  0  and  A  any 

A"A* 
whatever.    The  limits  of  the  error  therefore  are  the  products  of  5— 

2*^<  • «  n 

by  a*  and  a'+\    For  a*,  these  last  factors  are  1  and  a*. 

h^       l\  \       \ 

For  log(a?  +  A),  the  limits  are  ±  —  X  (  -  and  ; J. 

n         \3^  (x  4*  A)"/ 

Lastly,  yzsia^  gives  y")  =  [toP»>*~"  [N^  475] ;  the  error  there- 

fore  lies  between  these  limits 

,oq     ::  X  [«""^  and  (x  +  A)--"],  or  \mCnyi\x  +•  A)-*. 


' 
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703.  Let  z  be  a  function  of  two  independent  variables  x  and  t/, 
2  zsf{x,y);  and,  x  being  changed  into  x-\'  h,if  into  y  +  h,  let  it  be 
proposed  to  develop  according  to  the  powers  of  these  arbitrary  incre- 
ments A  and  k.  Proceeding  in  the  same  manner  as  in  N^.  672^  instead 
of  carrying  these  two  changes  into  effect  at  once,  we  shall  first  substi- 
tute ar  +  A  for  ar>  without  supposing  y  to  vary ;  when  Zy  considered  as  a 
fuction  of  a  single  variable  Xy  will  become 

and  in  this  result,  y -V  k  must  then  be  substituted  throughout  for  y^  x 
being  in  turn  left  unchanged.    The  Ist  term  «  will  thus  become 

/y         t    L\  ,    dz  J   .  d^z  k^  ^   d^z  1^        ^ 

Similarly,  if  u  be  taken  to  represent  the  function  of  x  and  y  denoted 

dx  du 

by  — ,  on  substituting  y  -[-  k  for  y,  u  will  be  changed  into  u  +rp  k  4- 

dhik* 

—  —  -h  &c ;  and  thus,  replacing  the  value  of  «, 

dz  dz  <^2    , .    ,     d^z    k^h  , 

^AwiU  become  ^A  +  j^A*+5^-+... 

In  like  manner, 

-rrr  TT  will  become  t^  :7-  +  ■  .^  ,■  "TT  +  *^* 
dr«  2  i£r«2  ^  dj^dy  2 

&c &c. 

And  hence,  combining  these  several  parts,  we  have 

£zA«      ,  J^*!*i 

^  ,  .   flh+«af  A*.  A" 

The  general  term  is  .  , ,  _  X  /sir r7S"5 \- 

*  dy^dj^  -    (2^..,  m)  (2. 3..«  ») 
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It  is  obviouB  that  we  might  have  first  changed  y  vaXoy  +  k,  and  then 
in  the  result  x  into  x  4-  A<  But  in  this  way  we  should  have  obtained  a 
series^  which,  ibough  necessarily  identical  with  the  one  just  found,  would 
have  been  different  in  form :  the  several  derivatives  relative  to  x  would 
have  preceded  those  of  ^.  To  arrive  at  this  series,  nothing  more  is  re- 
quimte  than,  in  the  one  above,  to  change  y  into  x,  k  into  h,  and  the 
converse.  The  identity  of  this  last  result  with,  the  one  preceding  gives, 
by  a  comparison  of  the  corresponding  terms, 

d^z  d^z       d^z  d^z       d?z  d?% 


dydx      dxdy'dy^dx      dxdy'^' dydx*      dx*dy' 

d^'^^z         d^'^*:t 
and  generaUy.  ^T^^  1^' 

And  hence  we  conclude  that  tvhen  we  h(we  to  take  the  succeesive  deru 

vatives  of  a  Junction  z  relatively  to  two  variables,  it  is  indifferent  in  what 

order  we  perform  this  double  Qperation. 

_     .  ^  x'    .      d^z      ^^  dz  2x»         ,  ,,      ,    . 

For  instance,  z «  ^  gives^  =  — ,  —  =  —  — ;  and  the  denva- 

tive  of  the  1st,  in  respect  to  ^,  that  of  the  2nd,  relatively  to  ;r,  are 

6x^ 
equally-        . 

The  derivatives  of  the  2nd  order  are 

dx'^      y^  rfy*      y*  ' 

12:r 
bnd  hence  —  — --  is  the  derivative  of  die  first  of  these,  xektively  to  y^ 

dz 
and  at  the  same  time  the  derivative  of  the  2nd  order  of  xr  relatively  to 

or ;  —^  is  the  derivative  of  j-  in  respect  to  x,  and  also  that  of  the  2nd 

d£  . 

order  ^^  jZ  ^  reipect  to  y ;  and  similariy  for  the  other  derivatives. 


704f*  Since  x  and  y  are  suppased  to  be  independent  of  each  other  in 

the  equation  z^xj{x,y),  the  derivative  may  be  taken  in  respect  to 

X  alone  or  y  uloae ;   let  the  functions   of  x  and  y,  that  are  found 

dz  dz 

for  these  respective  derivatives,  be  denoted  by  p  and  o,  —  =  p,  --  =  ^. 

dx  ay 

But  if  there  should  be  a  dependence  established  between  x  and  y,  such 

Bsyssfx,  these  partiid  ^BffMnces  could  no  I«iiger  be  taken  separately. 
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nnoe  tbe  variation  of  x  would  imply  that  of  jf.  In  order  to  incbidfi  both 
these  cases  in  a  single  one,  it  is  usually  supposed  that  this  rdbtioa 
y^^ss  does  exist,  and  the  deriyate  then  appeara  under  the  fbrm 
dz^fdx-{'Tqdy[iA^^6S4f};  hat  since  this  function  f  ia  kfib  arbitrary^ 
it  will  be  necessary  to  take  it  into  consideration,  whenever  this  equation 
comes  to  be  applied*  If  the  question  require  the  dependence  to  be  esta* 
blished,  we  must,  from  ^  =  fx,  deduce  dtf  =:y'dx,  and  substituting  we 
shall  have  Jz  =>  (p  4-  ^')dx.  If  the  dependence  do  not  exist,  the  dif- 
ferential equation  will  spontaneously  separate  itself  into  two  others :  for 
dz  represents  the  dififerential  of  z  taken  relatively  to  both  x  and  y  at  the 

dz  dz 

same  time,  or  —  dr  +  t  dy;  and,  since  the  equation  subsists  whatever 
ax  daf 

^,  or  its  derivative  y-p  be,  we  shall  have 

dz    .   dz    ,  .       /      1  ix  dz 

ay  .        -        -^axydx -V  ax'^dy 

an  equation  which  we  subdivide  into  two  others 

•*""       (a«  +  f)*'  ^  ~  (*•  +  f)* 

2  =  arc  ^tan  =  - j  gives  Jz  = -^j-p^ , 

whence  we  deduce 

dz  _      y         rfz  ^     — g 

Let  fi  ==  0  be,  in  general,  an  equation  between  the  tliree  variaUes- 
X,  y  and  z;  if  Moreover  we  hav«  a  second  relation  x  =s  F(x,y),  there 
must  no  longer  be  considered  to  be  more  than  a  single  independent  vari- 
able in  the  equation  proposed :  thus  we  ha^  in  tite  fiM  ]dace  [N^  673]' 

and  fcence,  z  =  TXx,y)  giving  dz  =  pdx  +  qefy, 

e+^£)-+(i+'i)*=»- 

We  shall  easily  therefore  deduce  the  value  o£-^y  which  is  the  deriva-i 


-^ 
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tive  that  would  have  been  obtained  by  eliminating  z  from  the  equa« 
tion  tt  sa  0.  % 

But  should  there  be  no  other  relation  than  »  s:  0,  w6  shall  be  at 
liberty  to  suppose  one,  provided  that  it  remain  arbitrary ;  so  that,  since 
y  may  now  be  of  any  value  whatever,  our  last  equation  wiU  separata 
itself  into  two  others 

du  ,       du       -,  rft<    .       du       ^ 

where  p  and  q  are  the  partial  derivatives  or  differentials  of  z  relative  to 
X  and  y.  Now  this  is,  in  fact,  what  the  equation  ti  =  0  would  have 
given,  had  we  successively  considered  y  and  x  as  constant  in  it,  as  in 
N^  684 ;  and  the  equation  (1 )  therefore  is  the  derivative  of  tf  s=  0,  whe- 
ther there  be  or  be  not  any  other  dependence  between  the  variables  x,  if 
and  z. 

There  is  no  necessity  to  say  any  thing  expressly  on  the  derivatives  of 
the  higher  order ;  it  is  evident  that  each  equation  of  the  1st  order  may 
be  differentiated  relatively  either  to  x,  or  to  jy,  which  will  give  three 
equations  of  the  2nd  order ;  and  similarly  for  the  other  orders. 

We  shall  easily  be  able  to  find  the  development  of  functions  of  8, 4... 
variables  according  to  the  powers  of  their  increments,  since  nothing  more 
will  be  requisite  than  to  repeat  the  same  operations  separately  for  each 
variable. 

705.  It  has  been  mentioned  that  the  derivative  of  an  equation  between 
two  variables  may  serve  for  the  elimination  of  a  constant.  Something 
of  a  more  extensive  nature  presents  itself  in  the  case  of  three  variables  ; 
and  it  is  here  we  have  the  germ  of  the  calculus  of  partial  differences, 
become  so  celebrated  for  its  applications  to  Mechanics,  Astronomy,  &c. 

Let  z  ^=^Ji,  i  denoting  a  known  function  of  two  variables  t  =  F{x,g)* 
The  derivatives  relative  to  x  and  y,  separately,  are  [N^.  671] 

dz  -.        dt      dz  ^.       di 

wherey*^^  is  the  same  in  each  equation,  and  the  derivatives  -r-,    -7*,  are 

ox     ay 

presumed  to  be  known  in  terms  of  x  and  ^.    Dividing  the  equations,,/'^ 

disappears,  and  we  find p  -r-  =  9  -r-,  a  relation  which  expresses  that  z  is 

a  function  o£  t,  s  ^^Ji,  whatever  may  otherwise  be  the  form  <^  this 
function  f. 

For  example,  z  =yi[x*  +  ^•)  gives 
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whence  py  ^  qx^=s  0. 

And  in  whatever  manner  x^  +  %f^  may  enter  into  the  value  of  z,  this 
last  equation  will  continue  the  same ;  it  will  accord  with 

^  =  log  (a:»  +  /),  z  =  -/(*«  ■V.y%  z  =  ~^^y  Ac... 

It  follows^  therefore^  that  every  function  of  x^  +  ^^  must  he  a  par« 
ticular  case  of  the  equation  of  partial  differences  py^qx=^  0. 

Similarly,  y  —  bz  =f{x  —  az,  when  we  differentiate  separatelyi  first 
.in  regard  to  z  and  x,  then  z  and  y,  gives 

-  ^.p  =  (1  -  ap)  X  /',  (1  -  ^^)  =  -  flj  X/'; 

and  eliminating  f,  we  have  ap  +  6<7  =  1  for  the  equation  of  partial 
flifferences  corresponding  to  the  proposed  equation,  whatever  may  he  the 
form  of  the  function  f. 

Treating  ^ =/f^-^    J  in  the  same  maimer,  we  find 

;?:  -  c  =  p(x  —  fl)  +  q(jf  -  6). 

We  shalliiAve  an  opportunity  suhsequently  of  showing  the  importance 
of  this  theory;^  for  the  present  we  shall  confine  ourselves  to  ohserving 
that  the  three  equations  of  the  2nd  order  will  serve  to  eliminate  two 
arbitrary  functions,  &c. 


II.    APPLICATION  OF  THE  DIFFERENTIAL  CALCULUS, 

DEVELOPMENT  OF    FUNCTIONS  OF  A  SINGLE  VARIABLE 

IN  SERIES. 

706.  .  Making  ar  ^  0  in  the  series  of  Taylor  f  p.  235],  and  denoting 
hyJ',J^,/^.^.  the  constant  values  then  assumed  hy/x,/'x,/'^je.,»,  we 
have 

fk  =/+  hr + + h^r + irh^r  +... ; 

a  formula,  however,  which  only  holds  good  so  long  as  or  s  0  do  not 
render  any  one  of  the  quantities  fx,  J'x,.»  infinite.    Let  h  he  now 
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changed  into  x;  xYien^f,/',  y—  being  independent  of  A,  there  results 

and  this  is  the  formula,  due  to  Maclaurin,  which  serves  to  develop  & 
function  of  x  in  a  series  of  integral  and  positive  powers  of  x^  whenever 
it  is  susceptible  of  such  a  development. 
For  example,  ^=  (fl  +  'T)"  gives 

y  =  wi  (a  +  a:)»~',  f  rs  7W  (w  —  1)  («  +  or)— «... ; 

whence 


which  affords  another  proof  of  Newton's  series  [p.  245]. 

From  y  ==  sin  Xy  we  derive  f/  =  cos  .r,  y*  =  —  sin  j*,  y  =  —  cosx... ; 
whence  we  have,  0,  1,  0  and  —  1  for  the  alternate  values  ofyj,/',y"... 
Old  to  infinity ;  and  substituting  we  find  the  series  for  sin  ;r  given  in 
p.  16;>. 

The  same  calculations  can  readily  be  made  for  cos  x,  a*,  log  (1  +  x)... ; 
and,  generally,  for  every  function  of  x.  If  we  assume  y  =  arc 
(tan  =  a:),  we  shall  arrive  again  at  the  series  tf  Q).  170]. 

707.  If  one  of  the  functions  yj/', ,/''...  be  infinite,  the  formula 
of  Maclaurin  can  no  longer  be  employed,  the  proposed  fanction  not 
proceeding  according  to  the  integral  and  positive  powers  of  the  variable. 
We  must  then  either  submit  it  to  the  processes  of  N**.  698,  or,  which 
is  the  preferable  mode,  transform  it  into  a  shape  adapted  to  our  calcu- 
lation ;  the  supposition  of  y  =  x^z  will  frequently  answer  this  purpose, 
the  constant  h  being  so  determined,  that  a:  =  0  shall  not  render  any 
one  of  the  functions  z,  /,  2"...  infinite. 

For  example,  the  series  for  cot  x  cannot  proceed  according  to  the 

positive  powers  of  .r,  since  cot  0  a  x  •     But,  making  «  =  -  s=:   cot  x, 

X 
X  cos  T 

we  have  z  =  — ; — -.  or,  by  reason  of  the  formula  G  and  H,  p.  165. 

sin  ar  '  '  *^ 

1  —  4.  o-tt  4.  ^1^  ar*  —  ... 


z  = 


a  function  of  which  we  shall  easily  obtain  the  successive  derivatives, 
which  are  no  longer  infinite  when  x  is  nothing.     We  now  find^=:  I, 
/'  =  0,  y "  =  -  ^J"'  =  0... ;  whence 
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and  -  or  cot  J?  =  jT*  —  -—  rrr:  — 


X 3      39.5      3^5.7      3^5«7 


••• 


This  method  however  labours  under  the  disadvantage  of  not  making 
known  the  law  of  the  series^  though  it  is  here  exhibited. 

We  shall  hereafter  show  how  the  difTerential  Calculus  may  be  em-> 
ployed  for  the  development  of  ,y  in  a  continued  fraction^  its  terms  being 
functions  of  x  f  See  N**.  835].  We  may  likewise  find  ^  under  the  form 
of  a  series^  according  to  the  method  of  the  note  p.  1 16. 

708.  The  theorem  of  Maclaurin  may  also  be  applied  to  equations  of 
two  variables.  Thus,  for  mz^  ^  xz^m,  taking  /,  2"...  [N*».  684], 
and  making  a;  =:  0,  we  shall  have 

whence 

X  x'      .       a;* 


^■*"3m       81w^'^'24'37«* 


■••• 


We  may  also  develop  according  to  the  descending  powers  of  x.  We 
must  substitute  iT^  for  x,  and  deduce  the  series  according  to  the  in- 
creasing powers  of  / ;  then  replace  ar"*  for  i,  and  we  shall  have  the 
series  required.  Thus,  for  m^^-or^-wx^  =  0,  making  ar^  =  r\  we 
shall  have  mft  -^y^m ;  of  this  we  must  take  the  derivatives  y,  %f' ... 
relative  to  /,  then  make  i  =  0  throughout ;  and,  finally,  substitute  the 
results  for ^ /',/"...  in  the  series  of  Maclaurin,  in  which  t  will  take 
the  place  of  x.     This  calculation,  x^  being  replaced  for  i,  will  give 

.y  es  -  w  -  w*x-'  —  3w'x-^^  -  I2wi'<>x-'  +  S5w»3x-»«... 

709.     Let  it  be  proposed  to  develop  u  =:fij  according  to  the  powers 
of  Xy  y  being  connected  with  x  by  the  equation 

y=«  +  x.  f^...    (1), 

the  functions^  and  ^y  being  also  given.  We  sliall  first  observe  that  if, 
by  means  of  the  equation  (1),  we  eliminated  y,  u  would  then  contain 
only  X,  and  the  theorem  of  Maclaurin  would  become  applicable.  We 
should  consequently  investigate  «,  m',  u"...  ;  and  then  J,  f,  /"*•'  by 
making  x  =  0.  But  the  differential  calculus  furnishes  us  with  the 
means  of  determining  the  derivatives  u',  «"...,  without  having  recourse 
to  elimination.  In  effect,  the  derivatives  [N<».  671]  relative  to  x  are,  for 
equation  (I), 

y  =  jy  +  xy'<p'y,  f  =  2y(p>  +  xffy  +  t/W,  te.  j 

T  2 
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those  for  u  ^Jy  are 

making  opssO^y,  y\  y ...  become 

80  that,  subatituting  these  values,  «,  «',  w"...  become 

A  f^Ttf*  (?'«)'•/'«  +  ?'«./"«  «=  ifa.fa)\  &c.; 
and  these  are  the  values  of/,/',/"...,  and  we  find* 


*  Though  by  this  method,  ve  may  find  as  many  terms  of  the  series  as  we  wish, 
yet  the  law  is  not  evident  We  shall  here  give  the  demonstration  of  M.  Laplace. 
[Arrc.rif/.Vol.lp.  172]. 

Let  X  and  a  be  considered  as  variables  in  equation  (1),  and  the  derivatives  taken 
relatively  to  each  [N°.  704]  ;  those  in  respect  to  *  being  still  represented  by  y ,  u\ 
«"...    There  will  result 

J^-i+^y.J^jy-ty  +  ^y^V-iy.^, 

eliminating  fy.    Let  u  m»fyht  treated  in  the  same  manner,  and  we  shall  have 

la  ^^"^  rfa'"^  -y-^y  ''''™**  "  Ja  '  "da' 
and,  substituting  for  y'  its  value  above, 

(2)...  ti*  -i  ty»£  «  4y-/>-  ^^ 

thQ  derivatives  /V,  y%  t/  being  relative  to  x.    Now,  since  v'  is  the  product  of  ~ 

by  a  function  of  y,  we  may  suppose  that  the  value  (2)  of  u'  is  also  tlie  derivative 
relative  to  a  of  some  function  of  y,  such  as  «  a  Jy,  so  tliat 

IT  eai  -- ;  and  consequently,  u  sa  -— -  »  ---, 

z  being  here  the  derivative  of  Fy,  relative  to  a.    But,  in  the  same  manner  that 

«  *=yy>  y  —  «  +  *ty  8^^*  the  equation  (2), 
taking  x  ^  Fy  instead  of  the  first  of  these,  we  see  that  (2)  will  become 

(3)...    £  =  <|y.  -^  «  <|yV  «  4»«y.  jT^  J 

and  therefore 

the;  indicatipg  »  derifative  relaUre  to  a. 


«* 
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•E    ^   <.     «j   ..#    .      X 


^lf^>  fo  are  meant  the  resulting  values  of  the  given  function  ^, 
^y,  when  we  make  ^  =«  a ;  by  ^^a  the  square  of  ^a,  by  y'a  the  detiva« 
li?e  otja  relative  to  a,  by  {(ff^qf'd)'  that  of  the  function  ((I'aJ'a...  fSee 
an  application  of  this  equation,  Mec.  CcL  v.  i.  p.  177.3 

Let  the  developed  value  of  «  =  ^"  be  required^  supposing  that 
if=s  a  +  xy\     Comparing  with  the  equation  (l)>  we  have 

Ja  =  a^ff'a  =  »«i"*"S  9a  =  a»,  fc/'a  =  ma"*"*"*"', 

^''a/' a  =  mar^'^''\  <t!^af'a  =  wa*-^^"-*,.., ; 

whence 

We  might  also  obtain  the  value  of  tj*,  supposing  the  equation  (1)  to  be 
replaced  by  »  +  0y  +  yy*  s=  0;  it  would  be  sufficient  to  make 

«         y 

a  =:  —  -,  or  ^  — • 

710.  Making  j;  =  1  in  the  preceding  series^  we  arrive  at  the  deve<« 
lopment  of^,  when  ^  =  a  +  ?>y. 


Similariy,  consideriog  4>'y.   -  as  being  the  dctiVBtive  relative  to  a  of  a  foaction 


t  e  4y,  TIZ. 


,    i/<«      dt  _    ,     „      ft     ^         <fit        rf2/\ 


if  u  s/y  be  now  changed  above  into  t  »  4y>  we  iiball  sec  that  the  equation  (2)  will 
become 

I*  iify.  -  =  <|iy.  4' «  ^y.  ^  J  and  therefore  *«"*  -  y^!f»  ^  j. 

ilerivativM  being  throughout  relative  to  o.    Assume  then  ir  >»  0,  whence 

y  «  a,  W-/fl,  —  «/'«, 

we  ahall  thus  obtain  for  tc',  t/'...  Values  of  which  it  is  easy  to  recognise  the  law,  and 
hence  we  shall  finally  deduce  the  series  above« 
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Hence  may  be  obtained  the  power  n  of  the  least  root  ^  of  the  equa- 
tion y  =  a  +  ^^,  by  making^  =  y*,  and  thcreforcya  ==  (f'f/'a  =  mz'"' ; 
whence 

The  accents  indicate  derivatives  relative  to  a ;  the  numerical  value 
of  fl  is  not  inserted,  till  after  the  operations  ^See  Rcsol.  nunter. 
note  XI]. 

For  example,  the  equation  7^^  —  %  +  «  =  0  is  reduced  to  the  form 
^  =  a  +  fy,  by  assuming 

a  =  -,  ^rt  =  -  a«,  whence 

&  p- 

and  taking  the  roquisite  derivatives,  we  finally  find 

the  general  term  being 

(^)Pxc(2.'+«-i)C(i-.i)]x(^y. 

To  obtain  the  power  n  of  the  greatest  root  //,  we  must  change  y  into 
y~',  t.  c.  replace,  in  our  result,  «  by  7,  y  by  «,  and  y*  by  ^""■. 

711.  When  we  wish  for  the  1st  power  of  y,  the  equation  being 
^  =  a  -I-  ^^,  we  must  make  «  =  1  above ;  whence 

This  series  is  especially  applicable  to  the  inverse  meiJwd  of  serUs, 
which  consists  in  deriving  the  value  of  ^  from  the  equation 

« +  %  +  7j^" +  •••==  0; 

this  we  reduce  to  the  form  ^  =  a  +  ?iV>  V  assuming 

•                  7a«  +  Jff^..     „         7««*  +  ^y^a\.. 
a  =  -  ^,  ^a  =  ^  ^^ g >  P'«  =  ^^ gr •••> 

and  there  finally  results 


1 
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712.  We  shall  demonstrate  anew  several  theorems  respecting  equa<« 
tions. 

I.  Let  5f  be  a  function  of  x,  admitting  the  factors  {x  — «)",  (x— 6)*.,., 
80  that  we  have 

yar(a?-flf)".  (x— 6)"...  X  P, 

P  containing  only  unequal  factors  of  the  1st  degree :  taking  the  log  of 
the  two  sides  and  the  derivatives  of  these  logs^  wc  find 

y'  =  (a;  —  fl)«-i  (a-  —  6)— »..,  [mP  (x -  ^)...  +  nP  (x  —  a)...  &c]. 

Thus  the  piopoied function  of  x  has  (x  —  «)*"'  (x  —  ^)"~'...  for  the 
greatest  common  divisor  between  itself  and  its  derivative^  which  leads 
again  to  the  theorem  on  equal  roots  Cp-  6 1  ]]. 

II.  The  derivative  of  /  (cos  xisinx^/  — l)is  [[N®.  679] 

; -.  -  -r— ,  which  reduces  itself  to  ±  V  —  1  • 

cos  X  ±  sm  X  V  —  r 

But  V ^  1  is  also  the  derivative  of  x  »s/  -^l  +  A,  A  being  an  arbi- 
trary constant  [N^  678] ;  so  that 

/(cosx  ±8inxis/  — 1)=  ±x\/  — 1  +  A; 

and  since  this  equation  must  subsist  whatever  x  be,  making  x  =  0,  we 
find  il  =s  0.  Hence  results  the  theorem  [1,  p-  16K],  whence  it  will  be 
easy  to  deduce  the  formulse  K,  L,  M,  and  subsequently,  the  factors  of 
X*  ±  a*  [[p.  86]. 

III.  The  equation  x"*  +;>x"»'~*  f ...  -f  w  =  0  being  decomposed 
into  its  simple  factors,  (x  —  «)  (x  —  b)  {x  —  r)...,  the  log  of  these 
functions  will  be  identical ;  whence 

/(a-^  +  jW-*  +.-)  =  /(x  — fl)  i-  l{x  -^)  +...; 

and  taking  the  derivatives  on  each  side,  we  arrive  again  at  the  equation 
of  p.  101,  and  oonscqumitly  at  Newton's  tlieorem  respecting  the  sums 
uf  the  powers  of  the  roots,  which  form  a  recurring  series,  the  scale  of 
relation  of  which  is   —  p,— <^...,  —  «. 

IV.  Fx  denoting  a  rational  and  integral  function  of  x,  let  k  be  the 
approximate  part  of  one  of  the  roots  of  the  equation  Fx  s:  0,  and  y  the 
correction  due  to  it ;  whence  x  =  Ar  +  y,  and 

F  ( *  +  y )  «  F*  +  y  F*  +  i  y^F'*  + . . .  «  a 
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When  y\  y^..t  are  neglected,  in  consideration  of  y  being  a  very  small 

Fk 
quantity^wefind  V  =s  —  -r^,  which  agrees  with  the  method  of  Newton 

Jc  k 

[p.  64]. 

But,  without  neglecting  any  term,  we  may  deduce  the  value  of  y 

from  this  equation,  by  means  of  the  series  of  N^  71 1.     We  shall  make 

Fk  , 

in  it «  SB  Fk,  0  ss  F'k,  and  assuming,  for  conciseness,  z  =  7^,    which 

is  the  first  correction  only  with  a  contrary  sign,  there  results 

2*2  F"k         23 

lionsequently  the  root  required,  or  ^  +  y>  is 

s^  F^k       s*   rF''*k         (F"k\^ 

* =* " "  ~r  F*  +  £3  L"r*~^  IftJ  J +••• 

Thus,  from  the  aiuation  x^  —  2a;  =  5,  we  deduce  A  ==  2*1  for  the 
approximate  value  of  one  of  the  roots  [p.  64] ;  so  that 

Fit  =  AJ  -  2Jfc -5  =  0.061,  Fk  =  3it^-2  =  1 1.23,  F'k  =  6it=:I2.6 ; 

_  Fk  _     61      F'k  _  1260 
whence  z^  ^^^  j^.^^^,  ^^  -  ^  ^g^, 

and 

a:  =  2-1  -0-005431 88-000001 655  =  209455157. 
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713.  It  has  already  been  observed  [[p*36,  2^]  that,  when  x  =  a 
changes  a  proposed  fraction  into  ^,  a:  —  a  is  a  common  factor  of  the  two 
terms ;  and  that  the  fraction  must  be  divested  of  this  factor,  which  may 
enter  into  it  in  different  powers.  The  dificrential  calculus  gives  an 
easy  mode  of  accomplishing  this,  and  of  obtaining  the  value  of  the 
fraction,  in  the  case  of  x  =  a,  a  value  which  may  be  nothing,  or  Jinke, 

or  infinite.    Let  x  be  changed  into  x  +  k,  and  the  proposed  fraction 

P 

^  will  become 

In  this  make  «  =  a ;  then  P  and  Q  vanish,  and  dividing  above  attd 
bdow  by  k,  we  have 
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But  tbese  suppositions  of  a:  as  a  and  A  =  0  arc  tantamount  to  having 

P    P' 

in  the  first  instance  changed  x  into  a.     Thus>  when  x=:a,  5=^*      Ii^ 

case  therefore  that  P^  or  Q'  be  still  =  0^  the  fraction  is  nothing  or  in* 
finite  respectively ;  whilst^  if  R  and  Q^  both  vanish  in  the  develop* 
ments  {A),  we  must  divide  them  hy  -^h  and  again  make  ^  s=  0 ;  when 

P      P^ 

we  shall  have,  for  a:  =  a,  ^  =  ^, ;  and  so  on. 

Hence,  to  obtain  the  value  of  a  fraction  which  becomes  ^  when  x  =  a, 
we  must  differentiate  the  numerator  and  the  denominator  the  same  number 
of  times,  until  one  or  the  other  no  longer  become  zero  when  a  is  substi^ 
tuledfor  x.  We  need  be  under  no  apprehensions  lest  all  the  dcriva* 
tives  P',  Q^  P'^  Q'^••  should  turn  out  nothing ;  for  in  that  case,  what* 
ever  h  be,  we  must  have /(a  4-  A)  =  0,  wliich  is  impossible. 


714.    The  following  are  some  examples  of  this  theory. 

t.  The  sum  of  the  n  first  terms  of  the  progression  ttI  I  x  I  x^  I  or'... 

.  ;c*  — 1 

is 7  [N°.  144],  a  fraction  which,  if  a;  =  1,  becomes  ■&:  take  the 

X  —  I 

derivatives  of  the  two  terms,  which  are  nx**^^  and  1,  then  make  x  sszl, 

and  there  results  n  for  the  sum  required,  as  is  evidently  the  case. 


II.   Let  the  fraction  be  tt. — tt, .   ,  ..,  which  becomes  J  for  x=c : 


ax'^'f'nc'—2acx 
bx'''-2bcx+ be''* 

the  derivatives  of  the  1st  order  still  give^ j-  =  -J ;     and   we   must 

ox  —  DC 


therefore  proceed  to  a  second  derivation,  whence  we  have  -.,    Two  suc*- 

cessive  operations  have  been  necessary,  in  consequence  of  {x-^cy  being 
a  common  factor. 

rS  ^_  ft y/^m^m  ff^X  "4*  a^ 

III.   Similarly, gives  ^  for  a:  =  a :  the  derivatives 

of  the  two  terms  are  3**— 2ax—a-  and  2x ;  the  first  of  which  is  0  for 
x=a;  and  zero  therefore 'is  the  value  required,  which  arises  from  the 
factor  of  the  numerator  being  (x  —  «)*,  whilst  that  of  the  de- 
nominator is  X  —  a.  For  a  similar  reason,  the  same  fraction,  re- 
versed, would  have  had  infinity  for  its  value.  This  is  the  case,  when 
jcssain 
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ax-^  x'^ 


flX   ^.  ^. 

IV.  a:  sas  0  renders =  ■&;  and  the  derivatives  give 

X 

V.  For  y  =  .  .in  the  case  of  the  arc  x  being  the 

sm  X  +  cos  X  —  I 


quadrant^  we  have 


__  —cos  *  —  sm  X  _ 
•^        cosx  — sinx    "" 


VL  When x  =  a,  — ^^ ...  .  ,,      —  becomes  — :  the  deriva* 

a  —  v(aar7  0 

tives  of  the  two  terms  give 

a^  —  2x^  d^       .  ^       Sa        _  16a 

VIL  We  shall  similarly  see  that  x  ^1  gives  -  for 

1  —  X  +ir  ,       .      a?«  —  a: 

=    -  1 ,  and T-  =  —  2. 


1  -  VC^«  -  «')  1  -  ar  +  /x 

715.  The  method  now  explained  will  cease  to  be  applicable  if  Taylor's 
theorem  h^  faulty  wiihm  Uie  order  of  the  terms  that  fve  are  obliged  to 
retain  ;  as  may  easily  be  conceived^  since  one  of  the  derivatives  to  which 
we  are  led  will  result  infinite.  In  this  case  we  must  change  x  into  a+A 
in  P  and  Q,  and  effect  the  develqnncnts  [N°.  698],  coniining  ourselves 

to  the  I  St  terms  of  each :  whence  we  shall  have  y.  ar    — — --^,    where 

m  and  n  may  be  fractional  or  negative.     We  must  now  divide  the  two 
terms  by  the  lowest  power  of  h,  and  in  the  result  make  A  s  0.  If  in  ss  n, 

we  have  the  finite  value  ^;  otherwise^  the  fraction  is  notliing  or  infi- 

nitej  accordingly  as  m  is  >  (W  <  n. 

(x*  —  r/')*^  0 

If  Let  the  firaction  be :  x  sn  n  gives  ~ ;  and  it  is  useless 
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to  liave  recourse  to  the  derivatives  of  the  two  terms,  since  they  become 
infinite  [N^  699,  2^].     But,  making  jr  =  a  +  A,  we  find,  for  A  as  0, 


1 


II.  77~r 57 ^^  becomes  -  for  x  =  a:  making ar=a+ a, 

developing  by  the  binomial  theorem,  dividing  above  and  below  by  /i^, 
and  then  making  h  =  0,  we  have 

(fl  +  hY  -  «^  +  A^      h^  +  ^a-'^A+-.  1 


{2a*  +  A«)*  A*(2«  +  A)*  ^^^)' 

III.  For  a:  =s  c  in  — rri f: — ; — •—- — 77 -',  we  shall  sub- 

V^c  —  V  («  +  c)  +  N/{Jf  — c) 

stitute  c  +  A  for  X ;  we  may  indeed  make  use  of  Taylor's  theorera  in  the 

investigation  of  the  terms  arising  from  (x  — c)  V(x— ^)  and  \/(x  +  c), 

for  which  it  is  not  faulty  QN<'.699];  when  we  siiall  have 


^A-^A(2c) 


-•^ 


••• 


and  dividing  hj  t^/h  and  then  making  A  =  0,  we  find  1  for  the  value 
required. 

IV.  Changing  x  into  a  +  A  and  devebping, 

(a,'^-a*r  +  x-a  h  +  {2ah)K. . 

(I  +*-«)>-  1     ^^^^  ''Jk  +  3/«'.,.  ' 

and  dividing  above  and  below  by  A,  and  making  A  =  0,  we  have  i  for 
the  value  of  the  proposed  fraction^  when  x  =  a. 


716.  When  xs^a  gives  to  a  product  P  X  Q  the  form  Ox  od  ,  we 
must  substitute  for  Q  a  value  -p,  such  that  R  may  be  nothing  for 

p  0 

X  ^  a;  when  we  shall  have  a  fraction  -5  which  becomes  -  . 

For  example,  3^  cs  (1  —  x)  tan  (i  wx)  coiaes  under  this  case,  when 

X  =  1 :  since  tan  =  — ,  we  have  y  =  — 7 r  =  — ,    this  fraction 

cot  -^       cot(4wx)       V 

being  treated  aoeofUog  to  the  psesoibed  roles. 
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P  00  1 

When  TT  becomes —,  P  and  Q  have  each  the  form  -^,  R  becoming  0 

i^  GO  XV 

for  j;  =  a ,  and  thus  this  fraction  is  included  in  the  case  of -. 

(mr  jr  \                                             X 
,7^  I  and  Q  =  -7- -.:   the  fraction 

p  ^ 

TT  then  becomes  --  when  x^a;  but  it  may  be  changed  into 

U  CO 

•Tr  =  — ^ — : :  :  whence  ■  =  —  — . 


x'^cot 


(ly 


Lastly^  if  we  have  00  -^  oo  for  x  —  a,  we  must  transform  the  expres- 

11  /*  —  Q       . 

sion  into  p  —  5*  -P  and  Q  being  each  nothing,  or  ,wliich  comes 

under  the  case  just  discussed.     Thus  x  tan  x  —  -i^  v  sec  x^  in  the  case  of 
X  ss  90^^  becomes 

it  sin  X  —  4 »       0      _  X  cos  X  +  sin  X  ^ 

=  -,  whence —  s=  —  I. 

cos  X  0  —sin  X 


MAXIMA  AND  MINIMA. 

7i7.  When,  on  assigning  to  x  different  successive  values  in  the  func* 
tion  y  =^fxj  it  first  goes  on  increasing  and  then  begins  to  decrease,  wc 
give  the  name  of  maximitm  to  that  value  of  the  function  which  separates 
the  incremental  state  from  the  decremcntal ;  and  if /x  first  decrease  and 
then  increase,  the  minimum  is  the  value  that  separates  these  two  states. 
Consequently,  a  function  fx  is  rendered  a  maximum  or  a  minimum  by 
Uie  supposition  of  x  ^:^  a,  when  it  is  greater  in  the  \st  case,  and  less  in 
the  2nd,  than  the  values  that  we  should  have  by  assuming  for  x  two  num" 
bers,  the  one  immediately  > ,  the  other  im$nediately  <  a. 

If,  for  example,  the  equation  y  =  /x  be  represented  by  a  curve 
CENM..0  [iig.  '2],  the  ordinatcs  immediately  adjoining  the  maxima  CB, 
GF  are  less  than  these  latter ;  and  the  contrary  is  the  case  for  the  mini- 
mum  IR.  It  will  be  seen  also  that  a  function  fx  may  have  several 
maxima  and  minitna  that  are  unequal  to  each  other. 

Thus,  the  condition  which  determines /a  to  be  a  maximum  or  a  mini' 
mum,  is  that  f{a  +  h)  aniif{a  —  /*)  be  both  >  /a,  or  both  <  fa,  how- 
ever small  h  be.    But 

Aa  ±  h)  9  fa  ±  hfa+^f'a  i;  fiw,; 
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in  which  developments  h  may  always  be  taken  so  small  that  the  term 
hf'a  shall  exceed  the  sum  of  all  those  that  follow  [N".  7013>  so  that  tlie 
sign  of  hfa  will  be  that  of  the  whole  series  subsequent  to  this  term ; 
and  we  shall  therefore  have /(a  ±  h)  =fa±  ah.  But /a  is  comprised 
between  these  values,  and  cannot  therefore  under  these  circumstances  be 
either  a  maxifnuin  or  a  minimvm.  Thus,  it  is  incumbent  that /'a  =  0; 
and  in  order  therefore  to  find  the  values  of  x,  which  alone  are  capable  of 
rendering  fx  a  maximum  or  a  minimumj  we  must  solve  the  equation 
j,'=/'x  =  0. 
Our  developments  will  now  become 


/(a  ±  A)  =/a  +  ihTa  ±  **'/'"«  +• 


•  • 


and  if  f"a  be  positive,  we  see  that  f(a  ±  h)^=fa  -{-  aft^;  whence  it 
follows  that  there  is  a  mtnimnm :  we  have  a  maximum  when  f*^a  is 
negative. 

.    But  if /"a  be  also  =  0, 

» 

/(a  ±  h)  ^fa  ±  ViT'a  +  ^^h'f^  + ..., 

and  the  development  again  becomes  similar  to  that  of  the  Istcase; 
whence  it  follows  that  there  is  neither  a  maximum,  nor  minimum,  unless 
f"a  also  vanish ;  if  this  be  the  cBse,f'^a  is  negative  for  the  Ist  of  these 
states,  and  positive  for  the  2nd,  and  so  on.   ^ 

Having  found  the  roots  of  tlie  equation  fx  =s  0,  me  must  substitute 
each  infxyf'x,*;  till  we  arrive  at  a  derivative  that  does  not  vanish: 
the  root  mill  correspond  to  a  maximum  or  a  minimum,  accordingly  as  this 
derivative  shall  be  negative  or  positive,  provided  only  that  it  be  of  an  even 
order;  for  otherwise  it  mill  not  lead  to  either  one  or  the  other* 

718.  We  shall  now  ^vc  some  examples. 

I,  For  y  =  •/i^px),  we  have  y'  =  --— — ^^ ;  and  since  this  quantity 

cannot  be  rendered  =0,  the  function  V(2/>a:)  is  not  susceptible  of 
either  a  maximum  or  a  minimum, 

II.  y  =  6  —  (x  —  aY  gives  y'  =  —  2(a:  —  o)  =  0,  whence  x  =  a, 
y"  :=  —  2 ;  thus,  y"  being  negative,  a:  =  a  gives  the  maximum  y  =z  b  ; 
as  is  in  fact  evident,  y  =;  6  +  (x  —  «)*  has  on  the  contrary  a 
minimum. 

Generally,  y^^  X(x  —  «)"  8=  0  gives  x^a, 

y'  ^ \X\x  -a)  +  «?] (x  ^  a)«-S /"  =  &c.  -, 
and  it  will  be  readily  seen  that  x  «  a  gives  a  m(K^mum  est  a  mnimum, 
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accordingly  as  X. becomes  on  this  supposition  negative  or  positivei  pro- 
vided that  n  be  odd. 

III.  Let  y  «  T^—  ;  we  derive  [N^».  665  and  666], 

1  +  x« 

^  ■"  (I  +  x*f^  ""  (i  +  ^-y*    ' 

y  =  0  gives  a:  =  ±  1 ;  in  which  case  y  :=  ±  i  and  y*^  =  q:  ^ ;  conse- 
quently X  =  1  corresponds  to  the  maximum  -^j  and  a:  =  —  1  to  the  miui- 
fnum  —  -^ ;  or  rather  to  the  negaiive  maximum,  since  we  have  agreed  to 
consider  quantities  as  being  the  less  the  farther  they  are  advanced  towards 
the  negative  infinity. 

IV.  For  y^  —  2may  +  x'^ss  a\  we  find  [N^.  684  and  665] 

my-x        _  2mtf'  -  y'^  -  1      ^ 

^         y  ^mx  2/  —  mx 

* 

/  =  0  gives my^x;  eliminating  x  and  y  by  means  of  the  proposed 
equation,  we  find 

±ma  _        ±  fl  «  ^  . ^  } . 

and  we  therefore  have  both  a  maximum  and  a  minimum. 

V.  Similarly,  a?'  -  Saxif  +  y'  —  0  gives 

y       y^^^ax^  y^-^ax 

and  it  appears  that  x=0  corresponds  to  the  minimum  y  =  0,  and 
X  =s  a\^2  to  the  maximum  y  ==  fl4^4f  QSee  fig.  27]. 

VI.  To  divide  a  number  a  into  two  parts,  so  that  the  product  of  the 
power  m  of  the  one,  by  the  power  n  of  the  other,  may  be  the  greatest 
possible.  Assuming  x  for  one  of  the  parts,  we  must  find  a  maximum 
value  for  the  quantity 

y  Tszx^{a  —  xy  ; 
whence  y  =  **"•'(  a  -  ^Y''  U^a  -  x(m  +  n)3, 

y/=s  a^-^a  -  «)'•-«  [(r«  +  «  -  1)  (w  +  n)J?*  -  &0- 


y'  =  0  gives  0?  =  0,  a;  =  a  and  «  =  ^^T^  5  *^^  ^*^*^  *^^  ^^^^^  ^^  ^" 
responds  to  the  maximum  which  is  wi'"  w-^^^^J"*  ;  the  two  others 
correspond  to  minima  when  m  and  n  are  even. 
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To  divide  a  number  a  into  two  parts  the  product  of  which  shall  be  the 
gieatest  possible^  the  half  must  be  taken  [[N°.  97^  d*]]. 

» 

VII.  What  is  the  number  x  the  ^*  root  of  which  is  a  maximum  ? 
We  have  [N«.  680] 

y  =s  :yx,  y'  sz  y,     "       =  0  and  /a?  =  1  ; 

the  number  required  therefore  is  the  base  of  the  Napierian  logarithmSj 
orar=stess2*7i828.,. 

VIII.  Of  all  fractions  which  is  that  which  exceeds  its  fn**  power  by 
the  greatest  number  possible  ?  Let  a:  be  this  fraction ;  we  have 
y  =  a:  —  X*, 

y '  =  1  —  »!«"•''  =  0,  whence  ar  =  \  /  — . 

y    m 

IX.  Of  aU  the  supplemental  chords  of  an  ellipse^  Which  are  those 

which  form  the  greatest  angle  ?     Denoting  the  semi-axes  by  a  and  Ih 

and  the  tangent  of  the  angle  that  one  of  these  chords  makes  with  the 

axis  of  X  by  a,  the  angle  of  the  chords  [N**.  409]  has  for  its  tangent 

a«  ««  4-  6« 

-— - — r-r;  and  this  quantity  we  must  render  a  maximum  by  a  suitable 

«(fl**  —  6*) 

value  of  0^  or  rather  (neglecting  the  constant  divisor  a-  ^  b'^) 


ft^      ,  .      b^      ^  .   b 

a 


«  =  «•«+  — ,  whence  v'  «=  «*  —  ~  =  0,  «  =  ±  - ; 


the  chonls  in  question  therefore  are  directed  to  one  of  tlie  extremities  of 
the  minor  axis :  their  parallels,  drawn  through  the  centre,  are  the  con- 
jugate diameters  which  form  the  greatest  possible  angle :  these  diameters 
are  equal  [^See  p.  366,  Vol.  i]]. 

X.  Of  all  the  triangles  constructed  on  a  given  base  a,  and  Isoperime* 
trical,  I.  e.  of  the  same  perimeter  2p,  required  that  the  area  of  which  is 
the  greatest.  Denoting  the  area  by  y,  and  one  of  the  unknown  sides  by 
X,  the  third  side  is  2p  —  «  —  ar ;  and  we  have  QN*.  318,  III] 

y«  s=/>(p  —  fl)  (p-  x)  (a  +  «  —  p). 

To  render  y^  a  maximum,  take  the  log  of  this  and  the  derivative^  and 
we  shall  have 

-|-   =  0,  whence  9x  =  2p  —  a; 


p  —X      a  +  X  -{-  p 
thus  the  triangle  raquired  is  isosceles. 
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Generally,  of  all  the  isoperimetrical  polygons,  that  of  the  greatest  area 
is  equilateral;  for  let  ABCDE  [fig,  19]  be  the  maximum  polygon;  if 
AB  be  not  =  BC,  form  the  isosceles  triangle  AIC,  such  that  AI  -f  JC 
=  AB  +  AC;  we  shall  have  the  triangle  AIC  >  ABC,  whence 
AICDE  >  ABCDE,  which  is  contrary  to  the  hypothesis. 

XI.  The  base  AC  =  a  [fig.  20]  being  given,  which  is  the  least  of  all 
the  triangles  that  can  be  described  about  the  circle  OF?  Let  the  radius 
OF  =  r,  AF^AD^  x,  the  perimeter  =  2p;  CF  =  CE  wiU  be 
=  a  •—  ar,  BE  =  BD  will  be  =  p  —  a ;  and  the  three  sides  being 
a,p  —  a:  and  p-^  a  +  x,  we  have  for  the  area  y  of  the  triangle 
[N«.  318,  III] 

^«  =  pa:(p-  a)  (a  -  x), 
or,  y  being  =pr  [N«.  318,  IV], 
y/^  =?  x(y  —  ar)  {a  —  ar). 

Taking  the  derivative,  and  making  y^  =  0,  we  shall  find 
(^  —  ar)  (a  —  2ar)  =  0 ;  whence  a?  ss  4-  a  ;  thus,  F  is  the  middle  point 
of  AC;  the  other  two  sides  are  equal,  and  the  triangle  is  isosceles. 

XII.  On  the  sides  of  a  square  A  BCD  [fig,  21],  let  any  equal  parts 
Aa,  Bhy  Cc,  Dd  be  taken ;  the  figure  ahcd  will  be  a  square :  for 
l*.  aB  =  &C..#,  and  the  triangle  dAa  =:  aBh  = ... ;  whence 
ab  :=  be  r=  cd  :=  ad;  2°.  a  is  the  vertex  of  two  coraplemenlal  angles, 
and  of  the  angle  dab ;  this  last  therefore  is  a  right  angle ;  and  similarly 
foifthe  angle  abc,&c,. 

This  being  premised,  of  all  the  squares  inscribed  in  a  given  square,  re- 
quired that  which  is  the  least. 

Let  AB  ssa,  Aa^  gc,  and  consequently  a£  s  a  — •  f ;  then  the  tri" 
angle  Aad  gives 

(flfl?)«  =  2j?«  -  2ax  +  a\  io;  —  2a  =  0  ; 

whence  x^^^a:  and  thus  the  point  a  must  be  taken  in  the  middle 
dfAB. 

XIII.  Of  all  the  rectangular  parallelipipeds  that  are  equal  to  a  given 
cube  a',  and  have  the  line  b  for  an  edge,  which  is  that  of  which  the  sur- 
face is  the  least }  Let  x  and  z  be  the  other  edges ;  then  bxz  will  be 
the  volume  =  a^ ;  and  the  dimensions  therefore  of  the  parallelipiped  are 

o?  a^  o^ 

b,  X  and  p- :  consequently  7-,  bx  and  —  are  the  areas  of  the  faces,  and 
bx  ^  h  X 

the  double  of  their  sum  is  the  total  surface : 

^  «  —  +  26*  +  — ,  y  =  26  -  —  =:  0,  a:  =  y/^  -  ^  =  2  ; 
thus  the  two  other  dimensions  x  and  z  must  be  equa^« 
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t  If  die  side  b  be  not  given^ »  being  always  one  of  tbem^  each  of  the  others 

,         /a*  Sff* 
must  be  \/  -  ; h  4>/a'x  is  therefore  the  total  area,  whence 


and  X  SE  a; 


the  cube  proposed  is  therefore  the  rectangular  parallelipiped  of  the  least 
fuiface. 

719.  To  apply  this  theory  to  curves,  we  form  [^N*.  684]  the  deriva- 
tive of  their  equation:  the  real  r»ots  of  x  and  y,  which  satisfy  the  pro- 
posed equation  and  its  derivative,  are  obtained  by  elimination ;  and  they 
alone  can  correspond  to  maxima  or  minima  of  the  ordinates.  We  next 
take  the  derivative  of  the  2nd  order,  and  in  it  substitute  for  x  and  ^  one 
of  the  pairs  of  values  deduced  from  y'ssQ;  if  then  x  =  AF,  y  =  FG, 
[fig.  2]  render  y*  negative,  the  point  G  will  be  a  maximum  ;  if,  on  the 
other  hand,  the  co-ordinates  AR,  RI,  render  y  positive,  /  will  be  a 
minimum  [See  examples  IV  and  V]. 

When  the  developments  of^a  ±  h)  prove  faulty  within  the  range  of 
the  terms  to  which  we  are  obliged  to  have  recourse  for  the  purpose  of 
ascertaining  the  maxima  or  minima,  these  developments  must  be  found 
under  their  proper  form  [N^  698],  and  we  must  then  examine  whether 

in  efiect  they  are  both  >  or  both  <  fa.    Thus,  ^  =s  i  +  (a?  —  «) 
gives 

y  SB  0  gives  xtsa,  which  renders  y  =»  oo ;  and  thus  Taylor's  formula 

fails.   But  J{a±  h)sib±  h^ ;  and  there  consequently  is  neither  a 

maximum  nor  a  minimum*    On  the  contrary,  from  y  ss  b  +  (x  — 'fl)^# 
we  deduce 

and  therefore  xsza,y^b  correspond  to  a  minimum*    We  should  have 
a  maximum  for  ^  =  &  —  (x  -->  a)  • 

720.  As  to  the  functions  of  two  variables,  z  ssj[x,ff),  we  must  adopt 
the  reasonings  of  N*.  717.  Changing  x  into  x  -{-  h,y  into  y  +  k,  and 
developing  as  in  N*.  703,  we  shall  have,  making  k  =s  ah, 


^  Jdz  .      dz\    ,   h'^ftfz   ,   c,     d'z     ,      ^ 


▼01.  II.  V 
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But,  that  we  may  always  have  Z  <  «,  or  Z  >  z,  whatever  k  and  *  be, 
the  second  term  must  be  nothing  independently  of  »,  whence 

dz       ^    dz       ^      ,,v 
-=0.5-  =  0...(l); 

and,  moreover,  the  following  term  must  be  positive  in  the  case  of  the 

viinirm^m,  negative  for  the  maximum.     We  must  therefore  eliminate  or 

and  ^  between  the  equations  (1 ),  and  their  roots  alone  will  answer  the 

end  proposed :  these  roots  being  then  substituted  in  the  following  term 

h*/d^z      \ 

9'\T^'*'  )'  ^'  ™"'*  constantly  have  the  same  sign,  whatever  value  we 

give  to  »,  and  whatever  be  its  sign.  But,  a  quantity  il  4-  2a  B  +  Cat* 
cannot  retain  the  same  sign  whatever  a  be,  unless  its  factors  -be  ima- 
ginary [No.  13y,  9**],  which  requires  that  ilC  —  B«  be  >  0.  We  must 
therefore  have 


tl   tl-(£lX>o     (2). 


rPz         d'Z 
and  -r-j  and  -7-^  must  consequently  be  of  the  same  sign :  if  this  sign  be 

d^z 
—  for  /:  =  0,  or  »  =  0,  our  trinomial  then  becoming  — ,  i.  e.  negative, 

the  trinomial  always  retains  this  sign ;  and  there  is  therefore  a  maxu 

d^z        d^y       *       .  . 
mum :  there  is  a  minimum,  when  -—t  and  —,  are  positive.     And  if  the 

dx^        dt/^ 

condition  (2)  be  not  fulfilled,  there  is  neither  a  maximum   nor   a 

minimum. 

Wlien  the  roots  of  the  equations  (1)  reduce  the  terms  of  our  trinomial 

to  nothing,  recourse  must  be  had  to  the  4th  term  of  the  development, 

which  must  also  be  nothing,  and  so  on. 


721.  Required,  for  example,  the  shortest  distance  between  two  given 
straight  lines.  We  shall  take  one  of  these  lines  for  the  axis  of  ar,  and  the 
other  will  have  for  its  equations 

Take  in  the  1st  line  a  point,  the  abscissa  of  which  is  x':  the  distanoo 
from  it  to  any  point  of  the  second  line  will  be  R,  vi«.  [N<>.  6!  4] 

i?»  =  (^  -  x')«  +  5^«  +  z«, 
or  R'  =  (x  -  xy  +  {bx  +  /3)9  +  {ax  +  «)«; 

and  denoting  tbic  s«cond  side  by  t,  we  shall  have 
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-£  5=  2(a:  -  x')  +  2l>(hx  +  /3)  +  Qa^ax  +  «)  ==  0, 

^  =  -.2(x-a:')  =  0;  whence  a;  ;=5a/=-^±^. 

Sinoe  4r  a  y,  the  line  in  question  it  perpendicular  to  the  axis  of  x, 
and  consequently  is  so  also  to  the  2nd  line  which  might  have  been  taken 
for  this  axis :  this  we  have  found  to  he  the  case  already  [N°,  ^^^^2'  ^^ 
the  last  place 

BO  that  the  condition  (2)  is  satisfied^  4(a^  +  i*)  being  >  0 ;  gnd  there  is 
a  minimum.   The  length  of  the  line  is  H  s=  -yTTTT^'    "^^^  equation 

of  its  projection  on  the  plane  yz  b^ing  .y  =  Az^  since  it  passes  through  a 
point  (x,  y,  z)  of  the  2nd  given  straight  line^  we  have 

.       y      bx  +  B  a 

s      ax  + «         6 

and  these  lines  therefore  satisfy  the  condition  [N*.  6^3, 6**],  and  are  per-* 
pendicular  to  each  other^  as  has  been  already  proved. 


METHOD  OF  TANGENTS. 

722»  Let  it  be  proposed  to  draw  a  tangent  TM  [fig*  22]]  at  the  point 
M{x,  y)  of  the  curve  BMM',  having  given  its  equation  y  =*fx.  The 
equation  of  the  straight  line  TM  is  , 

r  —  y  s=  tan  tf(X  -  .t), 

X  and  Y  being  the  variable  co*ordinates  of  the  straight  line,  x  and  ?/ 
those  of  the  point  of  contact  My  and  a  the  angle  T.  Now  it  has  been 
proved,  N«.  655,  that  the  tangent  of  the  angle  T,  is  the  derivative  /  =fx 
the  limit  of  the  ratio  of  the  increments  MQ  and  MQ  of  the  co-ordi- 
nates X  and  y;  and  it  is  indeed  on  this  principle  that  we  have  established 
the  existence  of  the  derivatives  for  all  the  functions  of  x,  and  conse- 
quently the  differential  Calculus  itself.    Henpe  [N».  346] 

tan  .  =/.  cos*  «  J(r^y  «"  -  =  ^0^)  * 

v2 
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l^.  The  normal  MN  makes  with  the  axia  of  x  an  angle  [N^  370] 
the  tangent  of  which  is  —  -^ ;  and  its  equation  therefore  is 

y(r.y)+x-x=o. 

2^.  Making  F s=  0,  we  have  the  ahscisse  AT,  AN,  of  the  feet  of  the 
tangent  and  normal ;  whence  we  deduce  a:  —  X,  or 

sub-tangent  TP  =  -„  sub-normal  PNssyy\ 

When  these  values  have  a  negative  sign,  it  indicates  that  these  lines 
fall  in  directions  opposite  to  those  of  our  figure ;  we  must  examine  then 
whether  it  is  ^  or  y  that  is  negative^  and  we  shall  easily  ascertain  the 
situation  of  the  lines  [see  N^  339]. 

3^  The  hypotenuses  TM  and  MN  give 

tangent  rAf  =  ?,-v/(l+y-). 

y 

normal  MN  =  y  i/  (1  +  y'«). 

4^.  Applying  our  previous  reasoning  to  the  case  in  which  the  angle 
of  the  co-ordinates  is  any  whatever  [see  N^  420],  we  shall  find  that 
the  equation  of  the  tangent  and  the  value  of  the  sub-tangent  continue 
the  same. 

723.    The  following  are  some  examples  of  tliese  formula : 

I.  In  the  parabola,  y  s=  2px ;  whence  gy' «  p,  ^  =s  2x;  the  normal 

y 

MN  =  v'  (2p*  +  p*)  [N».  404]. 

II.  For  the  ellipse  and  hyperbola  a^t^^  ±  b'^x^  =  ±  a*&^;    whence 

b*x 
y  =  If  —  ;  and  hence  we  have  the  sub-tangents,  &c.  \jee  N<*.  408 

and  414].    For  example,  making  c*  =  a^  7  b^,  we  find  for  the  length 
of  the  normal. 


M^bj^±  (a^^c'^x^) 


a« 


III.  For  the  equation  y~  ==  or-flw-*,  we  find  ^  =  — .    The  parabola 

is  a  particular  case  of  this ;  on  which  account  it  u  that  the  name  of 
parabolas  has  been  given  to  all  the  curves  comprised  under  this  equa- 
tion, wi  and  »  being  pasitive:  f^a'^x  i?i  ct^H  the  /frrt  CMiii^t  fQT^^ 


\ 
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Andy  ftiniilarly>  the  name  of  hyperbola  is  given  to  the  curves  the 
equation  of  which  is  x"y*  s=  «■•+• ;  their  sub- tangent  is -,  =  —  —  ; 
the  same  as  in  the  preceding  case,  only  with  a  contrary  sign. 

IV.  For  the  curve  the  equation  of  which  is  x^  —  ^6axy  +  y  is  0^ 
we  have 

-  f|Zl,  sub-tangent  =  -LZf!^,  &c. 

V.  In  the  logarithmic  curve  [N°.  468],  y  =  a*  gives  ?p  =  ~  ;  so  that 
the  sub-tangent  is  equal  to  the  modulus  [N^.  585]- 

VI.  Let  AP  =  X,  Pitf  =^,  AfQ  =  z  =  >/  (2rj^-y^)  [fig.  23],  the 
equation  of  the  cycloid  AMF  is  a;  =  arc  (sin  =  z)  —  z  [N^  471  ]  ;  the  arc 
being  here  taken  in  the  generating  circle  MGD,  the  radius  of  which  is 
r.     The  derivative  therefore  is  [N®.  683] 

and  consequently^  eliminating  z  and  sf,  the  cycloid  has  for  its  deriva^ 
live  equation 

j,y  =  ^  (2ry  -  J,'),  or  y  =  \/(^). 

the  origin  being  at  the  point  of  reflexion  A. 

To  draw  a  tangent   TM,~  we  shall  observe  that 
the  sub^normal  =:yy*^  ^  (2ry  —  y«)  =  s  =  MQ, 

Thusy  the  line  MD  drawn  to  the  point  of  contact  D  of  the  gene- 
jfating  circle  with  the  axis  AE  is  the  normal ;  and  the  chord  MD  is  its 
length;  we  find,  in  fact,  y\/ (1 +/«)=>/ (2ry).  The  supple- 
mental  chord  MG  is  consequently  the  tangent ;  and  it  appears  there- 
fore that  to  draw  a  tangent  at  M,  we  must  draw  MN  parallel  to  the 
axis  AE,  then  the  chord  KF,  and  hstly  MG  parallel  to  KF. 

If  the  origin  be  situated  at  the  highest  point  F,  so  that  we  have  to 
lake  FS  ss  x,  SM  s:  y,  the  equation  of  the  cycloid  is 

x  s  arc  (sin  ssz)  +  z  [N®.  471],  and  the  derivative 


^ = \/  fe)- 


This  equation  might  also  have  been  found  by  transferring  the  origin 

to  fi  dP  being  cbingci  Ant  Ibb  purpose  into  vr-9  luid  y  into  ?r-y* 


I»d4  DiFFERfiNTlAL    CALCOLUS: 

724.  We  tna^  on  these  principles  solVe  a  great  number  of  problems 
relative  to  tangents^  such  as  drawing  them  from  an  exterior  point,  or  ' 
in  a  direction  parallel  to  a  given  straight  line,  or  &c.    f  See  N**.  407 
and  413]. 

Let  us,  for  instance,  investigate  the  angle  0  formed  by  the  tangent 
TM  [fig.  24]  and  the  radius  vector  AM  drawn  from  the  origin  to  the 
point  of  contact  M  (j£,  y).     The  angle  0  which  this  radius  vector  makes 

with  the  axi;^  is  given  by  tan  6  =  -  ;   also  tan  «  s  y' ;   and  conse- 

quently 

tan  («  —  t)  or  tan  0  = 4- 

A*  +  yy 

tn  applying  this,  attention  must  be  paid  to  the  sign  which  this  frac- 
tion takes. 

For  the  equation  y*  +  x^  ==  r*,  which  belongs  to  the  Icircle,  we  find 
tan  j3  =  00,  as  is  othenvise  evident. 

725.  VVlien  a  curve  BM  [iig.  24]  is  referred  to  polar  co-ordinates 
yiMs=  r,  MAP  ss  d^  the  prc<%ding  furmulie  cannot  be  made  use  of 
until  the  equation  r  = /d  of  the  curve  has  been  suitably  transformed 
into  one  between  x  and  y,  by  means  of  the  relations  [N^  385]. 

a:  sa  r  cds  »,  jr  as  r  sin  9,  x«  +  y«  «bs  »*. 

We  may,  contrarywise,  transform  the  formuhe  for  the  tangent,  &c.» 
into  others  for  r  and  0.  Thus,  take  d  for  the  independent  variable  in« 
stead  of  X ;  and  the  calculation  that  has  been  already  made  |^p.  256^ 
gives 

^       r 
tan  pi  tt  -;. 
r 

726.  We  might  in  like  manner  convert  the  values  yy',  ^,    &€•  into 

r,  /  and  6 ;  but,  on  account  of  their  coniplexity.  We  prefer  the  fbUoir- 
ing  method. 

The  name  of  sub'tangent  is  given  to  the  length  of  the  part  AT, 
taken  along  the  perpendicular  to  AM ;  and  the  point  T  being  thus 
determined,  the  tangent  TM  follows  of  course.  But,  the  triangle  ATM 
gives  AT^  AM  tan  /5,  or  .  ' 


sub-tangent  as  4  3f  as  p« 
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For  the  spiral  of  Aitehimedes  [N®.  472,  fig.  25],  we  have 

Thus,  the  suh-tangent  AT  ib  equal  in  length  to  the  circular  arc  de- 
scribed with  the  radius  AM=sr,  and  which  measures  the  angle 
MAx  xBs  6.  As  to  the  angle  0,  it  increases  continually  with  6 ;  and 
since  it  is  not  till  after  an  infinite  number  of  revolutions  of  the  radius 
vector  that  d  becomes  infinite,  the  right  angle  is  the  limit  of  ^3. 

In  the  hyperbolic  spiral  QN°.  475]  y 

r  =  -^,  sub-tan   =  —  «,  tan  /3  =  —  fi: 

thus  the  sub-tangent  is  constant  ,*  the  asymptote  is  the  limit  of  all  the 
tangents ;  and  lastly,  the  angle  of  the  radius  vector  with  the  tangent  is 
obtuse,  and  decreases  as  Q  increases  [See  fig.  160,  vol.  i.]. 
For  the  logarithmic  spiral  [N<*.  474] 

r  =  a*,  tan  /S  =  -p,  sub-tan  s=  =-. 

la  la 

the  curve  cuts  all  its  radii  vectores  at  the  same  angle,  which  is  that  of 
45^  when  a  is  the  base  of  the  Napierian  logarithms;  the  sub-tangent 
increases  proportionally  to  the  radius  vector. 


RfiCTlFICATIONS  AND  QUADKATURES 
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727.  ^Tien  the  equation  y  =/jc  of  a  curve  BMM'  [fig.  22]  is 
given,  the  length  BM=zso£  a  developed  arc  may  be  determined  when 
its  extremities  B  and  M  are  known :  let  us  investigate  this  length. 
For  this  purpose,  we  shall  observe  that,  B  remaining  fixed,  s  varies 
with  the  point  M ;  thus  *  is  a  function  of  x  =  -4P,  s  =  Fx,  and  this 
function  we  are  now  to  find.  If  a:  be  increased  by  i^  =  PP,  y  will 
increase  by  M^(l  =  k,  s  by  MM'  =  /;  and 

y  =/^  give8/(x  +  A)  =  y  +  yh  +  |  y''h'^+..., 

s^Fx  ...  F{x  +  h)^s  +  *7i  +  4*"A'  +... ; 
whence 

k « yh  +  ^ y"h^  + ...,  I  =  *7i  +  i s'h^  + ... ; 

chord  MM'  =  ^  (A«  +  k^)  »=  A  ^  (1  4-  y'^  +  yYh  +...). 

On  the  other  hand,  the  tangent  MH  gives  [N^  722] 
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whence 

chord  MM'  _^{l+y'^+yYh+...) 

WH  +  M'H  -    -v/(i+y'')--i3r*- 

But  the  more  h  decreases^  the  more  this  last  ratio  verges  towards 
unity;  1  therefore  is  also  the  limit  of  the  Ist  side;  and  since  the  arc 
MM'  is  comprised  between  its  chord  and  the  broken  line  MH  +  M'H, 
1  is  the  limit  too  of  the  chord  to  the  arc>  or  of 


chord 
arc 


-  ^  +  is%...         ,wnencci^         ^ 


*'=  a/  (1  +  y'^h  or  rf*  =  -v/  (dx^  +  df-). 

This  formula  serves  for  the  rectification  of  all  curvilinear  arcs.  We 
substitute  for  y'  its  valueyo:^  deduced  from  the  given  equation  y  ^=ifx 
of  the  curve,  and  we  thus  obtain  the  derivative  s'  of  the  equation 
J  =  Fx ;  it  will  then  remain  to  inUgrale  F'x,  t.  e.  to  trace  back  this 
derivative  to  its  primitive  function  Fx»  The  mode  of  effecting  this  wiU 
be  explained  subsequently  fN®.  809]. 

The  equation  of  the  circle^  its  centre  being  at  the  origin^  is 

y«  -f.  a;*  =a  f^,  whence  yy'  +  a;  =  0; 

and  this  is  the  derivative  of  the  circular  arcs>  expressed  in  a  function  of 
its  sine  or  cosine  [which  is  x,  N^,  683].  In  order  therefore  to  rectify 
the  circular  arc>  we  must  integrate  this  function  [N^  809^  III]. 

By  means  of  our  value  of  s',  we  may  Simplify  the  formuk  of  p.  291 « 
which  now  become 

,      dy  I       dx    ,  if      dy 

728.  To  obtain  the  area  BClfM.  =  I  [fig.  22],  leawning  as  befoK, 
we  shall  see  that  f  is  a  function  of  x,  or  <  =  f  x ;  whilst  thd  inctemfinta 
k  and  >  of  the  ordinate  and  the  area  for  the  abscissa  x  4-  A  are 

*  r=  M'Q  =  y'k  + ....  i  =  MPP'M'  =  /'A  + . . . 
We  also  have  rectangle  MPFQ^yh,  £,/"=  (y  +  k)ki  and  die 

lioulff  thckntio--^  h  uoity ;  unitjr  th^nfon  it  vim  th*  ttaiit  of 


»  ( 
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the  ratio  between  the  rectangle  MPP'Q  s  yk  and  the  increment 
MPFM'  =  t  of  the  area  /.    This  ratio  is 

j'^FTihr+Z^   whencef^^orf'^y. 

In  this  expression  we  must  substitute  Jx  for  if,  and  integrate  the 
equation  <*  =/a:  [See  N<>.  805]. 

Had  the  co*ordinates  been  supposed  to  make  an  angle  a,  we  should 
haye  found 

^  =s  ^  sin  a. 

729.  Let  us  now  investigate  the  area  AKM  s  r  [fig.  24],  com- 
prised between  two  radii  vectores  AM,  AK,  the  latter  of  which  re- 
mabs  fixed,  whilst  the  other  varies  with  M.  We  have  the  area 
AKM  or 

T^ABMK-ABM; 

of  which 

ABM  =  ABCD  +  DCMP  -AMP  =  ABCD  +l-ixy; 

and  consequently 

rszABMK'^ABCD'-t  +ixy. 

But,  ^e  variation  of  the  point  M  produces  no  change  in  the  points 
B,  C  and  Hi ;  so  that  the  derivative  may  be  taken,  considering  ABMK 
and  ABCD  as  constant,  and  we  have 

T  =^  -  «'  +  4  (ary  +  y)  =  1(V  -^)- 

To  transform  the  values  of  /  and  i^  into  those  for  polar  co-ordinates 

/   i/  r' 
r  and  B,  substituting  ->,  ^,  ^  for  /,  y'  and  -/  QN*».  689]  we  have 

where  the  independent  variable  may  be  any  whatever.  That  it  may 
be  0,  we  have  only,  in  these  expressions,  to  substitute  for  x,  y,  /,  y 
the  values  of  N*.  690,  when  there  will  result 

and  these  a)re  the  formulie  of  rectification  and  quadrature  for  curves 
referred  to  polar  co-ordinates,  the  equation  being  r  =^f9.  They  might 
also  have  been  obtained  directly  by  the  method  of  limits. 
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OSCULATIONS. 

730.  Suppose  that,  at  a  point  M  [Bg.  26]  of  a  curve  BMZ,  a  tan- 
gent TM  and  a  normal  MN  be  drawn  ;  and  that,  from  different  points 
a,  6<..  of  the  normal^  circles  be  described  passing  through  the  point  M, 
and  consequently  having  TM  for  their  common  tangent.  It  is  obvious 
then,  from  the  disposition  of  these  circles,  that  some  of  them  will  lie 
within,  and  others  without  the  curve,  and  that  there  will  be  one  which 
approaches  more  nearly  than  any  other  to  the  curve  BMZ,  on  each  side 
of  the  point  Jt/.  To  this  we  give  the  name  of  the  otctdtUing  Circle  ; 
it«  centre  D  and  radius  DM  are  called  the  Centre  and  Radius  of  Cmrva^ 
ture;  and  as,  on  changing  the  point  M,  the  circle  also  changes  its 
centre  and  radius,  we  give  the  name  of  Evolule  to  the  curve  lOD, 
which  passes  through  all  the  centres  of  curvature  :  the  given  line  BMZ 
is  the  Involute  of  IOD> 

To  find  the  osculating  circle  of  a  curve,  at  any  given  point  3f,  the 
conditions  which  determine  it  must  be  expressed  analytically ;  but  we 
shall  first  generalize  these  considerations.  Suppose  that  there  are  any 
two  curves  which  cut  each  other ;  their  equations  y  ^^fx,  Y  =  FX 
give  7^  =  F  for  the  abscissa  x  =  X  of  the  common  point.  As  yet  ther« 
iii  no  more  than  a  simple  intersection ;  to  oomparv  the  courses  of  the 
two  lines  beyond  this  pointy  substitute  x  4-  A  for  c  and  ^  in  y  imd  F; 
the  corresponding  ordinates  will  be 

whence 

for  the  distance  between  the  two  points  of  our  curves  the  abscissa  of 
which  is  x-^-h  :  X  must  be  replaced  by  x  in  y,  y...  And  the  less  ^  be 
fbt  a  giv«ii  value  of  k,  the  nearer  will  the  correspondittg  {Kunts  be  to 
^bA  othe^ ;  so  that  the  degree  of  approach  of  our  carv«s  defiends  «ii 
the  minuteness  of  ^,  for  a  ^ixed  length  of  k^  In  case  now  tliai  thte  vsdoe 
of  x^  for  which  ^  =  F>  also  render  y  =»  Y\  we  have 

and  our  two  cur\'es  approach  more  closely  to  each  other  than  a  tiurd 
could  be  made  to  do  which,  passing  tlirough  the  same  point  (x,  y),  did 
not  fulfil  this  Slime  condition.  For,  let  y  =  9(  be  the  equation  of  this 
last  curve ;  the  distance  i^,  between  the  points  of  this  curve  and  the 
first,  which  have  x  H-  A  for  their  abscifisa^  is 
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supposing  fx  =^Jx,  in  order  that  they  may  have  the  common  point 
{x,  y).    But  these  values  of  ^  and  A  have  the  forms 

whence        A  -  J  =  ^iA  +  (B -  A)A«  +  (C  -c)A*  +... ; 

and  ]f  A  therefore  be  taken  so  small  [N"".  701]  that  the  term  Ak  give 
its  sign  to  these  latter  series,  A  —  ^  having  the  sign  of  ^,  we  shall 
have  A  >  ^  for  this  value  of  A,  and  for  all  those  which  are  less,  what- 
ever be  the  sign  of  A.  Thus  the  curve  y  ==  JFx  approaches  to  the  one 
y  szjxy  for  the  whole  of  this  extent  h,  and  on  each  side  of  the  common 
point,  more  closely  than  the  third  curve  7  =s  f  |  can  be  made  to  do, 
whatever  be  its  nature. 

If,  besides  y'  s=  F'j  we  likewise  have  y"  s=  F",  it  will  in  the  same 
manner  be  seen  that  our  two  curves  approach  to  each  other,  in  the 
points  immediately  contiguous  to  the  one  that  is  common,  more  nearly 
than  a  third  for  which  these  two  conditions  are  not  fulfilled ;  and  so 
on.  We  shall  say  of  two  lines  that  they  have  a  Contact  or  an  Oscula^ 
tion  qfike\H  order,  when  they  satisfy  the  conditions  y^-Y,  y'=  Y\ 
for  the  same  abscissa  x,  '  Similarly  y  =  F,  y'  =  Y\  y"  =  Y"  will  be 
the  conditions  of  the  contact  of  the  2tid  order^  &c. ;  and  it  is  demmi- 
strated  that  these  twn  curves  ate  nflarer  to  each  other  in  the  neighbour- 
hood of  the  common  point,  than  any  Srd  cOrve,  unless  it  form  a  similar 
osculation. 

731.  These  ^nriiiciples  being  premised,  if  certain  of  the  constants 
a,  6,  c...  contained  in  the  equations  y  =^fx,  Y  =  FX  of  the  two  curves, 
be  arbitrary,  the  nature  of  these  lines  is  fixed,  whilst  their  position  and 
some  of  their  dimensions  are  not  so.  We  may  therefore  determine  these 
(n  +  1 )  constants  by  an  equal  number  of  conditions  ^  rs  F,  ]/  s  F^ 
2^'  =  F^..,  and  the  curves  will  thus  have  a  contact  of  the  nth  order; 
and  will  approach  to  each  othet  more  closely  than  any  other  curve 
which  does  not  form  an  osculation  of  the  same  order. 

732.  To  apply  thts  to  th6  straight  line,  let  g  ^fx  he  the  given  equa- 
tion of  a  curve,  and  take  a  straight  line,  the  position  of  which  is  undeter- 
mined^ our  equations  then  are 


mmibhmg  tny  whatever.    If  we  assume^  s  F,  y'  ob  Y',w 


aoo         DIFFERENTIAL  CALCULUS: 

there  will  be  an  oscuktiou  of  the  1  at  order*  The  straight  line  will  be  a 
tangent;  in  fact,  that  any  other  straight  line  may  approach  more  nearly  to 
the  curve,  on  each  side  of  the  common  point,  it  must  fulfil  the  same  con- 
ditions, i.  e.  have  the  same  values  for  its  constants.  Thus  y  is  the  tan- 
gent of  the  angle  that  our  straight  line  makes  with  the  axes;  and  elimi" 
nating  a  and  6,  the  equation  of  the  tangent  is 

as  in  N*.  722«  We  easily  deduce  from  this  the  equation  of  the  normal, 
the  value  of  the  sub-tangent,  &c. 

733.  Reasoning  in  the  same  manner  for  the  circle,  the  equations  of 
the  given  curve,  and  of  a  circle  taken  in  any  situation  whatever,  are 

a  and  6  being  the  co-ordinates  of  the  centre,  and  R  the  radius.  To  de- 
termine these  constants,  we  shall  establish  a  contact  of  the  2nd  order. 
The  derivatives  of  the  latter  equation  are 

(y-6)r+x-a=:o,  (r-6)r'^+  r«+i=o; 

and  therefore 

(y-6)y  +  «-a   =0..,    (2), 
(y-%"  +  y»+l  ==0...   (3), 

Deducing  y  —  &  and  x  —  a  from  the  two  last  of  these. 


whence  the  Ist  gives 


also 


»«-^(i+y).*=y  +  *-^'; 


*  The  Value  of  R  must  take  the  sign  ±  $  bur.  since  this  eipresiion  has  no  mean- 
ing except  when  it'is  positire  [N^  336],  that  of  the  two  signs  must  be  preferrad 
which  will  give  to  the  value  of  R  the  sign  +•  If  y"  be  positive,  which  ia  the  case 
when  the  curviy  turns  its  oonvei  side  towards  the  axis  of  ^^  wo  shaU  take  the  si|ii  -f-) 

whitai  ttit  liga  ■«  miiM  to  pitfmrvd  ia  thi  C9|itri7  sw  [ihf  M^  74n^ 
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and  thus  therefore  we  have  the  radius  and  the  centre  of  curvature.  Evenr 
other  circle  will  approach  to  our  curve  in  a  less  degree  than  this ;  as 
otherwise  it  must  fulfil  the  same  conditions^  t.  e.  be  coincident  with  it. 

734.  Hence  we  see  that 

1^.  The  tangent  to  the  curve  is  so  also  to  the  osculating  drcle,  &ince 
y  has  the  same  value  for  both. 

2®.  The  equation  of  the  normal  being  y(  F  —  y)  +  X  —  x  =  0,  if  in 
it  we  substitute  a  and  b  for  X  and  Y,  it  is  satisfied,  since  we  thus  arrive 
at  the  relation  (2)^  which  supposes  only  a  contact  of  the  1st  order  be- 
tween the  curve  and  the  circle :  hence  the  centre  of  curvature  is  on  the 
normal,  as  is  also  the  centre  of  every  circle  which  has  the  same  tangent 
TM  [fig.  26]. 

S®.  If  we  eliminate  x  and  y  between  the  equation  ^  ^=^Jx  of  the  curve, 
and  these  (2),  (3)  which  determine  a  and  &,  we  shall  have  a  relation 
between  the  co-ordinates  of  the  centre  of  the  curvature  which  exists, 
wherever  the  point  M  be,  and  this  therefore  will  be  the  equation  of  the 
evolnie. 

4*.  Since  R,  a  and  b  are  functions  of  x,  easily  determined  by  differen- 
tiation, if  we  were  to  substitute  them  in  ( 1 )  and  (2),  the  results  would 
be  respectively  identical  with  those  equations ;  and  we  may  consequently 
differentiate  (1)  and  (2),  considering  R,  a  and  b  as  variable.  Operating 
first  on  the  equation  (2),  there  results 

whence,  subtracting  from  (3), 

*y +  a'  =  0; 

which,  as  was  to  be  expected,  is  the  derivative  of  the  equation  (2),  re* 

1        A' 
latively  to  a  and  b  alone.    We  consequently  have  —  <-.=  -^    for    the 

tangent  of  the  angle  which  the  normal  makes  with  the  axis  of  x.  Now 
let  6  =  ^  be  the  equation  of  the  evolute ;  its  tangent  at  the  point  (a,  b) 
makes  with  the  axis  of  x  an  angle  the  trigonometrical  tangent  of  which  is 

-r-  =  -  = >  [N<>.  689],  since,  in  our  calculation,  we  have  considered 

da      a  y 

b  and  a  as  functions  in  which  x  is  the  principal  vi^riable.  Hence,  the 
normal  to  the  involi^fe  is  a  tapgent  to  Ij^e  evolutf. 

(f^  X<et  t)i9  MM  Wmfi  U  dope  for  tbQ  9«wUqp  (Oi  ^  ^  ^^^  thf  4fvv> 


aof  DIFFERBMTIAL   CALCULUS: 

live  be  tiktn  supposing  all  tbe  letters  to  vory,  and  the  tesuU  be  sqV 
tracted  from  the  equation  (2) ;  oFj  otherwise,  let  tbe  derivative  of  (i)  be 
taken  relatively  to  a,  h  and  R  alone  t  there  results 

-{y  -  h)b'  -  (x  -  a)a'  =  RW. 

To  deduce  from  this  a  relation  which  belongs  generally  to  all  the 
points  of  the  evolute,  x  and  y  must  be  eliminated.    Now  the  values  of 

x^awAdy^  b  being  derived  from  (1)  and  (2),  and  —  t>  substituted  in 

them  for  /,  we  find 

i/R 


and  hence 


,_         R  h'R 


so  that  if  /I  be  taken  as  the  principal  variable,  R!  s=  ^/(t  +  V^)  is  the 
derivative  of  the  radius  of  curvature  relatively  to  a.  But  that  of  the 
aro  9  of  the  evolute  is  also  l'  «=  >J(\  +  h*^)  [N«.  727] ;  and  conse- 
quently R  UK  s',  an  equation  which  is  the  derivative  0t  Rm^  +  4,  A 
being  an  arbitrary  constant  QN^  768], 

For  any  other  arc  S  of  the  evolute,  tbe  radius  of  curvature  is  in  like 
manner  S  +  A,  the  fixed  origin  of  this  arc  being  the  same;  thus  s  -^  S 
is  the  difference  of  the  two  radii ;  and  it  follows  therefore  that  if  O  and 
D  Qfig.  26]  be  the  centres  of  curvature  of  the  points  B  and  M,  tbe  arc 
OD  of  the  evolute  is  the  difference  of  the  radii  of  curvature  BO,  MD. 
Hence,  if  a  thread  be  wrapped  round  the  evolute  OD,  one  end  being 
stretched  in  the  direction  BO,  and  it  be  then  unwound  from  OD,  the 
extremity  B  will  describe  the  involute  BM ;  it  is  to  this  property  that 
these  curves  owe  their  denominations. 

6*.  The  expressions  for  the  radius  of  curvature  and  the  co-ordinates  of 
the  centre  present  themselves  under  different  forms,  accordingly  as  one 
or  other  of  the  variables  is  taken  for  the  independent  one.  Thus  it  has 
been  seen  [N^  692]  that 

J*\^ 

R 


■"  "7Ir=vy "  '^  ^  i/' " ""  x" 


Y^^^n  -  --  y.  -  -  ^«» 
aecordingly  as  the  principal  variable  is  arMtrary,  or  is  the  arc  # ;  if  this 
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variable  be  the  abscissa  x,  tbe  values  of  R^  a  and  b  may  be  written  thus : 

7*.  If  the  coordinates  are  polar^  we  must  express  x  and  y  in  functions 
of  these  new  co-ordinates  AM=  r,  MAP  =  B  [fig.  24] ;  and  substitute 
for  the  resulting  values  of  s,  x\..  in  that  <^  12  In  which  there  is  no  prin* 
eipal  variable  [See  the  formuhe,  N%  690].  All  the  reductions  being 
^e  through^  we  have 


fi^     (^--f^)^      ^ 


/* 


^f'*  -  rr"  +  r^  "^  2/«  -  r/'  +  r*** 
7S5.  We  shall  now  apply  this  theory  to  some  examples* 

I.  For  the  parabola,  y  »  fipar,  j/  ss  ?,  y  s^  ^  ?.^  •  and  substituting 
in  our  formulae,  we  find 

N  being  the  length  of  the  normal  [N*.  728,  I.]  Hence,  the  radius  of 
curvature  of  the  parabola  is  equal  to  the  cube  of  the  normal,  divided  by 
the  square  of  the  semi-^parameter.  At  the  verteif  A  [fig,  26],  where 
X  r=  0,  we  have  JS  =  p;  and  thus  the  distance  A I  from  the  vertex  to 
its  centre  of  curvature  is  the  double  of  that  from  the  focus.  The  more 
X  increases,  the  more  the  curvature  decreases,  and  that  indefinitely.  Tbf 
co-ordinates  of  the  centre  of  curvature  are 

P 
Eliminating  x  and  y  from  i/*  =  2px,  we  have,  for  the  equation  of  the 

evolute,  6"  =  —  (a  —  p)^,  whence  B*  =  ^=-,  the  origin  being  trans- 
ferred to  / :  this  is  the  second  cubical  parabola ;  we  shall  proceed  shortly 
to  discuss  it. 

II.  For  the  ellipse  we  have  w'y  +  w*.i'  =  «•«•, 

wV/  +  "'^  =  ^'  ^'i'i/'  +  '''V*  +  «•  =  0, 

c  being  the  distanoe.jRrom  the  focus  tQ  the  ^entiie,  c^^vf  -^  ii* ; 
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tirn  wf*  «* 

and  these  are  the  values  of  the  radius  and  of  the  co-ordinates  of  the 
centre  of  curvature  for  the  ellipse.  The  values  of  J?,  of  the  normal 
|j).  292^  and  the  parameter  p  being  oomparedi  it  will  be  seen  that 

R  ss   — r-  ==  7 — Tm'  the  same  theorem  as  for  the  parabola. 

Since  an  arc  of  the  evolute  is  the  difference  between  the  radii  of  cur* 
vature  which  start  from  its  extreme  points  Qp.  3023»  and  these  radii  are 
certain  finite  quantities,  the  arc  is  rectifiable.  The  same  is  the  case  for 
all  the  algebraic  curves,  and  we  can  always  find  a  straight  line  of  the 
same  length  as  a  given  arc  of  the  evolute. 

Since  R  decreases  when  ;r  increases,  it  is  at  the  four  extremities  of  the 

axes  that  A  is  a  maximum  or  minimutn :  at  the  vertices  O,  Cf  of  the 

n*  c* 

ellipse  [fig.  53]  the  curvature  is  the  greatest,  12  as  — ,  a  s^  ±  — ,  ft=sO; 

wi*  c* 

at  D  and  IX,  the  curvature  is  the  least,  72  =  — ,  &  :=  ±  -^  ass  0;  the 

n  n 

points  A,  Ky  f,  t',  thus  determined,  are  the  centres  of  curvature  at  the 

extremities  of  the  axes.     To  obtain  the  equation  of  the  evolute,  the 

values  of  x  and  y  must  be  deduced  from  those  of  a  and  &,  and  substituted 

in  the  equation  of  the  ellipse ;  when  we  have 

making  Ch  s=  9,  C%  s  p.     It  will  subsequently  be  found  that   the 
curve  undergoes  reflexion  at  the  four  points  A,  h\  t,  i',  and  that  it  ia 
formed  of  four  arcs  convex  towards  the  two  arcs,  in  respect  to  which  it 
is  symmetrical :  the  evolute  is  represented  by  the  dotted  line  in  fig.  6S« 
For  the  hyperbola  [^N*.  397},  n  must  be  changed  into  »<>/'-  1. 

IIL  The  cycloid  [fig.  23]  gives  [p.  293] 
whence  /«  =  ?^  and  «  =  2^^(217^)  «  2M 

y 

Thus,  the  radius  of  curvature  being  double  of  the  normal,  if  we  pro- 
duce MD  and  take  Mli  =  MD,  W  will  be  the  centre  of  curvature. 
It  would  be  easy  from  tliis  to  deduce  the  figure  of  the  evolute;  but  we 
{thfdl  prefer  following  the  general  method,  which  gives 
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for  the  elimination  of  x  and  tf.  Since  the  eijuation  of  the  cydoid  is  a 
derivatiye^  we  must  take  those  of  a  and  b, 

and  dividing  these  values,  and  suhslituting  —6  fory^  we  have 

^  -  zzyy' _  _k/  .y    ^  _ y/  -^ 

If  now  the  positive  ordinates  6  be  taken  in  the  contrary  direction, 

there  results  ->  =\/5 7 ;    which  is  precisely  the  equation  of  the 

cycloid  itself,  when  the  origin  is  in  F.  Thus  the  evolute  LA  of  the 
cycloid  is  an  equal  cycloid ;  the  arc  AL  is  identical  with  FA' i  and  the 
vertex  F  is  transferred  to  A. 

IV.  In  the  logarithmic  spiral  [fig«25]i  r  s=  a^ ;  whence 

r 

'  C0S«9 

the  tangent  of  the  angle  AMN  =  m  made  by  the  radius  vector  with  the 
normal  being  =s  la  (^N**.  726^.  The  projection  of  the  radius  of  curva- 
ture MN  on  the  radius  vector  is  =  r ;  so  that  the  perpendicular  AN, 
erected  on  this  radius  at  the  pole,  meets  the  normal  in  the  centre  N 
of  curvature.  AM  therefore  is  the  sub-tangent  of  the  evolute,  AN 
its  radius  vector,  and  AM  forms  with  the  curve  MI,  at  each  point,  the 
same  angle  0  that  AN  makes  with  the  evolute.  Hence,  the  evolute  is 
the  aame  curve  differently  situated. 

The  theory  of  osculations  might  be  similarly  applied  to  curves  of  a 
higher  order  [See  Fonct.  anal.,  N**  117];  and  it  is  evident  that  two. 
curves  which  have  a  contact  of  the  2nd,  Srd,  4th...  order,  have  the  same 
tangent  and  the  same  osculatmg  circle  at  this  point. 

736.  The  difference  between  the  ordinates  of  the  two  curves  being 
^  =  MA"  +  Nk^~*  +...,  and  the  sign  of  J,  when  k  is  very  small,  being 
that  of  the  first  term  Mh^,  it  foUows  that,  as  Mh^  is  positive  or  nega- 
tive, the  ordinate  of  the  curve  is  greater  or  less  than  that  of  its  osculate ; 
and  hence  we  shall  be  able  to  decide  whether  the  first  is  above  or  below 
the  other.  Putting  — •  h  for  k,  Mh^  will  change  its  sign  when  m  is 
odd,  and  the  curve  will  be  cut  by  its  osculate  at  the  common  point.  It 
appears  therefore  that  a  curve  is  always  cut  by  its  osculating  circle. 

voi«.  n-  3L 
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ASYMPTOTES. 

737.  If  tlic  develapment  ofJ{x  +  A)  be  fku1ty>  no  oMuhtion  can  tlien 

be  established,  unless  the  series  for  F{x  +  h)  proceed  according  to  the 
same  law,  within  the  range  at  least  of  the  initial  terms  which  it  is  re- 
quisite to  compare.  This  condition  depends  on  the  nature  of  the  func- 
tionnjx  and  JFx^and  can  only  suhtist  accidentally,  i.  e.  for  some  particular 
values  of  .r ;  when  it  does  subsist,  the  same  reasoning  that  has  been 
already  employed  will  prove  that  the  first  terms  roust  be  equated  in 
order  that  osculation  may  take  place  [See  Fonct.  analyt.,  N**.  1 203. 

Let  y  =yx,  y  =  Fa:  be  the  equations  of  two  curves ;  and  suppose  that 
Jx  and  Fx  have  been  developed  in  series  of  descending  powers  of  x  [^see 
p.  275],  so  that  each  of  these  functions  may  appear  under  the  form 


Ax 


If  then  the  exponents  of  these  two  developments  be  the  same  as  far  as 
a  certain  term  Mx"^,  and  some  constants  can  be  so  disposed  of  that  the 
first  coefficients  may  also  be  rendered  equal  without  introducing  imagi- 
nary quantities,  the  difference  between  any  two  ordinatea  will  be 
M'x'~^-^ ...  Hence  it  follows  that,  as  x  increases,  one  of  our  curves  will 
go  on  continually  approaching  the  other,  though  without  ever  reaching 
it ;  and  there  will  be  a  term,  beyond  which  no  other  curve,  that  does  not 
also  fulfil  these  conditions^  will  be  able  to  make  a  nearer  approach.  Our 
carves  will  therefore  be  AgympMes  one  of  the  other. 

Thus,  when,  a  curve  ts  indefinite  in  extent,  it  has  an  infinite  mimber  of 
atympiotes,  which  are  found  by  developing  y^sijx  in  a  descending  series, 
and  taking  for  the  ordinate  of  the  line  required  the  sum  of  the  first 
terms,  as  far  as  some  rank  the  exponent  of  which  is  negative ;  or,  rather, 
composing  a  function  Fx,  the  development  of  whidi  commenoes  with 
these  same  first  terms. 

I.  For  example,  for  the  hyperbola  [N*.  416] 

a  —  a 

Consequently  the  straight  lines  which   have  for  their  equations 

ox 
y=^:t  — ,  are  the  rectilinear  asymptotes,  and  they  alone  possess  this 

property. 
It  is  the  same  with  x  =  0  and  ^  =  0,  for  xy  —  wi*. 
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IL  The  curve,  the  equation  of  which  is  ^  =r ;-,  is  composed 

of  four  branches  symmetrical  in  reqpect  to  the  axes,  and  we  shall  shortly 
be  aUe  to  determine  their  figure.    We  have  [N».  135] 

as  we  fonn  the  development  according  to  the  powers  of  «  or  y.  And 
hence,  the  straight  lines,  which  have  for  their  equations  y  ==  0  and 
*  =a  a,  arc  asymptotes.  The  hyperbola  which  has  the  axes  of  x  and  y 
for  its  asymptotes,  and  k  for  its  power,  is  also  an  asymptote  to  our  curve  ; 
the  degree  of  approach  is  in  this  case  much  greater. 

IIL  Let  y  -  Saxy  +  3:^  =  0,  fig.  27  [N*.  708] :  we  have 

■ 

and  the  straight  line  y  =  —  a:  —  a  is  therefore  an  asymptote;  it  is  con- 
structed by  taking  AB  xu  AC  ^  a,  and  drawmg  BC. 

IV.  Lastly,  let  y  -  2xY  ^x*  +  2axy*  -  5ax^  *  0 ;  then 

y^±px±  ~^-^~ ^  +  Ax"'  +  ..., 

/>  denoting  >/(!  ±  i/2).  And  hence,  constructing  the  straight  lines 
GF,  GH  Qfig.  28],  which  have  these  two  first  terms  for  ordinates,  we 
shall  have  the  rectilinear  asymptotes  of  the  curve  proposed. 
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738.  When  difierent  branches  of  a  curve  pass  through  apy  the  same 
point,  either  as  cutting,  or  as  touching  each  other,  this  point  is  called 
double f  triple,..,  vmliiple,  accordingly  a.s  it  is  common  to  two,  three...  or 
several  branches.  The  equation  of  a  curve  being  given,  let  it  be  pro- 
posed to  determine  these  points,  if  there  bo  any,  and  their  nature. 

Let  r  =  0,Jtf/+ 2Sr=0, 

be  the  equation  in  x  and  y  of  the  curve,  and  its  derivative:  F  being  sup- 
posed to  be  clear  of  radicals. 

I  St  Case.  If  the  branches  of  the  curve  cut  each  in  the  point  in  ques*- 

ion,  there  will  be  several  tangents  at  this  point :  thus,  for  one  particular 

value  of  X,  and  for  that  of  y  which  corresponds  to  it,  y'  roust  have  as 

X  2 
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many  values  as  there  are  branches.  But,  it  has  been  seen  [Vl\  700]] 
that  this  condition  requires  M  and  ^  to  be  each  nothing. 

2nd  Case.  If  the  branches  of  the  curve  touch  each  other^  there  is  but 
one  value  of  y ;  and  when  the  contact  is  of  the  (»  ^  I)th  order,  there 
is  likewise  only  one  value  [N^  731]  of/,  y"...  y<*"0 ;  but  there  must 
be  several  for  yC").  Now,  the  derivative  equation  of  the  order  n  has  the 
form  Afyf")  +  •..  =  0,  iW  being  here  the  same  coefficient  [N*.  686]  as  for 
y'f  l^'**»»  in  the  successive  derivatives;  and  since  this  equation  is  of  the 
1st  degree,  and  clear  of  radicals,  it  cannot  give  several  values  of  yW  for 
a  single  one  of  x  and  of  y :  we  therefore  must  again  have  Af  =  0,  and 
consequently  iST  =  0,  by  the  same  reasoning  as  that  of  N^  700. 

Hence  we  shall  conclude  that,  tojind  the  multiple  points  of  a  curve, 
fve  must  equate  to  zero  the  derivatives  M  and  N  of  its  equation  F  =  0, 
taken  successively  in  respect  to  x  and  to  y.  Then,  eliminating  x  and  y 
hetfveen  two  of  the  equations 

Jtf=0,JV=0,  r  =  0...(l); 

the  real  values  that  satisfy  the  3rd,  and  they  alone,  may  belong  to  mult^ 
points. 

We  say  may  belong ;  for^  as  we  shall  see,  it  is  possible  that  these 
points  may  not  exist,  although  the  equations  be  established. 

Passing  on  to  the  derivative  of  the  2nd  order  [N"".  686], 
My''  +  Py'*  +  &c.  ==  0 ;  if  we  take  one  of  the  pairs  of  values  of  x  and 
y  that  we  suppose  to  be  just  found,  and  substitute  them  here,  y"  will 
disappear,  and  y'  will  be  given  by  an  equation  of  the  2nd  degree.  Should 
the  roots  of  this  equation  be  real,  there  will  be  a  double  point;  the  two 
tangents  to  the  branches  will  be  determined  by  these  values  of  y\  and 
they  will  give  the  directions  of  the  curves  at  this  point. 

739.  But  if  the  roots  be  imaginary,  there  will  be  a  point  without  a 
tangent,  and  which  is  consequently  altogether  isolated  from  the  branches 
of  the  curve ;  and  this  we  denominate  a  conjugate  point.  If,  in  fact, 
there  be  such  a  point  for  the  abscissa  a,  the  ordinates  immediately  ad- 
joining must  be  imaginary ;  and  supposing  the  equation  F  =  0  to  be 
put  under  the  form  y  ^=Jx,  if  we  substitute  a  ±  h  for  x,  the  corre- 
sponding value  of  y,OT  J\a  ±  h),  must  be  imaginary,  taking  h  very 
small.  Let  y(*)  be  the  1  st  coefficient  that  is  imaginary  in  this  series ; 
since  then  the  equation  A/y^")  ■\-  &c.  =  0  cannot  present  y")  under  this 
form,  seeing  that  it  does  not  contain  any  radicals,  either  in  its  original 
form  or  after  the  elimination  of  y,  y"...  yC"*'),  it  foUows  that  we  must 
have  M  ==  0,  and  consequently  AT  =  0. 

Thus,  the  conjugate  points  are  comprised  among  those  given  by  the 
equations  (1);   but   they  have  this  distinction  that  th^  curve  cannot 


•^ 
^ 
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have  a  tangent  at  such  points :  \f  must  be  imagina]y>  x  and  y  being 
reaL 

740.  It  may  happen  that  the  terms  of  the  derivative  of  the  2nd 
order  all  disappear ;  in  which  case  recourse  must  be  had  to  the  derivpi- 
tive  of  the  3rd  order,  whence  y'"  and  y"  will  vanish,  and  it  will  con- 
tain y'  in  the  3rd  degree.  There  will  be  a  tri^  point  if  the  three 
roots  be  real,  and  no  multiple  point  will  exist  in  the  contrary  case. 

When  we  are  obliged  to  have  recourse  to  the  equation  of  the  4th 
order,  in  which  y'  is  of  the  4th  degree,  the  curve  has  a  quadruple, 
double  or  conjugate  point,  accordingly  as  the  four  roots  are  real,  or  two 
imaginary,  or,  lastly,  not  one  be  real ;  and  so  on. 

741.  We  annex  some  examples. 

I.  Let  ay^  ^xhj  —  ix^  =  0 ;  then 

P...  (3fly»  -  x')  y'  -  Zx^  (y  +  A)  =  0,  ' 

2«...  ^ytf^  -  6a:y  -  6x  (y  +  6)  =  0, 

3»-.  6fly^  -  18x/  —  6y  —  66  =  0; 

omitting  the  terms  in  y'\  y...,  which  would  disappear  in  the  course 
of  the  calculation.    From 

%af  —  x'  =  0,  a:  (y  +  6)  —  0, 

we  derive  y^=si~~h,  X'=^lJ  (3a6'),  which  do  not  satisfy  the  proposed 
equation ;  and  a;  =:  0,  y  =  0,  which  do :  the  origin  therefore  may  be 
a  multiple  point.  But  the  terms  of  the  derivative  of  the  2nd  order  all 
disappear  on  this  supposition ;  whilst  that  of  the  3rd  becomes  a^f^  =  h, 
which  gives  only  a  single  real  root  for  y' ;  and  our  curve  thereforq  has 
no  multiple  point 

II.  Take  y  —  x*  +  a;*  +  S^Y  =  0,  whence 

2yy'  (2y"  +  3x*)  +  4a:3  -  5x<  +  6y^x  =  0. 

Assuming 

y  (2y*  +  3x*)  =  0,  x  (4x*  -  Sx^  +  6y^)  =  0, 

we  find  that  x  =  0  and  y  =  0  are  the  only  values  that  can  fulfil  thes6 
conditions  and  also  satisfy  the  equation  proposed.  On  this  supposition 
the  derivatives  of  the  2nd  and  8rd  orders  vanish  of  themselves ;  that 
of  the  4th  order  becomes  y'*  +  3y''  +  1  ==  0,  the  roots  of  which  are 
imaginary ;  and  thus  the  origin  is  a  conjugate  point. 

III.   For  af*  -  2ay«  -  Say  -  2aV  +  a*  =  0  [fig,  29],  we  have 
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^  6fl  (y  +  «)yy'  +  4ar(x*  -  fl')  =0, 
—  6a  (2y  +  a)  y'«  +  12x'  —  4-0'  =  0. 

We  shall  now  give  a  mode  of  determining  the  figure  of  the  curve, 
which,  it  may  be  observed,  is  symmetrical  in  respect  to  the  axis  of  y, 
since  x  enters  into  the  proposed  equation  only  in  even  powers.     Making 

and  combining  these  with  the  equation  proposed,  it  will  be  found  that 
there  are  three  multiple  points,  viz. 

at  D  and  D',  where  y  «  0  and  a:  s  ±  «, 

and  at  E,  where  x  =  0  and  y  ==  —  a. 

These  points  are  double ;  and  the  tangents  Ec,  FJ*,  Da,  Db  make, 
with  Ax,  angles  the  tangents  of  which  are  y'  =•  ,J  \  for  the  point  E, 
and  y'  =  >/  4  for  X)  and  U, 

For  the  points  at  which  Ihe  tangent  is  parallel  to  or,  we  must  make 
y'  nothing,  or  x  {x*  —  a*)  =  0:  in  the  first  place,  x  =.0  corresponds 
to  y  =  —  a,  whence  we  again  have  the  point  E,  for  which  y  is  ^,  a 
value  which  in  the  present  case  is  not  :=  0;  we  also  find  the  maximum 
at  F,  y  =  i  a :  secondly,  a?  =  ±  n  gives,  besides  the  points  D  and  D', 
the  minvna  O  and  H  for  which  y  =:  —  4  a.  Lastly,  y^  =  go  ,  or 
^  (^  4-  fl)  =  0  makes  known  the  points  /  and  G,  at  which  the  curve 
has  its  tangent  parallel  to  y ;  we  find  AB  =  AC  b  DE, 

IV.  Let  «*  4-  Soar^y  —  ay^  a=  0  [fig.  30] ;  whence 

fly  (2ar«  -  3y^)  +  4x  (x«  +  ay)  =  0. 

Having  found  that  the  origin  alone  can  be  a  multiple  pointy  we  are 
led  to  the  derivative  of  the  3rd  order,  which  gives  y=0  and  y=±V2. 
Thus,  there  is  a  triple  point  at  A  :  the  curve  has  for  tangents  the  axis 
of  X  and  the  lines  Ab,  Ac  inclined  at  45°. 

We  have  the  minima  H  and  O  by  making  y'  Be=  0,  or  x  (x*  +  /ry) =0, 
whence  y  zsi  -^  a  and  x  s  ±  a. 

Lastly,  the  limits  G  and  F  are  found  by  assuming  y  =  » ,  or 
2x^  =  Sy • ;  whence 

X  =  ±  i  fl  i/  6  and  y  =  *-  "^  a. 

V.  The  equation  y  -  «ay^  +  ^  =  0  [fig.  31]  gives 
10..,  S^y  (%«  -  flx)  +  *a:»  —  fly  r=  0, 

»>...  2  (6y  -  flx)  y'«  -  %y  +  12  x«  =  0, 

8«.M  24yy»  -  6ay8  +  24*  «  0. 
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It  appears  that  the  ongin  is  a  triple  point ;  and  since  we  have  y'  =  0 
and  y'  =  CO  ,  the  axes  are  tangents  to  the  curve. 

VI.  We  may  take  for  additional  pmctioe  the  equation 

y*  4-  jr4  -,  3ay3  ^  ^fca-Sy  =  0; 

the  curve  [iig.  32]  corresponding  to  which  has  also  a,  triple  point  at  the 
origin  [See  too  the  ex.  IV,  p.  S07,  fig.  28], 

74r2.  When  the  equation  is  explicit,/  the  investigation  of  the  mul- 
tiple points  is  much  easier.  It  has  hccn  seen  [[p.  263 J  that  the  cor- 
responding ahscissa  must  remove  a  radical  from  the  value  of  y,  hy 
rendering  its  coefficient  =  0.  The  degree  of  tliis  radical  depends  on 
the  number  of  the  branches,  and  the  exponent  of  the  coefficient  de- 
termines whether  there  is  a  simple  intersection  or  an  osculation. 

Tlie  equation  y  =  ( I  -  a:)  >/  (2  -  a:)  gives  y'  =  —j~^ 

For  2;  =  ] ,  y  loses  a  radical,  which  docs  not  disappear  from  y'* 
Thus,  the  origin  being  at  1  [fig.  33],  IC  =  1  gives  a  double  point  at 
C,  in  which  the  branches  cut  each  other  at  right  angles,  since  y'=  ±  1 . 
Likewise,  a:  =  4  gives  the  maxima  towards  D  and  L/ ;  and  /A  =  2 
hxes  the  limit  A  of  the  curve. 

For  the  equation  ^  =  (2  —  a;)  v^  (I  —  x),  the  curve  has  a  conjugate 
point  the  abscissa  of  which  is  a;  =  2,  since  y  is  imaginary  for  the  ad- 
joining points.  The  origin  is  in  like  manner  a  conjugate  point  for  the 
curve,  the  equation  of  which  is  ^  =  z  ^^^  (x  —  b). 

Lastly,  y  =  (a?  —  ay  */  (x  —  6)  +  c,  where  a  >  b,  is  the  equation 
of  the  curve  EDFO^^g/3^2  conaposcd  of  two  branches  which  have  at  D 
the  same  tangent  ED.  Had  x— a  appeared  in  the  cube,  the  two  branches 
would  also  have  had  the  same  osculating  circle,  &c....  To  conclude,  a 
triple,  quadruple...  point  is  announced  by  a  radical  of  the  3rd,  4:th..» 
degree. 

A  circle  being  described  on  the  diameter  ^/=2r  [fig.  33],  a  straight 
line  AF  revolves  about  A,  whilst  PN,  perpendicular  to  AI,  moves 
parallel  to  itself:  required  the  curve  AMC  of  the  points  M  of  section 
of  these  two  straight  lines,  supposing  the  point  N  to  be  always  in  the 
middle  of  the  arc  ANF  subtended  by  AF,  The  origin  being  in  C,  the 
equations  of  the  moveable  straight  lines  FN,  AF  arc  x  =  a,  y  =  $ 
(x— r)  ;  the  co-ordinates  of  the  point  M  are  CP  =  a,  PM=i3  («— 0  * 
and  since  PN  is  an  ordinate  to  tlie  circle,  we  have  PN^  =zr'^'^  «*. 
But,  N  being  the  middle  point  of  the  arc  ANF,  the  radius  CN  is  per- 
pendicular to  AFt  and  the  tm^gifi^  APM^  CPN^xe  similv;  whence 
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PM "  PC'  e(«-r)         a  e ' 

and  this  is  the  equation  of  condition  between  the  constants  a  and  & 
I^N^  4623 :  eliminating  them  by  means  of  the  equations  z  =  a  and 
yssfi(x  -  r)y  there  results,  for  the  equation  of  the  curve  proposed 

y=  ±*yr  (irf);  whence /  =  ^^^'~*' (7."  ^,y 

We  shall  easily  recognise  the  fig.  33.  The  origin  C  has  a  double 
pointy  for  which  jr/  =  ±  I ;  and  the  tangents  are  there  inclined  at 
45^  to  AL  The  leaf  AC  has  a  maximum  towards  D,  and  does  not  ex- 
tend beyond  the  vertex  A,  which  is  a  limit.  In  the  same  manner  that 
the  point  M  is  given  by  the  middle  point  iVof  the  arc  ANF^  the  middle 
IT  of  the  arc  AI^'F  gives  M';  and  we  thus  have  two  infinite  branches 
CO,  CCF ;  the  points  0,  O  of  section  with  the  circle  having  for  their 
abscissae  or  ss  —  j-  r.  These  branches  have^  for  asymptotes,  the  tangent 
of  the  circle  at  the  point  /. 


CONCAVITY,  CONVEXITY  AND  SINGULAR  POINTS  OF  CURVES. 

743.  The  different  positions  of  the  tangent  may  be  made  use  of  for 
investigating  the  figure  of  the  curve  [406,  411].  The  equation  y  ^=fx, 
and  the  tangent  at  the  point  (x,  y)  being  given,  let  us  compare  the 
ordinates  for  the  same  abscissa  x+  h  [^N^  722^  fig.  22 : 

P'H^y  +  y%  f(x  +  *)  =  P'M'^y  +  y'h  +  iy"A«  +  ... 

Since  h  may  be  taken  so  small  that  the  sign  of  4-y^A'  shall  be  that 
of  the  rest  of  the  series,  the  ordinate  of  the  curve  will  be  greater  or 
less  than  that  of  the  tangent,  accordingly  as  y"  is  positive  or  negative ; 
so  that  the  curve  is  convex  to  the  axis  of  x  in  the  Ist  case,  and  concave 
in  the  2nd.  If  the  ordinates  were  negative,  the  contrary  would  ob- 
viously be  the  case ;  and  hence  a  curve  is  convex  or  coficave  to  the  axis 
qfx,  accordingly  as  y  and  y"  have  the  same  or  different  sigfis. 

It  is  easy  to  see  that  at  the  point  of  injlexioh  M  f  fig.  39  and  403» 
where  the  curve  from  being  concave  becomes  convex,  tf  must  also 
change  its  sign,  which  requires  that  at  this  point  y"  be  nothing  or 
infinite ;  unless  however  y  change  its  sign  at  the  same  time  with  y", 
in  which  case  the  point  under  consideration  will  be  situated  in  the  ajiis 
of  a:. 

We  shall  proceed  to  the  exposition  of  this  fatst, 


V 
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744.  Having  taken  a  point  («,  /3)in  our  curve,  to  determine  whether 
it  presents  any  peculiarity,  u  e.  whether  it  is  Singular,  we  must  com- 
pare the  parts  of  the  curve  on  each  side  of  this  point,  or  the  ordrnates 
f(a  ±  h).    We  shall  distinguish  two  cases. 

Ist  Case.  The  development  qf  f(»  +  h)  not  coniaining  for  h  antf 
fractional  exponent  the  denominator  of  which  is  even:  we  have 

in  which  the  coefficients  are  real,  since,  were  they  imaginary,  the  point 
(«,  S)  would  he  conjugate  [N^'.TSQ].  Moreover  (whatever  he  the  sign 
of  h)  k^y  h^*,,  are  real,  so  that  the  curve  extends  on  each  side  of  the 
point  («,  j9). 

P.  If  the  development  of  /  («  +  h)  he  faulty  in  th6  second  term 
Ak^f  or  if  a  he  a  fraction  >  0  and  <  1,  /  is  infinite  [N^  696],  and 
at  the  point  («,  g)  the  tangent  is  perpendicular  to  the  axis  of  x.  Taking 
the  derivatives  relative  to  h,  we  have 

/  («  +  A)  =  aAhr-'  +...,/"  («  +  A)  =  fl  (a  -  1)  Ak^... ; 

and  we  shall  fix  on  this  value  of/'  («  +  h)  to  give  us  the  direction  of 
the  tangent  at  the  point  of  the  curve  the  ahscissa  of  which  is .»  +  A, 
smce  it  is  indifferent  whether  x  or  A  be  supposed  to  vary  in/(x  +  A). 
[See  the  note,  p.  267]. 

This  being  premised,  the  sign  of  Ah^  and  ite  derivatives  decides  that 


of  the  whole  series;  when  A  is  very  small.    Let  a  be  a  fraction  -, 

n 

in  which  «  is  odd :  if  m  be  so  also,  the  ordinate  /(«  +  A)  increases  on 
one  side  and  decreases  on  the  other  of  the  ordinate  of  the  tangent,  since 
A  ^  h^  changes  its  sign  along  with  h.  There  is  consequently  an  in- 
flexion, disposed  after  the  manner  of  fig.  35  or  36,  accordingly  as  il  is 
positive  or  negative. 

And,  in  fact,  /"  («  4-  A)  also  changes  its  sign  at  the  same  time  with 
A,  because  a  —  2  gives  to  A,  in  the  1st  term  of  the  series,  an  odd  ex- 
ponent m^^nx  thus,  the  curve  is  on  one  side  concave,  and  on  the 
other  convex  to  the  axis  of  x  [N^  743]:  We  have  constructed  the 
equations: 

y  =  e  +  (x  -  af...  [fig.  35], 

y  =  /3  -  (x  -  a)* ...  [fig.  36]. 
The     same     conclusions     may   be     drawn    for    y'  s  c^x     and 
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Bui  if  til- be  even,  A  1^  h^  has  always  tlie  same  sign  as  A,  whatever 
be  that  of  A,  so  that  the  ordinates,  oontiguouj  to  our  tangent  on  each 
side,  increase  when  A  is  positive,  and  decrease  in  the  contxaiy  case,  in 
almost  the  same  manner  as  for  the  maxima :  the  curve  takes  the  form 
indicated  by  fig.  37  and  38,  to  which  we  shall  give  the  name  of  Cera- 
foidJ*  The  sign  of  f"  («  +  A)  is  obviously  negative  for  the  one,  and 
positive  for  the  otlier,  so  that  the  curve  must  present  to  the  axis  of  «, 
on  each  side  of  the  ordinate  of  the  tangent,  its  concavity  or  its  convexity, 
accordingly  as  A  has  the  sign  •\-  or  the  sign  — . 

The  equations  ^  =  /5  +  (x  -  «)*  and  y  =  13  -  (x  — •  aY  give  the 
fig.  37  and  38  ;  and  we  have  another  example  also  in  the  Cycloid. 

2®.  But  if  the  development  be  not  faulty  in  the  two  first  terms, 
then  fl  =  1,  ft  >  1,  y  is  no  longer  infinite,  and  we  have  A  for  the 
tangent  of  the  angle  made  with  the  axis  of  a:  by  the  stmigfat  line,  which 
touches  the  curve  at  the  point  («,  ff) :  this  line  is  parallel  to x,  if  A^Oi 
inclined  a^  45^  if  ^  ==  1,  &c 

/(«  +  /O  =  |8  +  ^A  +  BA*  +  ... 
Z'  (4»  +  A)  «  ^  +  ABA*-»  +  ... 
/-(«  +  A)  =  ACA-l)J3A*-  + 


!•• 


If  now  the  exponent  6  be  an  even  number,  or  a  fraction  with  an 
e\'en  numerator,  the  curve  does  not  present  any  thing  particular  at  the 
point  6,  (a,  0),  since  it  extends,  on  each  side,  above  the  tangent  if  J?  is 
positive,  and  below  if  B  be  negative ;  the  difference  between  the  ordi- 
nates of  these  two  lines  being  Bh^  +  &c.  It  appears  likewise  that  the 
sign  of  y  (a  4*  A)  is  then  the  siime  as  that  of  B, 

This  is  the  case  for  the  equation  ^  =  ^  +  a*  +  (x  —  «)^. 

If,  however,  A  =  0,  there  is  a  maximum  or  a  minimum  [See  p.  289]. 

This  occurs  for  y  s=  /3  +  A*  (x  —  «)'*". 

When  ft  is  an  odd  number,  or  a  fraction  of  which  the  numerator  m 

m 

is  odd,  ft  =  .-. ;  Bh!*,  or  B  ^A"*,  changes  its  sign  at  the  same  time  with 
It 

A,  and  the  ordinates  increase  on  one  side,   deorease  on  the  other; 

/*'  («  4-  A)  is  likewise  stmiLirly  circumstanced,  since  the  exponent  of 

its  1st  term  is  also  an  odd  number  ft  —  2,  or  a  fraction  of  wfaidi  tiie 


*  We  have  preferred  the  denominations  of  Ceratoid  and  JRtnnpkoid  to  those  of 
rebroussement  (or  Cutjts)  of  tbe  lat  and  2ud  speciea  under  which  these  points  are 
kaown.  Tlw  tsrms  are  derive4  from  K'^y  a  hom^  '^*H^9  th«  ietJt  of  m  ^rd, 
and  B(liri/orm. 
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numerator  m  —  2n  is  odd:  there  consequently  is  an  infiexum  at  the 
point  (ff^0)^  the  disposition  of  which  d^)end8  on  the  direction  of  the 
tangent^  and  the  sign  of  B. 
The  following  are  some  examples : 

1^  y  =  or  +  (cc  -  «y ;         2«.  y  «  4^  +  (a:  -  «)  '  [fig.  39]  ; 

5».  y  31  —  j:  +  («  -  «) '  [fig-  *3]: 

the  tangent  is  inclined  at  45®  in  tlie  examples  1®  and  3° ;  at  135°  in  th« 
5th;  and  is  parallel  to  x  in  the  4th. 

If  6  be  integral  (i.  e.  3,  5,  7...),  y"  is  nothing.  We  may  compare  our 
theorem  with  that  of  the  maxtnui  [N**.  717]  ;  and  thence  infer  that  no 
one  of  the  roots  of  y"  =  0  can  correspond  to  an  inflexion^  unless  the  1st 
of  the  derivatives  y,  ^^•••i  which  it  does  not  render  nothing,  be  of  an 
odd  order.  If  &  be  not  int^^ral,  sinoe  it  is  >  If  ^  is  oothii^  or  infinite^ 
accordingly  as  i  is  >  or  <  2. 

745.  2nd  Case.  The  development  ofJ\»  +  h)  containing  a  radical  ff 
an  even  degree:  one  of  the  ordinatesy^a  +  k)  or^«  —  k)  is  in  this  case 
imaginary ;  the  other  is  double^  in  consequence  of  the  even  radical  which 
introduces  into  it  tlie  sign  ± .  Thus,  the  curve  extends  only  on  one 
side  of  the  ordinate  fi,  but  it  has  two  branches. 

1*.  If  the  development  be  faulty  in  the  2nd  term,  a  lies  between  0 

and  1 ;  and  the  ordinate  (8  is  a  tangent.    Suppose  that  a  =  — ;  then,  n 

being  even,  the  term  ±  A^k^  shows  that  the  point  {»,  0)  is  a  Limit 
of  the  curve  in  the  direction  of  x ;  the  curve  has  the  form  NMQ  or 
N'MQ!  [fig.  41],  accordingly  as  k  requires  to  be  taken  with  the  sign  + 
or—  ;  one  of  the  ordinates  is  >,  the  otlier  <  0or  PM:  also,  for  the 
points  contiguous  to  M ,  the  one  of  the  values  oiJ\ct,  4-  A),  is  positive, 
the  other  negative ;  which  proves  that  one  of  the  branches  NM  is  ^ob" 
vex,  and  the  other  QiM  concave  to  the  axis  of  or. 

The  equations  y  =  Jfc+a;  ±(a;  —  ety  and  y  =  A:+ar±(a  —  xY^ 
give,  the  one  QMN,  the  other  QMN'.  Wc  shall  fiad  several  exanples 
of  this  sort  in  N'.  741. 

But  if  the  even  radical  affect  one  of  the  terms  posterior  to  AJ^y  for  the 
ordinates  contiguous  to  that  which  is  a  tangent,  0  is  <  j\a  +  h)  when 
A  is  positive;  and  the  contrary  when  A  is  negative;  so  that  the 
branches  of  the  curvo  have  [fig.  42]  the  &rm  QJMN  in  one  case,  &MN' 
in  the  other.  And  it  likewise  ajipean  tgom/%^  +  A)  bei^g  vsnAm  tb«ft 
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drcumstances  of  a  contrary  sign  to  A,  that  the  curve  must  aasume  this 
figure^  which  we  shall  call  a  Ramphoid. 

This  Ukes  place  for  y  =5  +  Kx  -  »/  +  l{x  -  «)^.- 
When  h  must  be  negative  in  order  that  J{a  +  k)  may  be  real,  the 
curve  lies  on  the  left  of  the  tangential  ordinate  PM* 

2*.  When  the  development  is  not  faulty  till  after  the  2nd  term,  a  =  I 
and  the  tangent  to  the  curve  at  the  point  {»,  fi)  will  be  easy  of  construc- 
tion. If  the  term  Bh^  involve  the  even  radical,  it  has  the  form  ±  B^h^ ; 
one  of  the  branches  is  above  the  tangent,  the  other  falls  below  it,  since 
this  line  has  for  its  ordinate  Y=:y  +  Ah;  and  there  consequently  is  a 
CeraUnd,  We  have  y"  nothing  or  infinite,  accordingly  as  6  is  >  or  <  2. 

Forthe  equation  ^^/S  +  x  +  Cx-  »)^,  [fig.  45],  the  tangent  is  in- 
clined at  45*. 

For  2y  ss=  —  1  —  x+2x(l—  xY^  we  have  fig,  ^^^ 
But  if  the  exponent  with  the  even  denominator  be  beyond  Bh^,  the 
sign  of  jB  is  sufficient  to  decide  which  is  the  greater,  the  ordinate  of  the 
curve,  or  that  &  -^r  Ahoi  the  tangent.      It  appears  therefore  that  there 
is  a  Ramphoid.    We  have  [fig.  46 J  for  the  equation 

y  =  /94.«4.aa:"  +  ft-s/x*...  the  curve  CLMN^ 
ya=j3+x-ae«  +  b^x\. CUMN'. 

746.  Hence  we  conclude  that 

1%  At  the  limits,  as  they  are  in  the  direction  of  x  oto£y,t^is  nothing 
or  infinity. 

2^  At  the  inflexions  and  at  the  ceratoids,  y"  is  nothing  or  infinity. 

3^  To  find  the  singular  points,  we  must  take  the  derivative 
My'  +  N=^0  o(  the  equation  ^(ar,  y)  ^  0  of  the  curve;  make  M  =  0, 
or  iST  =  0 ;  and  thence  deduce,  by  means  of  (p{x,  y)  =  0,  the  roots 
which  can  alone  belong  to  the  limits. 

4*.  Taking  in  like  manner  the  derivative  of  the  2nd  order,  or  that  of 

M  Q 

y'  =— ^,  which  ^ves  y"  =  -^  (adopting  the  1st  rule  of  N*.  665), 

then  assuming  Q  ==:  0,  or  iST  =  0 ;    these  equations  make  known  the 
values  X  and  y  which  belong  to  the  points  of  inflexion  or  to  ceratoids. 

5^  We  must  then  investigate  the  development  of /(x  +  h)  for  each 
of  the  values  of  x  thus  obtained,  and  so  ascertain  the  course  of  the  curvQ 
on  each  side  of  the  point  which  they  determine. 
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6^  The  ramphoids  and  the  ceratoids  may  be  ooiuidered  as  multiple 
points,  and  be  submitted  to  the  same  analysis ;  they  have  a  common 
tangent  to  their  two  branches  at  the  point  of  reflection. 

7^  We  may  also^  in  the  discussion  of  the  different  equations,  avail 
ourselves  of  the  development  of  ^  in  a  aeries  of  the  ascending  or  de- 
scending [N^  707 J  powers  of  jr ;  we  shall  thus  easily  arrive  at  the 
limits  of  the  curve,  if  it  allow  of  any ;  and  for  the  infinite  branches,  we 
shall  obtain  their  asymptotes,  curvilinear  or  rectilinear  as  the  case  may 
be,  &c« 

We  annex  some  examples ;  and  many  others  may  be  met  with  in  the 
Treatise  of  Cramer. 

y^x  +  ^ix-^l),  j^  =  jr«+ v'(x-2)  [fig.  41]. 

y  =sx  +  V(*-l)%  y^x'  +  ^yx'  [fig.  45], 

y  =  x«+  >/(a:- 1)*,  j^  =flx«+  •«*  [fig.  46], 

y  =  ^x»  +  fla:,  5^  =  ^(ar-fly^  +  x  [fig.  24], 

^=4/(x-l)«[fig.S7],  y^&^ljx^  [fig.  88].    ' 

y  =  «*  +  -y(j?-l)*  [fig.39],  3f  =  x'  +  .c«  -  4/a:7  (^fig.  40]. 
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747.  Let  zssJlx,y),Z^F  {X,  Y)  be  the  equations  of  two  curve 
surfaces ;  that  they  may  have  a  common  point  (x,  ,y,  z),  it  is  necessary 
that,  for  the  same  ordinates  2  =  Z,  we  have  j?  =  X,  ^  =  Y,  Take  in 
each  surface  another  point  corresponding  to  the  abscisss  x  +  h  and 
y  +  k;  and,  for  conciseness,  represent  the  corresponding  values  of  z 
[No.  703]  by 

z  +  pA  +  4-rA*  +...  Z  +  PA  +  -J.  Rh*+... 

+  qk+skk    +...  +Q*+  Shk   + ... 

The  distance  between  the  two  points  in  question  will  be 


••• 


If  P  3=  p  and  Q  =  7,  t.  e.  if  the  partial  differentials  of  the  1st  order 
of  our  functions^^and  F  be  respectively  equal,  the  reasoning  of  N®.  7S0 
will  show  that  a  third  surface  cannot  approach  the  first  ones  so  nearly  as 
they  approach  each  other,  unless  it  fulfil  the  same  conditions  in  respect 
to  them ;  and  there  is  then  a  contact  of  the  Itt  order. 


I 
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For  the  contact  of  the  2nd  orfter,  it  Is  moreover  reqcdftte  that  die 
partial  differentials  of  the  2nd  order  be  also  equal  to  each  o&er^  or 

For  example^  every  plane  has  for  its  equation  [N^.  6193 
Z^s^A  X+  BY '[-  C ;  its  position  depending  on  the  constants  A,  B,  C. 
These  constants  may  be  determined  by  establishing  an  osculation  of  the 
1st  order;  and  x,tf,  z  being  the  co-ordinates  of  the  point  of  contact, 
there  results 

z  =  Ax  +  By  -{-  C,  p  =  A,  q  =:  B ; 

dz   dz 
p  and  q  always  denoting  the  functions  —,  -j-,  derived  from  the  equa- 
tion 2  Ts:J[x,tf)  of  the  curve ;  which  consequently  will  have  for  its  de- 
rivative dz  ssj)dx  +  9</y. 

If  now  A,  B,  C  be  eliminated^  we  find,  for  the  tangent  plane> 

Z ^z^piX^x)  +  q{Y^y)...  {A). 

Having  thus  obtained  the  equation  of  the  tangent  plane,  it  will  be 
easy  to  determine  every  thing  which  regards  its  position.     For  example, 
the   cosine    of  the  angle    which   it    makes   with   the    plane   xy  is 
I 


Also,  the  normal  which  passes  through  the  point  (x,  ^,  z)  is  perpendi- 
cular to  the  tangent  plane ;  and  these  conditions,  expressed  analytically 
fN**.  628],  give,  for  the  equations  of  the  normal, 

X  -  X  +  p(Z -«)  =  0,  r  -  5^  +  5f(Z-2)  =  0..-  (B), 

748.  Wc  shall  give  some  examples  of  the  use  that  may  be  made  of 
the  equations  A  and  B, 

I.  All  cylinders  have  this  distinguishing  property,  that  the  plane 
which  touches  them  in  any  point,  touches  them  in  a  generatrix ;  and 
this  straight  line  is  parallel  to  another  []N<*.  620]  of  which  arc  ^ven  the 
equations  x  =  az,  y  ss  bz.  Let  this  fact  be  expressed  analytically,  and 
we  shall  have  it  specified  that  the  surface  touched  is  a  cylinder,  without 
the  curve  that  serves  for  the  directrix  being  particularised ;  and  we  shall 
therefore  have  the  equation  for  every  species  of  cylinder.  The  condi- 
tion of  the  parallelism  of  a  plane  and  a  straight  line  has  been  given  in 
N^627;  it  becomes  in  the  present  instance  (where  As=:p,  B  =  ^), 
ap  +  bq=:  I,  which  is  the  equation  required  [See  p.  273]. 


SURFACES  AND   CURVES   IK  SPACE.  dl» 

II.  Tbe  tangent  plane  to  the  cone  passes  tliroogh  tlie  vertex.  In  the 
equation  (A),  substitute  for  X,  F^  Z  the  co-ordinates  a,b,coi  this  point, 
and  the  equation  z — cs=p(j:— a)+  9(y— A),  which  expresses  the 
property  that  characterizes  every  conical  surface,  whatever  be  its  base, 
wiO  be  the  equation  of  that  species  of  surfaces  £S^,  7053* 

III.  Suppose  that  a  straight  line  constantly  cuts  the  axis  of  z  and 
continues  horicontal,  whilst  at  the  same  time  it  slides  along  some  giren 
curve :  it  generates  a  surface  called  the  Conoid,  on  account  of  its  resem- 
blance to  a  cone  the  vertex  of  which  should  be  edged*  What  characterises 
these  surfaces  is^  that  a  plane  touches  them  in  a  horisontal  generatrix ; 
and  this  property  we  must  express  analytically.  Making  Z  ss  2  in  the 
equation  (^1),  we  have  (X— x)p  +  (F— ^)^  assO;  and  these  are  the 
equations  of  a  horiaontal  line  drawn  in  the  tangent  plane.  That  this 
straight  line  may  also  cut  the  axis  of  Zy  it  is  necessary  that  its  projection 
on  the  plane  xy  pass  through  the  origin,  or  t&at  pjr  +  (yy  =  0 ;  and  this 
is  tlie  equation  of  the  whole  species  of  conoida« 

IV.  A  normal  to  any  surface  of  revolution  always  in  its  course  cuts 
the  axis ;  and  if,  therefore,  X,  Y,  Z,  be  eliminated  between  the  eqna* 
tions  {B)  of  the  noraial,  and  those  of  the  axis  of  revolution,  the  result-* 
ing  equation  in  x,  y,  z,  which  expresses  the  property  specified,  will  be 
that  of  the  surface  of  revolution,  whatever  be  its  meridian.  For  example, 
if  the  axis  be  that  of  z,  the  equations  of  which  are  X  =  0,  F  ss  0,  elimi- 
nation gives  py  =  qx,  the  equation  of  every  surface  of  revolution  about 
the  axis  of  2  [N*- 705], 

When  we  wish  to  particularixe  the  species  of  a  cylindrical  or  conical 
surface. •«,  we  must  introducci  for  p  and  q,  such  functions  pf  x  and  y  as 
are  determined  by  the  nature  of  the  curve  that  is  given  as  the  directrix. 
This  subject  will  be  farther  examined  subsequently  [See  N^.  879 
and  880]. 

749.  We  have  treated  of  the  maxima  of  functions  of  two  variables  in 
N*.  720.  It  thence  follows  that  if  we  wish  to  obtain  the  maxima  or 
minima  values  of  ^  for  a  curve  surface,  of  which  we  have  the  equation 
2  ^=J{x,  y),  we  must  put  p  =  0,  g  =  0  (the  tangent  plane  being  conse- 
quently parallel  to  xy),  and  eliminate  x,  y,  z  between  these  three  equa- 
tions; but  the  co-ordinates  thus  obtained  will  not  belong  to  points 
possessed  of  the  property  in  question,  unless  they  satisfy  the  condition 
(2)  of  p.  290^  which  will  give  us  the  means  of  distinguishing  the  maxi" 
mum  from  the  7ninimum. 

750.  That  the  tangent  plane  may  be  perpendicular  to  the  plane  yz, 
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its  equation  must  reduce  itself  to  the  form  Z— z  ssjq  (F— ^)  [N^.  615]; 
and  consequently,  p  =  0.    More  generally,  let 

Pdx  +  Qdtf  +  Rdzzs:0 

be  the  differential  of  the  equation  of  a  surface  [N^.  7(H] ;  P  ss  0  is  the 
condition  which  expresses  that  the  tangent  plane  is  perpendicular  to 
the  plane  tfz ;  and  it  follows  therefore  that  the  co-ordinates  x,  if,  z  of 
the  point  of  contact  must  satisfy  the  equation  P  =  0,  and  that 
f  (x,  y>  z)ssO  of  the  surface.  These  two  equations  consequently  are 
those  of  the  curve  which  possesses  the  property  that  the  tangent  plane 
at  any  point  of  it  shall  be  perpendicular  to  the  plane  ^z ;  and  this  curve 
is  the  limit  of  the  surfS&ce  in  the  direction  of  ^z.  Thus,  by  eliminating 
X,  we  have  the  projection  of  the  surface  on  the  plane  of  ifz.  Similarly, 
that  on  the  plane  xy  is  found  by  eliminating  z  between  9  =  0  and 
22  s  0 ;  the  two  equations  P  s  0,  Q  ss  0  correspond  to  the  maximum 
of  z,  &c. 
For  the  sphere,  for  instance  [N^  61 4<], 

the  derivative  relative  to  z  alone  is  z  —  c  s=  0 ;  and  eliminating  z,  we 
have  {x  —  a)*  +  (^  —  *)*  =  VS  for  the  equation  of  the  circle  of  pro- 
jection on  the  pkne  xy ;  as  is  otherwise  evident. 

751.  The  arc  ^  of  a  curve  in  space  being  projected  on  the  plane  xy, 
let  the  cylinder  formed  by  the  system  of  the  perpendiculars  be  deve- 
loped [[N°.  287,  4®] ;  the  base  will  be  an  arc  x,  die  projection  of  the 
arc  s.  Now,  we  may  conceive  this  arc  «  to  be  referred  to  the  rectan- 
gular co-ordinates  x  and  z,  since  x  is  extended  in  a  straight  line ;  and 
the  length  of  the  arc  s  and  the  area  /  of  the  cylinder  will  be  given 
[N~.  727  and  728]  by  the  relations  /«  =  1  +  z\  ^  =  z,  in  which  the 
derivatives  are  in  reference  to  \,  If  they  be  required  to  be  relative  to 
X,  we  shall  have  [N°.  694] 

dl  =  zd>i,  ds^  5=  dx«  +  dz\ 

But  the  arc  A  is  referred  to  the  variables  of  the  plane  xy,  so  that 
dA^  sai  dx^  +  dy^ ;  and  consequently 

J/  =  z  /s/  (ix«  +  df), 

ds^  =  dx^  +  rfy«  +  rfz«. 

Now,  a  curve  in  space  is  given  by  the  equations  of  two  surfaces  of 
which  it  is  the  intersection,  as  M  ss  0,  P  =  0 ;  from  these  deduce  the 
differentials  dy  and  dz  in  functions  of  x,  substitute  them  in  the  preceding 
formul«,  and  integration  will  then  give,  in  the  first  place,  the  area  t  of 
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the  right  cylinder^  which  has  the  projection  of  the  arc  for  its  hase^  and 
is  terminated  hy  this  arc ;  and^  in  the  second  place^  the  length  of  the 
arc  when  rectified. 

752.  Supposing  the  curvilinear  trapezium  CBMP  Qfig.  27}  to  re^- 
Yolve  ahout  the  axis  Ax,  let  us  investigate  the  volume  v  and  the  surface 
u  of  the  solid  of  revolution  thus  generated ;  the  equation  of  the  arc 
BM  being  given>  ^  =jx'  Let  v  =  Fx,  n  ^^x;  the'  point  is  to  de<i 
termine  the  functbns  F  and  ^-  Assigning  to  x  the  increment  PP^^^h, 
let  y,  V  and  u  become  y  +  k,  v  +  i,u  +  I;  then 


k  =  y/i  +  •„,  i  =  v'k  +...,/  =  i/A  +  • 


•• 


and  we  must  now^  in  order  to  apply  the  method  of  limits,  find  magni- 
tudes between  which  the  increments  t  and  I  are  comprised,  however 
small  h  be. 

1".  The  rectangles  MPP^Q,  LP  generate,  in  their  revolution  about 
Ax,  cylinders  of  which  the  volumes  are  vi/"h  and  w  {y+kyh  [N®.  308] ; 
and  the  ratio  of  these  having  unity  for  the  limit,  whilst  the  volume  i, 
generated  by  the  area  MM'P^P,   is  always  intermediate  to  them,   it 

follows  that  unity  must  also  be  the  limit  of  the  ratio  —-7  or * : 

vfh  iry«      ' 

and  hence 

9^.  The  chord  MM'  and  the  tangent  MH  describe  truncated  cones^ 
the  surfaces  of  which  [N°.  290, 3^  are  ii{2y -\- k).MM\  and 
w(2y +yA).i/Af:  the  ratio  of  MM'  to  MH  tends  continually  to 
unity  [N°.  737] ;  and  the  limit  of  the  ratio  of  our  two  surfaces  is  there- 
fore 1 ,  which  is  consequently  that  of  the  ratio 

m  (2i/  +  /•)  MM'  _  m  (2y  -f  h\  ^/  (1  +  jf^'  +  y/^A...) 

since  the  area  I  described  by  the  arc  MM'  is  intermediate  to  the  two 
first,  however  small  /*  be.     Hence 

n'  =  2wy  ^/  (1  +  /-)  =  2»y/. 

We  must  substitute  fx  for  ,y  in  these  values  of  if  and  «,'  and  inte- 
grate ;  f.  e,  trace  back  i/  and  u'  to  the  functions  v  and  «  of  which  they 
are  the  derivatives  [N**.  811], 

75S.  In  a  plane  APB  [fig.  47]  let  a  trapezium  CBFF  be  de- 
scribed ;  and  let  cdef  l)e  its  projection  on  another  plane  AQiBy  and  « 
the  angle  of  these  two  planes :  supposing  that  the  sides  CD^  EF  are 
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perpendieular  to  the  interBection  AB,  we  have  [N^  S54]  ed^  CD  K  oos  «> 
e/*=s  EF  K  cos  « ;  and  hence  the  area  of  the  trapesium 

cdef=: ^GHx^  {CD  +  EF) cos*  =  CDEF  X  cos «. 

This  relation  between  our  trapezium  and  its  projection  equally  holds 
for  apy  triangle  DIF  f  fig.  48],  since,  by  drawing  the  perpendiculars 
CD,  EF  to  AB,  and  CE  parallel  to  DF,  we  can  form  the  parallelo^ 
gram  CDEF,  the  area  of  which  is  double  df  that  of  the  tnangle  DIF. 
But,  in  the  first  place,  every  rectilinear  figure  is  decomposable  into 
triangles ;  and,  in  the  second,  by  the  method  of  limits,  the  same  propo* 
sition  may  also  be  extended  to  every  plane  curvilinear  area. 

Hence,  the  projection  P  of  any  plane  area  A  on  atiother  plane  is  Ike 
product  of  this  area  hif  ike  come  of  the  angle  of  the  two  pUmu^ 

P  ss  A  COB  «. 

Let  therefore  a,  a,  «"  be  the  angles  which  a  plane  area  A  makes 
with  the  co-ordinate  planes ;  P,  P^,  P"  its  three  projections ;  we  have 
then 

:  i4  cos  «,  P'  =  il  cos  «',  2*^  «  il  cos  a"; 

and      talung      the    sum    of     the    squares,      there    results,     since 
008  «•  +  cos  V  +  cos  ««"  =  1  [N^  634,  1^, 

^«  =  pi  +  P^a .+ P"''. 

Hence,  the  square  of  any  plane  area  is  the  sum  of  the  sqttares  of  iis 
three  projections  on  the  rectangular  co-ordinate  planes. 

These  theoi^ms  serve  for  finding  the  extent  of  {^ane  surfkoea  situated 
in  space,  by  reducing  them  to  others  that  are  expressible  in  terms  of  two 
▼ariaUes. 

754.  Let  2r  s/  (^,  y)  be  the  equation  of  a  curre  surface ;  and  four 
planes  being  drawn  parallel,  two  and  two,  to  those  of  xz  and  yz,  let  us 
investigate  the  volume  V  and  the  surface  U  of  the  solid  MN^EF 
[fig.  49]  included  between  these  limits.  Assigning  to  x  ond  y  the 
increments  h  and  k,  instead  of  the  point  M  {x,y,z)  we  shall  have  a  corre- 
sponding point  C,  and  the  body  will  receive  the  increment  of  volume 
contained  between  the  planes  ME,  JSD,  FM,  SB}  to  that  t/and  F 
are  functions  of  x  and  y  which  we  must  now  determine.  When  »  is 
increased  by  h  and  y  by  k,  V  will  be  increased  by  [N^  703]. 

dV      ydV         d'V   A'       d^V  d'^V  k^ 

hut  supposing  tl^at  we  bad  confined  ouraelTit  to  giving  to  « tha 
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ment  h,  or  that  of  ^  to  y^  the  body  would  fattve  received  the  respectire 
augmentations 

and  hence,  subtracting,  we  have  the  volume  MCRQ  =  -r— p-  **+... 
And  it  Will  in  like  manner  be  seen  that  the  surface 

dxdy 

To  apply  the  method  of  limits  to  these  cases,  we  must  investigate 
some  magnitudes  between  which  the  preceding  volume  and  surface  are 
always  comprised,  however  small  h  be :  the  figure  MCRSQP  is  repre- 
sented separately  in  fig,  50. 

1<*.  The  rectangular  parallelipiped  MPSs  has  hkz  for  its  volume  • 
that  of  the  parallelipiped  constructed  on  the  same  base,  and  the  height 

of  which  is  SC  =  «  +  /,  b  AA*  (2  +  /)  :  and  the  ratio =   of     these 

z  +  * 

volumes  having  unity  for  its  limit,  1  is  also  the  limit  of 

^F  d^F 

hkz  :  -p— -  hk  + ... ;  whence  -7—7-  s=  z. 

dxdy  dxdy 

Having  therefore  substituted  for  z  its  value /(x,.y),  we  must  first 
hitegrate  relatively  to  x,  considering  ^  as  constant ;  and  then  integrate 
the  result  in  respect  to  ^  abne  [See  N°.  812]]. 

2®.  A  tangent  plane  Ms'  being  drawn  at  the  point  M  (.r,  ^,  2),  the 
surface  M/s'q,  which  is  contained  between  the  planes  MR,  MQ,  Qs\ 
/R,  is  [N«.  753]  the  quotient  of  itg  base  PQRS  divided  by  the  cosine 
of  the  angle  which  it  makes  with  the  plane  xy,  viz.  QN®.  634,  1**]. 

But    it   is  easily   seen    that    unity  is  the  limit   of   the   ratio   of 

d^U 

^X*  H-...  to  this  quantity;  and  consequently 


=  >/(l+p^  +  ?-)- 


dxdy 

We  must  therefore  differentiate  the  equation  z=sf{x,  y)  of  the 

y2 


r 
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surface ;  from  dz  :=  pdx  +  qdy  deduce  the  values  of  p  and  q  in  func« 
tions  of  X  and  y,  substitute  them  in  this  expression ;  and  then  integrate 
in  the  double  manner  already  stated.  We  shall  give  some  applications 
of  these  different  formuls  in  N^  815. 


755.  Applying  to  the  case  of  three  dimensions  what  has  been  said 
respecting  the  osculations  of  plane  curves,  if  z  7=:f{x,  y),  Z=F  (X,  Y)  , 
be  the  equations  of  two  curve  surfaces,  and  these  surfaces  have  a  com- 
mon point  (x,  y,  2),  in  order  to  estimate  the  degree  of  separation  in  the 
parts  contiguous  to  this  point,  we  must  change  X  and  x  into  x  +  A, 
Y  and  y  into  y  -f  k,  and  take  the  difference  I  of  the  ordinates  z.  Let 
it  still  be  supposed  that      >    • 

dz  ^      dz  ^      iPz  ^       d^z   ^      d^z  ^ 
5i  "•  ^'  ^  "  ^'5x"«  ""  '''^  ""  *'  ^^  "    ' 

and  also  that  P,  Q.,,  have  similar  significations  for  the  2nd  surface. 
It  may  be  demonstrated  then,  precisely  as  in  N®.  730,  that  if  we  have 
P  szp,  Qsszq,  the  difference  $  being  of  the  2nd  order  in  h  and  k,  no 
other  surface,  which  does  not  fulfil  these  same  conditions,  can  approach 
the  1st  surface  so  nearly  as  the  2nd  is  made  to  do ;  if,  besides  this,  we 
have  R  =  r,  S  ^=  s,  7'  =  /,  the  osculation  will  be  of  the  2nd  order,  and 
the  two  surfaces  will  approximate  still  more  closely  to  each  other  in 
the  parts  contiguous  to  the  common  point ;  and  so  on. 

Suppose,  for  instance,  that  one  of  our  surfaces  is  a  plane 
Z  =s  AX  +  BY  +  C;  it  will  have  a  contact  of  the  1st  order  with  the 
surface  z=sf{x, y),  if  the  constants  A,  B,  Che  determined  on  these 
conditions,  that  the  plane  pass  through  the  given  point  {x,y,z),  and 
that  we  have  A  =i  p,  B  =i  q.  Hence  results  the  equation  (^)  of  the 
tangent  plane  []N*».  74-7]. 

For  the  sphere,  we  have  the  equation 

(X  -  ay  +  (F  -  by+  (z  -  cy  =  ««. 

We  establish  a  simple  contact  at  the  point  {x,  y,  z)  by  making 
[N«.  7(H] 

{x  -  fl)«  +  {y-  by  +  (s  -  cy  =  w^ 

(a:  -  a)  +  p  (z  -  r)  =  0,  ( j(  -  /^)  +  7  (z     -  c)  =  0 ; 

these  three  equations  determine  the  co-ordinates  of  the  centre,   and 
consequently  the  sphere,  in  the  case  of  a  simple  contact,  when  the  radius 

n  is  ^known.     Assuming,  for  conciseness,  that  (1  +  p*  +  9*)       =  ^* 
elimination  gives 
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aszx  +  npf,  6  =  y  +  nqf,  c^^z-^  »^..,  ( 1 )  ; 

this  sphere  has  the  same  tangent  plane  as  the  surface^  and  its  centre  is 
on  the  normal^  eqii.  (B)  p.  318.  That  the  osculation  might  be  of  the 
2nd  order,  it  would  be  requisite  to  determine  the  arbitrary  quantity  n 
in  such  a  manner  as  to  render  R^^r,  S  =i  s,  T  ^=^1:  but  it  is  obvious 
that  these  three  conditions  cannot  be  fulfilled,  and  that  it  is  not,  gene- 
rally, the  case,  therefore,  that  every  surface  has  an  osculating  sphere  as 
every  curve  has  an  osculating  circle. 

756.  But  let  the  sum  of  the  terms  of  the  2nd  order  of  the  series 
[l^T}  be  rendered  the  same  for  the  sphere  and  our  surface,  or 

r  +  2sx  +  /•'^  =  jR  4-  2Sx  +,Ta% 

ct  being  the  ratio  k  I  k;  we  find  for  the  derivatives  of  the  2nd  order  of 
the  equation  of  the  sphere  relative  to  x  and  y, 

(z-c)i2  +  l  +  p«  =  0,  (2-c)iS  +  p5  =  0,  (5-c)r+l+9»=0; 

whence 

(z  ^  c)(:r  +  2s»  +  ta'^)  +  I  +  p^  +  ^pq»  +  (1  +  </*)  «*  =  0.-  (2). 

pf  7j  ^>  ^9  ^  ^>xe  some  functions  of  x  and  ^,  to  be  deduced  from  the  equa- 
tion z=if{x,  y)  of  the  surface  proposed ;  «  is  the  tangent  of  the  angle 
made,  with  the  axis  of  x,  by  a  straight  line  which  touches  the  surface 
at  the  common  point,  and  is  drawn  in  an  arbitrary  direction.  This 
equation  makes  known  z  —  c  in  a  function  of  x,  y  and  » ;  the  equations 
(1)  then  give  a,  h  and  the  radius  n  of  curvature  of  the  section  made  by 
a  plane  passing  through  the  normal  and  the  tangent  in  question.  And 
we  can  therefore  determine  the  curvature  of  the  surface  in  every  ima- 
ginable direction. 

Having  regard  to  those  sections  especially  the  curvature  of  which  is 
the  greatest,  make  n  vary  in  respect  to  a  alone,  and  assume  n'  =  0 
QN^  717].  According  then  to  the  equation  (1),  we  also  have  c  =  0, 
supposing  Zy  p,  q  to  be  constant ;  and  hence  the  derivative  of  the  equa-* 
tion  (2)  relative  to  c  and  a,  making  c'  =  0,  gives 

{z-  c)  (s  -{-  U)+  pq  +  (I  +  q'')xz=zO  3 

y  •••  (3), 

whence     {z  —  c)  *«  +  pq»  +  (s  —  c)  r  +  1  +  p^  =:  0  5 

multiplying  by  at  and  subtracting  the  result  from  (2).  It  is  easy  to 
eliminate  «  between  these  two  equations,  and  we  thus  arrive  at  this 
relation  intended  to  give  s  —  c, 

il  («  -  c)«  +  J8 U  -  c)+  9-«  as Om,  (4)  J 


/' 
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^  =  /r  -  *S  5  «  r(  1  +  9«)  +  <(1  +  p")  -  3p9*. 

We  hence  obtain  two  values  ofz  —  c,  and  (1)  then  gives  the  radii  n 
of  the  greatest  and  least  curvature  of  the  surface  at  the  given  point 
(•^> !/}  2) ;  finally,  one  of  the  equations  (3 )  makes  known  «,  or  the  direc- 
tions of  these  two  curvatures. 

Suppose  that  our  two  lines  of  curvature  are  drawn  on  the  proposed 
surface ;  they  arc  independent  of  the  system  of  axes  to  which  the  sur- 
face is  referred,  and  remain  constant  when  the  co-ordinate  planes  are 
changed.  Lei  the  tangent  plane  therefore  he  taken  for  that  of  ory ;  it  is 
evident  that  x,  y,  z,  p  and  q  are  then  nothing,  and  the  equations  (3) 
become 

c(8  +  U)  =s  a,  f  (w  +  r)  =:  1 ; 

whence  *«*  +  «(r  -  /)  —  *  ss  0, 

The  product  of  the  two  roots  of  a  being  -^  1,  we  hence  infer  that  the 
two  curves  cut  each  other  at  right  angles.  And  consequently,  with  the 
exception  of  the  very  particular  cases  in  which  the  equation  (i)  would 
be  satisfied  of  itself,  in  every  surface,  if  we  lake  any  point,  there  are 
always  two  planes,  passing  through  the  norjnal  at  this  point,  and  perpen" 
dicular  to  each  other,  which  give  the  greatest  and  the  least  curvature  ^ 
the  surface.  The  preceding  equations  make  known  these  two  directions^ 
and  likewise  the  radii  of  the  two  curvatures. 


757.  A  curve  being  given  in  space,  by  the  equations  of  two  surfaces 
of  which  it  is  the  intersection,  if  x  and  y  be  successively  eliminated  be- 
tween these  equations,  the  surfaces  will  be  replaced  by  two  cylinders 
perpendicular  to  the  co-ordiuale  planes  of  xz  and  yz,  and  the  resulting 
equations  z  =yx,  z  =s  Fy,  will  be  those  of  the  projections  of  the  curve 
on  the  above  planes.  A  tangent  to  the  curve  is  so  also  to  the  cylinder, 
and  its  projections  consequently  are  tangents  to  those  of  the  curve ;  so 
that  the  equations  of  the  tangent  are 

Letf^x  and  Fx  be  substituted  for  p  and  q,  and  these  equations  will 
be  determined.  EUminatiog  x,  y,  z  between  our  four  equatians,  we 
shall  have  a  relation  between  X,  Y,Z,  which  is  the  equation  of  the  tan* 
gent  at  any  point  whatever  of  the  curve,  i,  e.  the  equation  of  the  surface 
generated  by  the  motion  of  a  straight  line  which  is  constantly  a  tangent. 
If  this  surface  be  a  plane,  the  curve  is  plane,  otherwise  it  is  of  doMe 
curvature  ;  and  these  two  oasei,  therefore^  will  bo  eiaUy 
one  from  the  oth^rt 
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At  the  point  of  contact  there  u  an  infinite  numhet  of  perpendicu* 
lars  to  the  tangent  j  this  concourse  of  normals  determines  the  normal 
plane,  of  which  it  is  easy  to  find  the  equation  [N^.  62&3 

P  9 

758.  The  theory  of  the  contacts  of  surfaces  might  be  applied  to  the 
curves  of  double  curvature,  we  shall  not,  however,  enter  here  on  this  sub- 
ject [See  Fonct^  analyl.  N^  141,  and  /.  AnaL  aj/pL  of  Monge];  but  shall 
confine  ourselves  to  the  investigation  of  the  osculating  plane,  hetz  ^fx, 
y  as  4^^  be  the  equations  of  the  curve;  that  of  the  plane  which  passes 
through  the  point  (x,  ^fZ)is 

Z  — z  =  il(X-ar)+  BiY'-y), 

Let  A  and  B  be  determined  by  establishing  a  contact  of  the  2nd 
order.  If  x  be  changed  into  x  •\-  k,  y  and  z  will  receive,  for  the  curve, 
the  increments 

/ = A/'  +  4 Ay''-..,  k^hv-^^  AH^.,. 

Let  therefore  x -^r  h,  tf  -^  k,  z  +  IhQ  substituted  for  X,  Y,  Z  in  the 
equation  of  the  plane :  there  results  Z  ==  ^A  +  Bk,  or 

AT  +  *  A^'  +  -  =  (il  +  B^')h  +  i  jBA'i"  + ... 

The  arbitrary  quantities  A  and  B  will  be  determined  by  these  two 
conditions  A  4-  ^4^'  =*/',  B4^"  =/" ;  and  consequently  the  equation  of 
the  osculating  plane  is 

v{z  ^f) = ifr  -r^')  (X  -  x)  +rxY  -  4-). 
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759.  We  have  already  remarked  QVol.  L  note,  p.  244>j]^  in  applying 
the  method  of  limits  QN^  llSj]  to  an  ecjuatkm  between  constants  and 
variables  which  allow  of  being  diminished  ad  IMlum,  that  when  nothing 
more  is  wanted  than  the  relation  which  connects  the  constant  terms, 
there  will  be  no  error  committed  by  neglecting  in  the  calculation  such 
of  the  terms  as  we  know  must,  from  the  nature  itself  of  the  process, 
eventually  disappear.  We  have  had  an  instance  of  this  in  the  method 
of  tangents  QN*'.  482] •  The  mathematical  certainty,  therefore,  will 
not  1»  affectod  bg^  these  Toluntarjr  ^omisMons,  so  long  an  we  fed  aisured 


328  DIFFERENTIAL    CALCULUS: 

that  they  do  really  take  effect  on  those  quantities  only  which^  from  the 
very  nature  of  the  operation,  must  disappear  from  the  result. 

We  may,  therefore,  in  every  question  of  this  sort,  omit  the  indefifdldy 
small  terms,  which  geometers  have,  along  with  Leihnitz,  called  infini' 
tcsimals.  fiy  allowing  ourselves  this  liherty,  the  calculations  will  be 
greatly  abridged,  since  it  is  frequently  difficult  to  arrive  at  the  value  of 
these  terms ;  whilst  the  results  will  be  equally  eicact.  We  might  in  fact 
present  the  theory  with  all  the  rigour  of  geometry,  by  proving  that  the 
quantities  omitted  are  of  the  rank  of  those  which  ought  to  be  suppressed. 
This  method  is  valuable,  not  only  for  fixing  the  results  in  the  memory, 
but  also  for  its  use  in  complicated  analytical  speculations ;  and  it  u  of 
importance  not  to  lose  so  powerful  an  aid,  especially  when  we  consider 
that  we  can  always  give  to  the  process  that  rigour  of  which  it  is  in  ap* 
pearance  deficient. 

760.  The  applications  of  these  principles  to  the  elements  of  Geometry 
are  so  easy,  that  we  shall  dispense  with  the  consideration  of  them  ;  the 
reader  will  have  no  difficulty  in  supplying  the  deficiency  himself.  We 
shall  ourselves  proceed  to  the  applications  to  the  Differential  Calculus. 

Let  1/j  z,  t.*,  be  any  given  functions  of  x;  if  or  take  the  increment  dx, 
those  accruing  to^,  z...  will  result  from  the  given  relations  which  con« 
nect  these  variables  with  x,  and  we  shall  have 

dy^Adx-\'  Bdx'^+.,.,dz^A'dx  +  B'dr^  +  M. 

But,  whatever  be  the  object  of  our  operation,  dy  may  be  combined 
with  dz,dt...,  so  ss  to  form  an  equation  M  =  0 ;  and  when  for  dtf,  dz,.. 
we  substitute  their  values  above,  dx  will  become  a  common  factor,  and 
as  such  may  be  suppressed  in  the  equation  M  e=  0;  so  that  the  first  co- 
efficients A,  A\»»  will  alone  be  exempt  from  it.  But  x,tf,  z...  being 
now  considered  as  fixed  terms,  their  increments  dx,  dy,„  may  be  dimin- 
ished ad  libilum,  so  that  making  dx=:0,  the  equation  ilf  =  0  must  lose 
all  the  terms  B,  B'..,  We  may,  therefore,  in  the  first  instance  dinniss 
these  terms  from  the  calculation,  and  say  that  dy  =  Adx,  ds  =  A'dx».. ; 
the  other  terms  being  neglected  as  infinilesimals  of  ike  2nd  order,  to  use 
an  expression  by  means  of  which  circumlocution  is  avoided. 

The  quantities  are  conceived  to  be  made  up  of  certain  elementary 
parts,  which  we  call  Differentials,  and  denote  by  the  letter  d,  as  we 
have  stated  in  N*>.  658.  These  differentials,  compared  with  the  actual 
elements,  differ  from  them  only  by  qnaniities  thai  may  be  neglected,  u  e. 
by  values  which,  were  we  to  take  them  into  account,  the  calculatian 
would  cause  to  vanish.     The  result  is  not  affected  by  this  species  of 

crror^  in^tbus  taking  defective  quantities  instead  of  the  true  one^j  wbilit 
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we  find  our  calculations  and  considerations  simplified  and  the  operatitms 
remarkably  abridged, 

dx,  d^>..,  the  dififerentials  of  x  and  y,  are  not  precisely  the  increments 
of  these  variablesy  though  we  treat  them  as  such>  since^  instead  of  taking 
(fy  =s  Adx  +  Bdj^,.»,  we  only  take  dy  =  Adx ;  they  are  quantities^ 
however,  which  do  not  differ  from  these  increments  except  by  parts 
which  destroy  each  other  in  the  course  of  the  calculation,  and  which  it 
is  unnecessary  to  consider. 

il  is  the  derivative  which  has  been  denoted  by  y,  and  which  we 
already  know  how  to  determine  for  every  function.  It  is  very  easy, 
also,  to  obtain  it  anew,  from  the  principles  that  we  have  just  been  ex- 
plaining.    The  following  are  some  examples : 

Let  ifszz(,z  and  /  being  functions  of  j;  ;  we  have 

rfy  =  (2  +  dz)  {I  +  dt)  -zt^  tdz  +  zdly 

neglecting  dz.  dt,  which  contains  only  dx*^,  dx^*.. 

For  y  =  z*,  we  have  rfy  =  (z  +  dz)^  —  s»  =  mz^"^  dz,  neglecting 
the  terms  in  dz\  dz\..  [See  N°.  668]. 

Let ^  =  a';  then  rfy  =  ar+'^  -  a*  =  a'{a^  —  1)  ;  but  [p.  158]  we 
have  a*  =  1  +  ^A  +  .#. ;  and  consequently  dy  =  ka^dz,  suppressing  the 
terms  in  dz'^,  dz^,,. 

y  =  Log  z  gives 

dy  =s  Log  (2  +  dz)  -  Log2  =  Loif5  fl  +  -  j  ; 
whence  a***  ^  1  +  — ;  but,  a^^l  -{■  kdy;  and  consequently  dy=r-. 


761.  The  infinitesimal  method  consists,  as  we  see,  in  substituting  in 
the  calculation,  for  the  actual  increments  that  are  the  object  of  it,  other 
quantities  the  error  in  which  is  of  such  a  nature  as  not  to  affect  the  re- 
sult. Instead  of  the  actual  variations,  which  would  be  difficult  of  treat- 
ment, and  would  render  the  operations  very  complicated,  we  take  other 
quantities  more  simple,  and  which  are  better  suited  to  the  investigations 
that  we  have  in  view,  and  the  calculations  that  are  to  be  made.  But 
that  we  may  be  at  liberty  to  make  use  of  these  defective  values,  we 
must,  iirst  of  all,  be  assured  that  no  error  will  result  thence,  and  that 
if  we  were  to  add  to  them  their  deficits,  these  parts  added  together  would 
destroy  each  other. 

Thiis,  that  the  method  may  be  employed  with  all  certainty,  one  indis-^ 
pensable  condition  must  be  fulfilled,  that  of  the  eqiialiiy  of  the  limits,  or  ike 
vUimatc  ratios,  which  consists  in  comparing  the  actual  magnitudes  with 

those  that  we  substitute  for  thexDi  making  them  vary  together^  and  see« 
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ing  whether,  in  their  progreanve  dimiiiutioni  their  ratio  tends  unceM- 
ingly  towards  unity,  for  unity  must  be  the  limit  of  this  ratith  If  an  arc 
of  the  curve  BM  [fig.  22]  have  for  its  increment  the  arc  MM',  we  may 
take  instead  of  it  the  chord  MM^ ;  and  this  ohotd  will  he  the  differential 
of  the  aro>  since  as  the  points  M,  M'  are  brought  once  towards  the  otherj 
the  arc  and  the  chord  diminish,  and  their  ratio  tends  to  unity  whidi  is 
the  limit  of  it.  But  we  could  not  take  MQ  for  the  difierential  of  MM\ 
on  the  pretext  that  MM'  and  MQ.  tend  to  an  equality,  and  become  each 
nothing  at  the  same  time ;  for  the  ratio  MM' :  MQ,  has  not  1  for  its 
limit.     Thus,  ax^  and  hx,  which  become  nothing  together,  have  for 

QX 

their  ratio  -=-,  the  limit  of  which  is  zero,  and  not  1. 
6 

In  comparing  a  circular  arc  with  its  sine,  the  increment  of  the  one 
may  be  taken  for  that  of  the  other.    Now,  y  =3  sin  z  gives 

dif  s  sin  (z  -f  dz)  —  sin  z  as  sin  z.  cos  Js  +  sin  dz.  oosz  — sin z, 

and  replacing  sin  dz  by  dz  and  cos  ctz  by  I,  since  the  ratios  of  these 
magnitudes  tend  to  unity,  we  find  dtf^^dx.co&z.  In  the  same  manner 
might  be  found  the  differential  of  cos  x,  of  the  arc  (tan  =  x)... 

A  principle,  of  which  we  must  never  lose  sight  in  considerations  of 
this  sort,  is  tliat  of  homogeneousfiess  which  consists  in  the  differentials 
being  of  the  same  nature  with  the  magnitude  considered,  and  themselves 
all  of  the  same  order.  For  the  difierential  of  a  solid  therefore  we  can 
only  take  some  other  Solid,  for  that  of  a  surface  some  area,  8ic. ;  a  line 
cannot  be  considered  as  the  sum  of  an  infinite  number  of  points,  or  an 
area  as  the  combination  of  a  series  of  lines,  &c. ;  and  moreover,  any 
formula  must  contain  only  terms  in  which  the  differentials  are  all  of  the 
satne  order. 

This  artifice,  by  which  differentials  are  treated  as  though  they  were 
exact,  gives  rise,  it  is  true,  to  defective  equations;  but  we  need  be  under 
no  apprehensiong  on  this  head,  as  it  is  established  that  the  ultimate 
result  will  not  be  affected,  so  long  as  we  have  only  the  limits  in  view, 
which  are  the  same  for  the  differentials  and  the  actual  elements. 

This  calculation  appears  at  first  in  the  light  of  a  mode  of  approxima^ 
tion,  since  the  quantities  themselves  are  replaced  by  others  that  are  near 
to  them ;  but  as  the  calculus  itself  is  intended  only  for  the  determination 
of  the  ultimate  ratios,  which  are  the  same  for  both,  our  process  acquires 
all  the  rigour  of  Algebra ;  and  the  language,  as  also  the  notation,  are 
equally  exact,  since  when  we  make  use  of  the  words  ififinitesimal  and' 
differential,  we  intend  to  apply  the  calculation  to  such  problems  only  as 
depend,  not  on  the  magnitudes  tliemselves  that  we  have  in  view,  but  on 
the  v»liie»  of  their  ultimate  ratioi<    A  d\fftrwM  ther^OFt  kapari^ 
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the  difference,  apart  the  ratio  of  which  to  thU  difference  hai  unit^ffor 
the  Umit. 

In  the  Integral  Calculus,  the  object  of  which  is  to  trace  back  the  de- 
rivatives to  their  primitive  functions^  the  integral  is  considered  to  be  the 
sum  of  the  elements  or  the  differentials^  as  we  shall  have  occasion  to 
remark  in  N**.  802,  806  and  812. 

The  application  of  these  principles  to  Geometry  and  Mechanics  occurs 
very  frequently.    The  following  are  some  examples  of  the  first  nature. 

762.  Let  BM  =s  s  [fig.  22]  be  a  curvilinear  arc>  x  and  y  the  co-ordi« 
nates  o£M,  and^  ^^fi^  the  equation  of  the  curve.  We  shall  suppose 
the  tangent  TM  to  be  the  prolongation  of  the  infinitesimal  element 
MM'  of  the  curve ;  whidi  is  equivalent  to  saying  that  the  chord  of  the 
arc  MM'  s:  ds,  sinoe  it  may  be  made  to  approach  ad  UbUum  to  MH, 

M'Q 

and  the  angle  M'MQ,  the  tangent  of  which  is  -tttt*  differs  from  HMQ 

only  by  an  infinitesimal  quantity.  Hence,  resolving  the  triangle  MMQ, 
the  sides  of  which  are  elxj  dy  ^d  ds,  we  have,  as  in  N''.  732, 

dx  ds  ds 

Since  the  arc  MM'  ss  ds  and  its  chord  have  unity  for  the  limit  of 
their  ratio,  the  arc  ds  may  be  substituted  for  its  chord,  and  we  have  the 
length  of  the  hjrpotenuse,  or  dsrs  ,J  [dx'*  +  d^). 

Let  t  be  the  area  CBMP;  the  indefinitely  small  rectangle 
MPPQ,  =  ydx  may  be  taken  for  dt ;  and  consequently  dt  =  i/dx. 

763.  To  apply  this  method  to  polar  co-ordinates,  from  the  pole  A 
[fig.  25]  as  centre,  describe  the  arc  MQ  through  the  point  M{r^  0) ;  we 
sbftll  have 

MQ      AM      MQ      r        .  .    ^^^        ,. 

=  z — y  or  — rr  =  T ;  and  consequently  MU  =  rd9. 

mq        Am  dd         1  i         ^ 

Dfaw  ^2*  perpendicular  to  ^ilT,  and  the  tangent  TM'  which,  for  thtf 
element  MM'  ss ds,  will  be  coincident  with  the  arc;  then  the  nmiJ 
triangles  MM'Q,  TMA  give  [see  p.  294] 

MQ       AT        rrfO      AT 
M'Q      AM'       dr  ^    r' 

whence  sub^tWiiri^  ^* 
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In  the  rectaDgular  triangle  TMA,  we  have 

tan  TMA  =  -rr>  =  -r— 

AM       dr 

Also^ 

MM'^  =  A/Q^  +  M'Oe  becomes  </*"-  =  r'rfd'-  +  dr^ ; 

and  lastly,  the  area  ABM  =  r  comprised  between  two  radii  vectores  has 
for  its  differential  AMM'  which  may  be  considered  as  equal  to  AMQii 
hut  AMQi  =  ^  AM  X  MQ ;  whence  rfr  =  4^  r«rfd  [p.  297]. 

764.  In  its  revolution  about  Ax  (^fig.  22],  CBMP  generates  a  body 
the  volume  of  which  we  shall  represent  by  v  and  the  surface  by  u.  But, 
the  arc  MM^  describes  the  differential  of  u,  which  is  a  truncated  cone, 
and  =  i  MAf'Ccir.  PM  +  cir.  P'M'),  or  =  MM'  X  cir.  PM ;  and  con- 
sequently du  =  ^nryds. 

Similarly,  the  area  MPP'M'  generates  the  differential  of  the  volume 
t),  which  may  be  considered  as  equal  to  the  cylinder  described  by 
MPFQt  =  PF  X  circle  PM ;  and  therefore  dv  =  wi/^dx.  This  agrees 
with  NO.  752. 

Let  BD  [fig.  493  be  a  curve  surface,  of  which  we  have  given  the 

equation  z  ^J\x,y),  When  we  give  to  x  the  increment  dxy  the  volume 

dV 
V  =  EFMN  will  increase  by  MBFR  =  y-dx;  and  if,  in  this  result, 

dx 

y  be  augmented  by  dy,  the  volume  MB  will  increase  by  MCSP 
^  -r-^dxdy.    Similarly,  the  surface  MN  ^=^  V  is  augmented  by 

l^  The  plane  Mrsq  [fig*  50],  parallel  to  the  plane  ^^,  forms  the 
parallelipiped  MPSs  the  volume  of  which  is  zdxdy ;  and  consequently 
d^V  ^=  zdxdy,  a  formula  which  is  equivalent  to  that  of  N^.  754*. 

2°.  The  tangent  plane  Mr's'if  may  be  supposed  to  be  coincident  with 
the  surface  for  the  extent  of  MC ;  and  since  [N".  753]  the  base  PS  or 
dydx  is  =c  MC  X  006  a,  at  denoting  the  inclination  of  this  plane  to  that 
of  xy,  we  have 

^C=^=  tterfy  V(l  +P'+  9"-)[p.318]. 
and  consequently 
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765.  Let  3f  =s  0  be  the  equation  of  a  surface  in  x,  y^  z  and  the 
arlutTary  constants  «  and  /3.  If  a  and  0  have  some  fixed  values  given 
to  them,  the  surface  will  have  all  its  points  determined  in  space.  But 
suppose  that  in  the  plane  xy  we  trace  at  pleasure  some  curve,  y  =  ^, 
and  that  this  same  relation  be  established  between  0  and  a,  or  0  =  ^a ; 
/3  being  then  eliminated  from  M,  we  may  assign  to  a  a  series  of  suc- 
cessive values ;  and  JIf  s=s  0  will  become  the  equation  of  a  multitude  of 
curve  surfaces^  differing  from  each  other  only  as  to  the  values  of  the 
constants  a  and  p.  The  infinite  series  of  these  surfaces  forms  what  is 
caUed  an  Envelope. 

To  consider  the  surface,  which  varies  by  the  change  of  a,  in  two 
immediately  contiguous  situations,  we  must  differentiate  M  in  respect 
to  a.  M  =  0  and  M'  =  0  particularize,  for  a  given  value  of  a,  the 
curve  of  intersection,  or  rather  of  contact,  of  the  two  contiguous  surfaces ; 
and  to  this  curve  we  give  the  appellation  of  CJiaracterUtic,  Let  a'he 
eliminated  between  these  two  equations,  and  we  shall  have  an  equation 
in  X,  y,  z,  without  either  a  or  /3,  which  will  belong  to  this  curve,  what- 
ever be  the  position  of  the  moveable  surface ;  and  this  therefore  will  be 
the  equation  of  the  Envelope, 

Moreover,  if,  for  any  characteristic,  determined  by  a  particular  value 
of  a,  a  be  made  to  vary  in  an  infinitely  small  degree,  M  and  M'  be- 
coming M'  and  M",  we  shall  have  a  second  characteristic  indefinitely 
near  to  the  first.  For  the  points  common  to  both,  we  have  the  three 
equations  M  =  0,  M'  =  0,  M^'  =  0,  the  derivatives  being  here  relative 
to  a  alone ;  and  making  «  pass  through  all  possible  degrees  of  magni- 
tude, each  state  will  give  particular  points  of  the  envelope,  which  are 
those  of  the  contact  of  the  characteristics  considered  in  their  consecu- 
tive situations.  The  curve  which  joins  these  points  is  called  the  edge 
of  reflexion  (arete  de  rehroussemeni)  ;  it  is  touched  by  all  the  charac- 
teristics, in  precisely  the  same  manner  as  the  envelope  touches  all  tlie 
surfaces  which  it  envelopes  in  the  line  of  these  curves.  The  two  equa- 
tions of  this  edge  are  obtained  by  eliminating  a  between  the  three 
preceding  equations. 

Lastly,  eliminating  a  between  the  equations  M  =  0,  M'=0,  ilf^ssO, 
3f'"  =  0,  where  the  derivatives  ar^  throughout  relative  to  a,  we  shall 
see  that  in  like  manner  we  obtain  the  equation  of  the  points  of  the  edge 
of  reflexiony  which  has  itself  a  point  of  reflexion,  or  of  inflexion. 

766.  Let  the  plane  be  taken  fbr  the  moveable  surface ;  the  charac- 
teristics then  will  be  straight  lines,  and  the  envelope  will  possess  the 
property  of  being  a  developable  surface,  i.  e,  of  being  capable  of  being 
extended  on  a  plane,  without  rupture  or  duplication,  though  we  suppose 
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it  to  be  neither  fleidble  nor  extensiUe.  And  in  fact^  if  eadf  dement  of 
thii  surfaee  be  made  to  turn  about  the  stndght  line  of  seetion  bf  the 
contiguoui  element,  it  is  evident  that  the  aeveral  elements  will  aQ  be 
found  to  have  been  applied  to  a  plane* 

The  developable  surfaces  maj  be  considered  as  formed  of  plane  de* 
ments  of  indefinite  length;  such,  for  instance,  are  the  oone  and  the 
cylinder.  Let  us  investigate  an  equation  which  shall  belong  to  all 
these  surfiioes,  leaving  out  of  consideration  the  nature  of  the  movement 
to  which  the  variable  plane  is  subjected.  The  tangeAt  plane  beii^ 
coincident  with  a  plane  element,  it  is  obvious  that  «,  ^,  t  maj  vary, 
without  the  tangent  plane  on  dus  account  varjing.  Its  equation  is 
[ii,  p.  3183 

ZsBspX  +  9r+  2  -|>a:  — qy; 

and  this  we  must  differentiate  in  tespect  to  i,  y,  z,  and  expfsss  that  at 
the  same  time  p,  q  and  z  —  px  ^^qg  undergo  no  change.  Of  these 
three  conditions,  the  calculation  shows  that  one  is  comprised  in  the  two 
others,  so  that  we  have  but  these  two  equations  dp^O  and  dq  ^  0,  or 
rather  (retaining  the  notation  of  p.  324)  r-f*/«0,  *+</«=0; 
where  ^  depends  on  the  direction  in  which  the  change  of  the  point  of 
contact  takes  place.  Eliminating /,  there  fhially  results,  for  the  equa* 
tion  of  the  whole  species  of  developable  surfaces,  whatever  may  other* 
wise  be  their  particular  genesis,  r/  — •  «^  «»  0. 

See  tAnali^e  of  Monge,  where  that  distinguished  geometrician  has 
given  a  multitude  of  curibus  applications  of  the  infinitesimal  doctixne  tn 
curve  surfaces. 


III.    INTEGRATION  OF  FUNCTIONS  OF  A  SINGLE 

VARIABLE- 


767.  The  object  of  the  Integral  Calculus  is  to  trace  btek  the  deriva- 
tive functions  to  their  primitives ;  and  this  we  accomplish  by  means  of 
a  series  of  rules  and  transformations.  To  avoid  subjecting  our  formulc 
to  the  modiflcations  that  might  be  necessary,  in  consequence  of  the 
different  changes  of  the  independent  variable  (^N**.  694],  we  shall  make 
choice  of  the  notation  of  Leibnitz.  To  intimate  that  we  intend  the 
integral  of  a  function  to  be  taken,  we  prefix  to  it  the  sign  /,  which  we 
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call  Sum  ;  tlius^  y  s  4*0?*  being  the  derivative  of  x^  +  c>  we  shall  write 
dy  =  4fX^dx,  and  y  =  /  4!ar*c?a:  :=  x*+c. 

768.  Let  us  inquire  into  the  relation  which  must  exist  between  the 
primitive 'functions^  and  Fx,  supposing  that  they  have  both  the  same 
derivative  y.    Taylor's  theorem  gives 

f{x  +  h)  =/r  +  y'h  +  ifh^  + ..., 
F(x  +  h)^Fx  +  y%+ifk'+...; 
whence    -         f  {x  -{-  h)  -^  F  {x  +  k)  ^=fx  —  J*** ; 

and  it  follows  therefore  that  fx  -  Fx  undergoes  no  elmnge,  when  x 
is  changed  into  x  •\-  hi  so  that  fie  -^  Fx  retains  the  same  vidue  C 
whatever  x  be,  or jfip  a=  Fa:  +  C  Hence,  aU  primUive  functions  which 
have  the  same  derivative,  differ  Jrom  each  other  only  as  to  the  value  of 
tlie  constant  itrm*  And  if  to  every  integral  we  add  an  arbitrary  con^ 
stani,  it  wUl  assume  the  most  general  form  of  which  it  is  susceptible* 

769.  By  inverting  the  principal -rules  of  the  difl^rential  calculus,  we 
shall  arrive  at  an  equal  number  corresponding  to  the  integral  calculus. 
Thus  we  shall  readily  conclude  that 

I.  The  integral  of  a  polynomial  is  the  sum  of  the  integrals  of  its  seve* 
ral  terms,  each  term  retaining  its  sigfi  and  cotffident  ^N^.  G&£\ 

II.  To  integrate  T^dz,  we  must  increase  ilie  exponent  n  by  unity, 
suppress  the  factor  dz,  and  divide  by  the  exponent  so  increased  [N®.  668] ; 

thus  /  Az*dz  =  r  +  C. 

^  «  +  1 

Similarly  Az^^dz^  or  Adz  t  ft*  has  for  its  integral 

.4s-»+»  A 

Consequently,  when  the  variable  is  in  the  denominator,  the  fraction 
must  he  taken  with  a  contrary  sign  ;  the  exponent  of  the  variable  must 
be  diminished  by  unity,  and  the  denominator  be  multiplied  by  this  expo^ 
netit  so  diminished. 

These  rules  apply  also  to  all  functions  that  can  be  brought  under  the 
form  z^dz.  For  ajf^dx  {b  +  cx**)^,  we  observe  that  the  differential 
of  b  +  ex*  is  ncx'^^dx ;  and  since  our  first  factor  differs  from  this  only 
as  to  the  ecmstants  o  and  »c,  we  render  it  correspondent  to  the  above 
forsi,  by  taking 
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—  X  ncx^^^dx  (6  +  ct*)*"  =  —  s"  dz, 
nc  nc 

malting  &  +  ex*  =  z.     And  we  consequently  have  for  the  integral 
nc  (»/i  + 1)  7IC  (w  +  1)  ^     ^         '        ^ 

« 

Similarly,  / 6  v'  (4.^'^  +  S)  arrfx  =  4^  (4a:«  +  3)^  +  C. 

The  transformation,  by  which  z  was  introduced,  is  by  no  means  es- 
sential, and  we  shall  for  the  future  dispense  with  it,  as  it  does  but  make 
the  calculation  tedious. 

III.  The  preceding  rule  fails  when  n  =  -*  1,  since  we  then  find 
/  z-'^dz  =  X .  This  arises  in  fact  from  the  integral  belonging  to  a 
different  species  of  function  ;  we  know  [N^  679]  that 

/dz                                            C    dz 
-^  =:  lz+  C ;  and  similarly  |  =  / (a  +  2)  +  C. 

Hence,  every  fraction  the  numerator  of  which  is  the  differential  of  the 
denofninator  has  for  Us  itUegral  the  logarithm  of  the  denominator. 

In  this  case,  for  the  convenience  of  calculation,  we  shall  in  future 
put  the  arbitrary  constant  under  the  form  /C. 

To  integrate  —  ,  we  observe  that  except  as  to  the  constant  fac- 

tor 5,  this  fraction  comes  under  the  preceding  rule ;  and  we  therefore 
put  it  under  the  preparatory  form 


J 


IV.     Every  fraction  y  the  denominator  of  which  is  a  square  root,  and 
its  numerator  the  differential  of  the  ftmciion  affected  by  this  root,  has 
for  its  integral  the  double  of  this  radical  QN°.  670] ;  or 

=  2^2+0. 


/ 


V.  One  of  the  most  important  rules  to  be  considered  is  that  of  in- 
tegration by  parts,  the  nature  of  which  is  as  follows :  it  has  been  seen 
[N®.  6632  *^^*  rf  («/)  =  vdt  +  tdu  ;  whence,  by  integration, 

ut^fudt-^-ftdu, 
and  /  udt  ^^ut-^  f  tdu ; 

thus,  having  decomposed  a  proposed  differential  into  two  factors,  one  of 
which  is  directly  integrable,  we  may  integrate  considering  the  other 
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factor  as  cotistant ;  but  we  must  theft  subtract  the  integral  of  the  quan- 
tity obtained  by  differentiating  this  result  in  respect  to  that  function  alone 
which  was  previously  taken  as  constant, 

Thus>  to  integrate  lx>dx,  we  shall  first  consider  dx  as  alone  variable, 
and  we  have  x,lxi  we  then  differentiate  this  result  in  respect  to  Ix 
alone>  and  we  obtain 

dx 
f  Ixjdx  =s  xlx  —  /  ar.  —  as  x.lx  ^  x  ^  C» 

X 

The  peculiar  advantage  of  this  rule  is^  that  it  renders  the  integral 
required  dependent  on  some  other  integral^  and  our  address  in  using  it 
consists  in  so  effecting  the  deoompositian  that  this  latter  integral  shall 
be  less  complex  thioi  the  one  proposed. 

VI.  The  rule  of  N^  683  gives,  the  radius  being  unity^ 

J    ^(i  -1  2%)  =  arc  (sin  gz)  -f  C, 

J  T^T^)  =  "^  (cos=  z)  +  C, 
J  -    J  ^^^      =  arc  (tan  =  2)  +  C. 

We  might  also  suppose  the  radius  =  r,  and  we  should  then  have 
these  same  second  aides  for  ^he  values  of  the  respective  integrals 

Jrdz  r       -^rdz         C    t^dz 

^(r'  -  z«)  0    ^(^'  -  ^0  '  J   r«  +  z^' 

Jmdz 
— r-r-3>  we  must  divide  above  and  below  by  a,  whence 
a  -h  oz"" 

we  have 

m      dz  m  ^   la        dt 


a       .   ftz* 


m  .la       dt 


1    9 

assuming  —  =  l«.     Consequently,  the  radius  being  unity,  the  integral 

fn 
required  is  ■ /,   ii  arc  (tan  =  0  +  ^»  whence 
^(ab) 

J*"  t  o  =    /?>v  •  are  (tan  =*  *  V  :;)  "^  ^' 

VOL.  II.  2 
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We  similarly  find 

r__mdz__  ^  «   arc  (sin:=-  V^)  +  C. 

RATIONAL  FRACTIONS. 
770.  We  have  given  Cp-  I**]  general  methods  for  decomposing  every 
rational  fraction  ^  into  others,  the  form  of  which  shaU  be  one  of  the 

following : 

A  A  AxAr  B  Ax  +B 

^^a'  (x-  a)"'  x'  +  px  +  q  (**  +  px  +  ?)"' 

A  B  p,q.  n...  being  constants,  and  the  factors  of  ai»  +  px  +  q  being 
ii^nary.  And  we  must  now,  therefore,  give  rules  for  tracing  back 
thew  fractions  to  the  expressions  of  which  they  are  the  derivaUves. 

We  shall  first  observe,  that  if  the  term  p*  be  removed  from  the  two 
last,  by  the  transformation  Cp.  38],  x  =  z  -  +p,  and  we  then  make 
0«  =  q  -  ip»,  a  quantity  which  is  positive  by  supposiUon,  we  shaU 

gjmply  have 

Az  +  B'       ,    Az+Bf 

zM^  W         (**  +  ^)"' 

Ist  Case.  The  integral  of  ^  is  At(x  -  a)  +  fc,  or  Alc^x  -  a). 
For  example,  we  have  seen  [p.  146]  that 

dx      __  J_  /   dx  dx   \ 

a*  —  x'  "  2tf  Va  +  a;       «  -  a:/' 


and  the  integral,  therefore,  is  1  [/(a  +  x)  -  /(a  -  ^)  +  fc],  whence 

Jdx    _  2_  I  ^(fjLf)^ 
a«  —  X*  ""  *2a      <i  —  X 

Similarly 

J (2  -  ^x)d^  _   C  'Mx    _   C  2dx      • 
5^^^^-  2""j2-x       J*+l 

=  -  2/(x-2)  -^2/(x  +  1)  +^  =  ^(^*_x-^2)«- 
2nd  Case.  The  fraction  ^73^"  ^^^^  for  its    integral    [Rule  III 
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-A 

*'  +  ^  +  ^^,  -  gj?    ,         <fa  4^  idx  4dir 

gives  for  the  integral 

Srd  Case.  For  the  fraction  ^^  <fe,  we  must  separately  integrate 

^.-qr^  ana  g.  ^.g. ;  the  first  by  rule  III,  the  second  by  VI  [N»,  769]. 
We  find 

CJAz  +  B)dz         ,„  B        /  z\ 

J      .«  +  g.'     =i^/(..+  ^)+  ^.„  (tan  =  i). 

Thus  [p.  146]  we  decompose 

the  first  term  =  ^{x  -  1):    for   the  second,   we  make  jr  =  «  -  ^, 
which  gives -J   ii^  +  J  ^^Ti'    ^"®    ^^   ^^^    integrals    is 

=- ^(2'+4)==  -  i/>/(x»+a:+ 1) ;  theothergives  iVSare/^tans— ] ; 
and  consequently 

/:^1  =  -^  [fc(*- 1)- V(^*  +  ^+  1)  +  V3.arc(tan  =  ?^)l. 
As  a  second  example,  let  us  take  [p.  145] 

(x+l)(j^«  +  lj~^'a:+l       ^    X-+1    • 
the  mtegral  is/  ^(\^^^/   -  iarc(tan=  ar). 

4th  Case.  We  have  now  to  integrate  a  series  of  fractions  of  the  form 
(Az  +  B)dz 
(2«-hi3-)-   '  ^  ^^®^S  successively  =  1,  2, 3...     Each  of  these  separates 

•♦   1^  •  4  Azdz  Sdz 

uscu  into  two,  ( jqr^  and  (^  ^  g....    The  first  is  immediately  in- 

K  2 
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tegrable  [Rule  II]*,  and  gives  ^,-|y^o\^  g,)«>i  >  ^^^^  if  «  =  ^ >  ^ 

771.  As  to  the  2nd,  we  facilitate  the  integration  of  it  by  rendering  it 
dependent  on  another  more  simple.  K  and  L  being  indeterminate 
coefficients,  we  assume  t 

r    dz Kz r     Ldz 

J  (^« + ^^)" ""  {z^ + >)"-^    J  (^  +  fi'y-'' 

To  find  the  values  of  K  and  L,  we  differentiate  this  equation ;  then 
reduce  to  the  same  denominator  (2^  +  /3«)",  and  we  have 

1  =  K{z^  4-  /50  -  ^^(»  —  1)2^  +  -^(^'  -  0*) ; 
whence,  comparing  the  corresponding  terms,  we  derive 

Deducing  the  values  of  K  and  L  from  these  equations,  and  substitut- 
ing them,  we 'finally  obtain 

Jdz z 2«— 9      r       dz 
{z'+fi')*  ■"  2(»  ^  l)ffKs'+^)-»  ''"2(«-l)/3^J  (z^+^'r"'* 

The  use  of  this  equation  will  be  easily  conceived.     We  have  a  series 

Jdz 
— ] ^,  >  we  proceed  first  to  integrate  that 

in  which  71  has  the  highest  value,  and  our  formula  will  replace  it  by  two 

tenns,  the  one  integrated,  the  other  of  the  form  J^^,    which 

will  unite  itself  with  the  following  fraction.     And  we  shall  continue 

dz 
this  course  till  we  arrive  at  the  fraction   ^    **     ,  the  integral  of  which 

is  known  [Rule  VI].     Take,  for  example, 


*  Assuming  x*  -^0^  m»  /',  the  fraction  becomes  monomial,  and  we  have 


t  The  form  of  this  equation  is  proved  to  be  legitimate  by  the  sequel  of  the  calcii* 
lation  which  serves  for  finding  K  and  L,  The  transformation  itself  is  pointed  out 
by  experience  in  analysis ,  whence  we  arc  able  to  foresee  that  the  result  can  contain 
only  terms  of  two  9ort6,  those  of  the  one  sort  beipg  muUH>lied  by  «*,  tboae  of  the 
other  constant. 
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the  l8t  terms  of  the  two  first  fractions  give  £Rule  \V\ 

/-2sdx  _         1  r   2xdx     _    —I 

(af»+  1)3  "■  2(jHT)''  J  (x'+l)*  ""  x«  +  r 

as  to  the  2nd  terms^  we  have^  by  our  formula, 

(x^  +  1)'  ^  4(x«  +  1)«  ''"  ^  J  (x«+  1)*' 

and  we  then  have,  from  the  same  formula, 

.  f  ^  -  '7^    . ,  r_^ . 

V  (**+!)*  ~  8(x'+l)  ^  'J  x«  +  1  ' 

lastly,  adding  to  this  term  to  be  integrated  along  with  our  Sid  fnwiiaoa, 
vre  find 

It  only  remains  now  to  collect  the  several  parts,  and  we  have,  for  tlM 
iategral  of  the  proposed  f  u&eticm, 

2  -h  a:      ,      7x  —  8     ,  ,  x    .    i^ 

4(7+Tr»  "^  «(^Mn) + -^"^  t*^  •=  *>  +  ^' 

dx 


Inthesamemannermayhe  found  the  integral  of -= rs/  «  i  o\  /  «  i  n«- 

This  fraction  being  decomposed  [p.  147],  the  only  terms  the  integra- 
tion of  which  cati  present  any  difficulty  aarc 

/x^\      ,     .     f     x—  1 

^  ""  ""  iSnA)  +  '^('^'  +  1 )  -  *  arc  (tan  =  :r). 
We  annex  two  other  examples  [[see  p.  1483  * 

x«-a«  ■"  Sa*  L  (x  +  fl)  V(J?*  +  ax  +  a«) 
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-v^3^arc(tan  =  ?i^)+arc(tan  =  ^ 


IRRATIONAL  FUNCTIONS. 

772.  It  follows  from  what  has  been  now  seen,  that  we  can  integrate 
all  rational  algebraic  functions,  and  such  as  can  be  rendered  rational  by 
means  of  any  transformations. 

Let  us  commence  with  the  monomial  radicals,  and  let  our  first 
example  be 

^x  -4-  jp^j  "^  ^^  d 

X  +  V*^ 

it  is  evident  that,  if  we  make  j:  =:  z^,  the  irrationalities  will  disappear, 
since  6  is  divisible  by  the  denaminators  S  and  2  of  the  fractioiial  expo- 
nents proposed.     And  we  shall  thus  have  to  integrate 

^ ,     z"  4-  z>»  +  «♦  ,        ^    .        Qzdz 

which  presents  no  difficulty. 

For  V^-  d^  '  ('  —  1)>  we  shall  assume  x  =  zS  and  we  shall  haire 

/2z^dz  C  2dz 

z-iri-2/^^  +  J.irzi 

=  2z  +  ^2-1)  -/(z+1)  =  2>/a:  +  /  (c.  ^^)- 

773.  Let  us  now  take  any  function  affected  with  the  radical 
j^(A  +  Bx'^Cx^),  Having  disengaged  j?^  from  its  coefficient  C,  by 
multiplying  and  dividing  by.  ^C,  two  cases  will  present  themselves, 
accordingly  as  x^  is  positive  or  negative.* 


*  X  denoting  a  rational  fanction  of  x,  we  have  to  int^;nite 

and  these  two  expreauons  are  to  be  treated  in  the  manner  specified  above.  The  2ad 
might  also  be  brought  under  the  form  of  the  1  at,  by  multiplying  and  dividing  by  the 
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1  St  Case.  If  we  have  V  («  +  6x + J^%  we  shall  assume* 

^/{a-\-bx+x'^)  =  z  ±  x;  whence  a  +  6x  =  z^  ±  2zx, 


z*  —  a 


hz  T  (s^— «) 


and  thus  the  proposed  function  is  rendered  altogether  rational. 
Takings  for  example^  the  lower  signs^  we  find 


const. 


Hence  also 

dx 


J 


To  integrate  rfy  =  dx^/iji^  +  x'),  we  make 

t^{a*  4-  x')  =  z  —  X,  whence  rfy  =  zdx  —  xcix ; 

thus,  ^  =  -  4.  X*  +  /z£/x ;    substituting  for  dx  its  value,    and   then 
integrating,  we  have  fzdx  =  ^z*  4-  i^^^^  ;  and  lastly 

3,  =  c  +  ixVCa'  +  x«)  +  \aH[x  +  N/(fl*  +  a:')]. 

^^-1  =  Z[a;  +  ^(x*-l)3  +  c; 

butx=cos^,  V{x^-1)  =  ^/-l.sin^^;  and  also  c  =  0,  since  x  =  1 
must  render  y  =  0 ;  thus  we  arrive  again  at  the  formula  [N«.  591] 

±y^^\  =/(cos^  ±  V-1  sin^). 


radical:  whence 


•  We  might  in  this  cane  also  make  the  radical  =  *  ±  • ;  which  would  lead  to  the 
:«ame  values  of  jr  and  <ir ;  the  radical  would  become  «  ^^^  >  ^^  *^* 
•whole  would  be  rendered  rational. 
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774.  2nd  Case.  If  we- have  \/{a  •\'  bx  -^  a?),  the  precediBg  method 
cannot  be  applied  without  -introducing  imaginary  quantities ;  but  we 
shall  observe  that  the  trinomial  a  -^  bx  —  oi^  must  have  its  factors 
real^  since  otherwise  it  would  be  negative^  whatever  x  were ;  in  which 
case  the  radical  being  imaginary^  we  should,  as  in  the  preceding 
example^  introduce  /s/  —  1  as  a  factor,  since  we  cannot  expect  to  find 
the  integral  real,  and  the  question  will  then  be  brought  .under  the  case 
just  discussed.  Let  a  and  0,  therefore,  be  the  two  real  roots  of 
a:*  ~  6x  —  a  =  0 ;  we  shall  assume 


V(a  +  6x  —  a*)  =  V(x  —  «)0  -  a:)  =  (x  —  a)z; 

whence,  squaring  and  suppressing  the  common  factor  x  —  a,  we  have 
/3  —  X  =  (x— a)2*;  and  x  and  dx  consequently  are  rational. 
Thus  we  find 

— ^   =c  —  2 arc!  tan  =  \/ J. 

V'Ca  +  6x  -  x»)  V  ^  X  - «/ 

/dx 
— -rr — -rr,  which  wc  Otherwise  know  to  be  the  arc 
v(l~^j 

the  sine  of  which  is  x,  we  shall  make  /^(l  —  x')  =  (1 — x)z ;  whence 

/dx  r  2rfz 


or    .        arc  ( sm  =  x )  = 


(sin  =  x)  =  —  4.ir  +  2  arc  [tan  =  ^/(Y-i-^)!. 

For  dy  ^dx  /^/(fl^  — x"),  we  make  V(a*— x')  =  (a-  x)z ;  whence 

_  Sa^z'dz  _  ^Sa*dz        Sg^dz 
^  ""  (!+«•)'  "  (l+;5«)3  +  (1+27* 

— 2fl*z  nH 

y  =  (TT^'  +  TTH'  +  "*'•  arc(tan  «2)  +  C, 

y  =  ixV5fi:^+  a\  arc  (tan  =  n/^:^^)  +  ^- 

This  process  might  be  applied  to  the  )st  case,  when  the  roots  of 
x'  +  6x  +  a  =  0  are  real. 


775.  Tlie  address  acquired  by  practice  will  soon  point  out  the  ti 
formations  that  arc  mobt  advantageous.     ThuSj  the  second  term  under 
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the  root  might  be  made  to  disuppear  £N\  504-],  which  will  reduce  the 
expreflskm  to  the  form  >/(«•  ±  a%  or  V(«'  ±  z%  so  that  the  tenns  to 
be  integrated  will  be  [N^.  781] 

z'^dz  z^dz 

or 


In  the  latter  case>  the  irrationality  will  disappear  by  assuming 
v^(a'  ±  7fi)=ia  —  uz,  since  the  square  of  this  equation  is  divisible  by 
z;  and 

2  =: -,  dz^  -^  ^adu. 


Thus  -777-7 sv  becomes     ..,., ,  making  x^^b-^zi  and  the 

integral  therefore  is  [Rule  VI] 

c+  arc[co»  =  ^  j=c+Mcfcoi=  — ^t — j. 

We  might  also  have  made  the  preceding  transformation,  which  would 
have  given 


J: 


,    2du  ,      ^       t 

"  JSm^I  '=''  -2arc(t«i  =  ii). 


In  like  manner,  making  or  =  z  —  a,  we  have 

adx  ^         adz 

the  equation  therefore  of  the  Catenary  Qsee  my  Mec.  N®.  91^  is  [p.  343] 

^  =  fl/  {c[x  +  a  +  i/(2ax  +  x'% . 
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776.  Let  it  be  proposed  to  integrate  Kx^dx{a  +  bx^y,  m,  n,  p  being 
any  numbers  whatever,  integral  or  fractional,  positive  or  negative.*  We 


*  m  and  n  might  easily  be  rendered  integral  by  the  method  of  N°.  772.    Thus, 

jc^dr{a  4-  bs^)  r,  making  x  ->  &*,  becomes  fis'^ds{a  +  bz^)r.  But  this  transformation 
is  not  at  all  necessary  for  what  is  to  follow. 
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1 
shall  assume  z::^a-^bx*;  whence  j:s=  [  *^— j — j    ;  and  raising  each  side 

to  the  power  m  +  1,  and  differentiating,  there  will  result 


m4-i 


T--» 


X  =  iii:^^ dz, 


n.h 


K  •"+' 


Kx'^dx  {a  +  bxy  =       '^^.     (s  -  «)  ""      ^^zPdz. 

H,b  »  • 

The  function  can  be  integrated,  *  whenever  the  exponent  of  z  —  a  is 

an   integer.     If =^.  1  >  we  have  to  integrate  z^dz ;  if 1 

be  positive  and  ^  h,  by  developing  (2  —  aYz^dz,  we  have  a  series  of 

<ni  -A-  1 

monomials ;  and  lastly,  if 1  be  negative,  we  have  a  rational 

fraction.  Hence,  whenever  the  exponent  of  x  without  the  binomial,  in* 
creased  by  unity,  is  divisUde  by  thai  of  x  within  the  binomial,  thefunc- 
tion  can  be  integrated. 

777.  This  case  is  not  the  only  one  in  which  we  arc  able  to  integrate ; 
dividing  the  proposed  binomial  by  x*  and  multiplying  without  the  bino- 
mial by  j:*p,  we  have 

K3^^^{b  '\' ax-ydx ; 

and,  applying  the  preceding  theorem,  it  is  clear  that  this  expression  will 
be  integrablc,  provided  that 

7n4-np  +  1  .1.     w»  +  J    , 

— ,  or  rather +  P  =  *^  integer. 

Thus,  when  the  foregoing  condition  is  not  fulfilled,  we  must  add  p 

to  the  fractional  result ;  and,  if  the  sttm  be  integral,  the  June* 

lion  will  be  inlegrable  by  this  method. 

778.  We  shall  further  observe,  that  if  p  be  fractional  (and  this  is 
the  most  important  case,  since  otherwise  we  should  but  have  to  inte- 
grate a  series  of  monomials),  supposing  9  to  be  the  denominator  of  p, 
the  calculation  will  be  more  easily  efiectcd  by  assuming  a  -f  bsc*  ^  sfl. 

Let  it  be  required,  for  example,  to  integrate  a-""^  rfx  (a  +  a;^)"'  :  in 

this  case is  the  fraction  —  1 ;  but  if  we  add  —  5,  the  sum  ii 

n 
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—  2 ;  in  order^  therefore,  to  integrate,  we  must  multiply  and  divide  by 
(x*)""'  or  ar""*,  when  we  have 

We  shall  now  assume  I  +  aar^  =  2' ;    whence  x^  I J     ; 

then  raising  to  the  power  —  6,  and  ditiferentiatiDg,  we  find  x'^dx ; 

whence  —  a '"'  (1  —  z"*)  dz,  the  integral  of  which  is 

1  Sx^  +  9a 

''■"^^''■^^^    ^"""^  'Za''x^{x^-\-ay' 

Similarly,  x^dx  (a*  +  x*)^  will  become  -f  rfz  (z*  —  «V),  making 
a*  4-  x>  =  z^ ;  and  hence  we  deduce  for  the  integral  of  the  function 
proposed  tV  ^  («*  +  x^Y  (^ar*  —  3a')  +  c.    We  also  have 


; 


adx  i  dx  ^ 

-  =  /ax-^dx{l  +  O^  =  V  (1  +  x«)  +  ^' 


(1  +  otT 


779.  When  <Ae  conditions  of  integrabHity  are  not  fulfilled,  we  seek 
to  render  the  integral  required  dependent  on  some  other  more  easy  to 
be  obtained,  which  is  generally  done  by  means  of  integration  by  parts 
£p.  S36^.  Always  making  z  =  a  4-  hstf*,  and  at  first  treating  z  as 
constant,  we  shall  have 

whence,  z  being  =  a  +  fix"  and  rfz  =  n6x"~'rfjr, 

fx^dx.zP  =  ^^^^     .  -^.  /x-+»rfx.5P-»...  (1). 
i»  -f  1       w«  +  1 

But  zP  =  sP"*.  z  =  zP~^  (a  +  6x*) ; 

and  consequently 

fx'^dx.zP  ^  a  f  x'^dx.zr-^  +  bf  zP-'x-+»rfx...  (2). 

Equating  the  values  (1)  and  (2),  we  find 

A  (jif  +  1  +  «p)  fzT-Kx'^^^dx  =  x*+'zP-a  (ot+  1 )  fzT^x^dx,..  (3); 

wheiK^e,  changing  p  —  1  into  p,  and  m  +  ft  into  nr,  we  have 


-^  ^^'-'  =  6(111+1+ up)  "•  ^^^' 
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Also,  substituting  for  the  last  term  of  the  equation  (2)  its  value 
given  by  (3),  we  obtain 

where  z-ss^a^hs^. 

780.     We  shall  now  show  the  use  of  these  dillcrent  formulae. 

1°.  The  equation  (i4)  renders  the  integral  f  x^dx.z^  dependent  on 
/•  x*^':tPdx,  i.  c.  it  serves  to  diminish  the  exponait  of  x  wilhoul  the  bifio- 
ndal  by  n  units  for  each  operation,  so  that  the  integral  proposed  will 
depend  on  /  x'^'^zHx,  i  being  a  positive  integer. 

2®.  The  formula  {B)  serves  on  the  other  hand  to  diminish  the  expo- 
nent p  of  the  binomial  z  by  I,  2,  3...  units. 

3®.  Resolving  the  equations  {A)  and  (jB),  in  respect  to  the  term  to 
be  integrated  on  the  2nd  side,  we  obtain,  w  —  »  being  changed  into 
m  in  {A)  and  p  ^  1  into  p  m  (B), 

fx-dx.2P^ a(ni  +  \)  -     ^^^' 

f  x'dx.zP  = a»(p-f  1)  ^^  ' 

and  these  formul»  serve  on  the  contrary  to  increase  the  eiq^nent  of  x 
without  the  binomial,  and  that  of  the  binomial,  which  is  of  use  when 
one  or  the  other  is  negative. 

4jO.  We  shall  be  able  therefore  to  determine  ^  priori  the  law  of  the 
exponents  of  x  in  the  result  of  a  proposed  integration.  Thus  it  is  easy 
to  foresee  this  form : 

Jtct^  =  ^^^*  +  ^^  +  ^)  ^  ^^  - '')• 

We  can  therefore,  if  we  think  proper,  avoid  the  rather  laborious  taai 
of  directly  employing  our  formule^  by  equating  tlie  difiereiitials  of  these 
quantities,  and  then  comparing  them  term  by  term,  as  in  the  method 
of   indeterminate  coefficients  QN°.   771],     whieh   will   malce  known 

78 1 .     We  shall  here  give  a  mode  of  integration  which  is  remarkable 
for  its  simplicity  and  the  numerous  cases  to  whidi  it  can  be  applied. 
Differentiating  the  function  a;""'  V  (1  —  •=«'**)>  vre  shall  have 
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d  [^—  V(l  -  X')  ]  =  («  -  1)  x-*  ^(1  -  X')  d*  -  ^^^  _  ^,^ ; 

I 

multiplying  and  dividing  the  first  term  of  this  differential  by  y/{i-^x*^), 
there  will  result 

,  r-      .     w ,         «v  -       ,         .V      x'*-^d.T  nx*dx 

'^C*'-' vo  - -')  3  -  (» - 1)  7(r-^  -  7(r=^ '• 

and  lastly^  integrating  and  transposing,  we  have 

Jx*dx  J— »  ^(1  —  x«)   ,   n^\    C      J*^^  /r^, 

Applying  the  same  course  of    calculation  to  x*"^*  ^/(a:*  ±  1),   we 
find 

J  v(x«  ±  i)  -         ;j        +  "T"  J  v(j^*  ±  1)  •"•  ^  ^' 

These  formulte  serve  to  integrate,  every  function  affected  with  the 
radical    tJ{A  +  ^x  +  Cx^),    since  it  can  be  reduced  to  the  form 

'VW^)  °^    \/(='  ±  a^)*'^^**'  '^'^•^^'    ^*  '^®^'^*  *^®"'  dividing  above 
and  below  by  a,  to  change  the  radical  into  ^/(l  ±  z^)  or  \/(z^  ^  ))• 
The  (expressioiis  £  and  F  will  ultimately  render  the  integral  required 
dependent  on 

Jxdx  C        xdx 

I      //  o   .    ,x  or    I    -rn ^ if  II  be  even : 

J    V(x*  ±1)        J    ^(1— x«) 

the  two  first  come  under  the  rule  IV  [p.  336] ;  the  third  has  been  given 
in  N®.  773 ;  and  the  fourth  is  the  arc  (sin  ==  x). 
For  example,  we  have 


^^  =  - V(l-**)  +  ^, 


/xdx 
7(T- 

/tX^dx  X 

-ij^n^  =--A/(l-**)+-tarc(rin=x)+c, 

JT^dx                x'  +  g  ; 

_— — — = g xVO  -  ^')  +  *  arc  (sin  =  x)  +  c. 
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782.  If  the  exponent  n  were  negative,  the  formula  E  and  F  would  no 
longer  he  applicable ;  but  we  may  still  avail  ourselves  of  them  by  making 
X  s=  2~' :  we  have  in  effect 

dx  _  z^^dz 

dx z^^dz 

> V(a:*  ±  1 )  ~  "■  V(l  ±  z*)' 

We  might  also  treat  the  actual  case  directly  by  a  calculation  similar 
to  the  preceding  CN^  781];  for,  differentiating  x— +'  ^(l  -  jr«)  &c, 
we  find 

a  formula  the  use  of  which  will  readily  be  conceived.    We  moreover 
have  [N*.  77S] 

r      dx  .  .ri->/o-*')i 

J  xV(i--')='  +  ^L — -      J- 

In  like  manner  we  shall  find  x 

f        ardx  «— '    .^ ,  .(2w-l)gf    iT-'dx 
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783.     It  follows  from  the  rules  of  differentiation  [N*».  676]  that 

r  o'dx  =  •=-  : 

and  vi4  shall  be  able,  therefore,  to  integrate  two  of  the  particular  cases 
that  exponentials  can  present. 

1®.  Ifz=/(a*)>  t^e  function  za^dx,  making  a*  =  «,  will  become 


^—^ — .     For  example 
la 


tt^dx  1  du 


VCl  +««)       /aV(l  +«")• 

2*.  Differentiating  ze',  we  have  e'rfx  (z  +  z') ;  so  that  every  expo- 
nential function,  in  which  the  factor  of  ^dx  is  composed  of  two  parts. 
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one  of  which  is  the  derivative  of  the  other,  will  be  easy  of  integra- 
tion. 

For  example, 

fe'dx  (3ar«  +  a:^  _  i)  -.  (^j  _  lyt. 
Similarly,  making  1  +  x  =  z,  we  find 

("rr^«  "  J   e""  VT       ^/  ""  S  "^  1  +  X  "^  ''' 

784.  But,  in  every  other  case,  recourse  must  be  had  to  integration 
by  parts  [p.  336].  Thus,  for  xVx.a*,  we  shall  first  consider  x"  as  con- 
stant, and  we  shall  have 

^  , ,  a'.x"       n    ^      ^,  _ 

fx^dx,a^  =  -; 7-  /  a*x*^^dx ; 

la         la^ 

treating  a*x*^^dx  in  the  same  manner,  and  continuing  the  process  step 
by  step,  we  shall  finally  obtain 

.  -^  ,/^*       «^""*    .   »(«— l)x-«  1.2.3...  »\    . 

It  is  evident  that  the  same  calculation  will  apply  to  z(fdx,  z  being  an 
integral  algebraic  function  of  x ;  and  consequently 

/z«rfx  =  --J.^-. 

785.  But  if  the  exponent  n  be  negative,  a  regard  to  the  spirit  of  the 
method  which  has  just  been  employed  will  show,  that,  on  the  contrary, 
the  exponent  of  x  must  now  be  made  successively  to  increase. 

We  shall  therefore  integrate,  considering  a*  as  for  the  present  con- 
stant, and  there  will  result 

Ja'dx  _        —  a*       _i       ^      Ca'dx 

Repeating  the  same  reasoning,  the  function  will  be  reduced  to  the 
form 

Ja'dx  _  —  a'   /  1       ,  /fl /Vi 

'^  "  ^::ri  [^i  ■*"(«-  2)  x-^  '^  («-2)  («  -  s)  x-^^- 

+  1.2.3...(w-2)x/  "*'2.3...(n-l)J     x    ' 

The  calculation  can  be  carried  no  farther  than  this,  since  it  would 
next  be  necessary  to  make  w  ==  1,  which  would  give  infinity,  an  ex^ 
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pression  wliicb  is  made  oae  of  in  Algebra  to  indicate  the  fact  of  an  ab- 

/(i*dx 
has  long  exercised  the  ingenuity  of  analy- 

sists^  and  we  are  compelled  to  consider  it  as  a  transcendental  of  a  par- 
ticular species,  which  cannot  depend  either  on  circular  arcs,  or  on 
logarithms.     In  default  of  a  more  rigorous  method,  we  employ  the 

series  [p.  157] 

a*       1,   ,     ,   /*a      ,   /'«    ^   . 

i-^x  +  ^  +  Y^+'Zs^  +••- 

which  being  multiplied  by  dx,  and  each  term  integrated  separately,  there 
results 


/ 


t^dx  ,        o^^a       a?  Pa 

—  =fa+x/a+— +3— +  ...+  C. 


786.  Should  n  be  fractional,  one  or  other  of  the  preceding  methods 
wiU  serve  to  reduce  the  exponent  of  x  till  it  becomes  comprised  between 
0  and  1  or  —  1 ;  and  development  in  series  CN"-  706,  800]  will  then 
give,  approximately,  the  integral  required. 

All  that  has  been  here  said  will  equally  apply  to  ztfdx,  when  z  is 
any  algebraic  function  of  x. 
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787.  Let  it  be  proposed  to  integrate  zdxJ^x,  z  being  any  algebraic 
function  of  ar. 

If  n  be  integral  and  positive,  we  shall  int^rate  by  parts,  considering 
tx  at  first  as  constant ;  when  there  will  result 

dx 
f  zdx  tx=it^x  f  zdx  ^  n  /(^~*x.  —  /  zdx), 

X 

and  since  /  zdx  is  supposed  to  be  known  from  the  preceding  principles, 
the  integration  proposed  is  reduced  to  that  of  a  function  of  the  same 
form,  in  which  the  exponent  of  the  logarithm  is  less.  The  same  calcu- 
lation applied  to  this  function,  and  to  the  following  ones  successively, 
will  effect  the  integration. 
Thus,  for  7r}^x.dxy  we  have 

f  a:•c/a:.^x  =  — -7  iTx /  (/^'ar.a:"dlr), 

«+l  «-f  1  ^ 

/ x^dx.lr-'x  =  — —  ^-•x  -  —L  f  (t^^x,x^dx)y 
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and  so  on.     Combining  these  successive  results^  we  shall  find 

\m  +  I       (7/1  +  1)'    '         (tw  +  1)5  /    ' 

788.  But  if  71  be  integral  and  negative,  we  shall  see  as  before  [N^. 
785]^  that  the  exponent  of  the  logarithm  must  on  the  contrary  be  made 
to  increase,  and  that  for  this  purpose  we  must  first  take  z  as  constant  in 
the  integration  by  parts  of  /  z  dxl*x.    Since 


J 


dx  ^        /*+'x 

—  rj=  — --, 

X  «  +  l 


dx 
we  shall  separate  zdx.^x  into  the  two  factors  zx  x  — .  t^x,  whence 

a  formula  which  obviously  accomplishes  the  end  in  view.  But,  the  better 
to  see  the  nature  of  the  obstacles  that  may  be  met  with,  let  us  apply 
this  formula  to 

7=r  "(«-.i)^-'x  +  ;rri  J  ^-la:' 

repeating  the  operation  on  the  last  term  of  this.  Sec,  and  then  com- 
bining the  several  results^  we  shall  have 

f±^dx_      ;r*-*->r     1 «t4-  1       1 

+  (n-2)(«-:5y  ^-sx  ■*"  "J  "^  1.2.3...  (n-1)  J    IT"* 

Here  we  axe  obliged  to  stop  ;  for  we  cannot  take  11  =  1,  in  our  for- 
mula, without  introducing  infinity.     If  however  we  make 

jp«+ 1  --2:,  whence  (w  +  1)  x^dx  =  dz, 
there  results,  also  assuming  Iz  s=  u, 

x^dx       dz       e^du 

/x  fe  «     ' 

and  we  therefore  have  again  the  function  of  N^.  785,  which  can  only 
be  integrated  by  series. 

789.  When  n  lajradional,  as  it  is  positive  or  negative,  one  cur  other 
of  these  formulse  will  reduce  the  integral  of  zdx.t'x  to  that  of  a  function 
of  the  same  form,  n  being  comprised  between  \  and  —  1 ;  after  which 
recourse  must  be  had  to  development  in  series  ^N*.  706,  800].  • 

VOL.   II.  2    A 
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790.  If  arcs  enter  into  a  function^  in  order  to  integrate  it,  we  shall 
observe  that  the  differential  of  these  arcs  is  algebraic^  and  that,  oonse. 
quently,  if  we  put  in  practice  integration  by  parts,  considering  these 
arcs  in  the  first  place  as  constants  [[see  p.  336^,  the  proposed  function 
will  be  exempt  from  them.     Thus,  z  being  a  function  of  x,  we  have 

and  similarly  we  shall  find 


Cdx  J 
Jzdx.  arc  (tan  =  op)  =:  arc  (tan  =  x)  fzdx  —    I  -y— 


fzdx 
IF' 


791.  But  when  the  functbns  contain  trigonometrical  lines,  there  are 
several  modes  of  integrating  them,  which  are  more  or  less  advantsgeous 
according  to  circumstances.  We  shall  proceed  to  explain  the  principal 
of  them. 

1st  Method,  These  functions  can  always  be  reduced  to  binomial  (fif- 
ferentials  by  making  sin  x  or  cos  a?  =  z. 
Thus,  let 

dz 
sin  j;  =  2,  and  consequently  cos  x  =:  ^(1  —a*),  dx  =  —r- j-  ; 

then  sin" x.  cos* xdx  i^s^dz^/{\^ z^)*"" *. 

1^  If  n  be  odd,  the  root  disappears. 

2».  If  m  be  odd,  the  first  condition  of  integrability  [N^  776]  is  ful- 
filled, since  4-(m  +  1)  is  an  integer. 

3^  If  m  and  n  are  even,  the  second  condition  [N"*.  7773  is  satiafied, 
since  -^m  4-  n)  is  an  integer.    We  shall  find,  for  example, 

fda*  X,  G0s'4r.  dx  =  /z*dz[  1  — z^)  =  |.  sin*a:  —  ^  sin^.r  +  c, 

Jz^dz 
--— zss  —  +  cos  ar(3— cos'ar)  +  c, 
VCl— 2') 

«...  C     z^dz  sin^-f  isinor  ,    1.3x 
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792.  2nd  Meikod.  It  follows  from  N'*.  682,  that 

fdx.  cos  kx  =  -rsm  kx  +  Cy  fdx.  sin  ^j;  =  -^  -rco^kx  -\-  c. 

Now  we  have  learnt  [p.  171]  to  develop  anj  power  of  sin  x  and  cos  a: 
in  seiiesy  according  to  the  multiples  of  the  arc  x ;  and  we  shall  therefore 
have  to  integrate  a  series  of  terms  of  the  forms  above.     For  example, 

fcoB^xdx  =  /(tV  cos  5a?  4-  -A-  cos  3a;  +  4  cos  x)  dx 
=s  Vir  sin  5x  4-  -rr  8^n  So;  +  t  sin  x  +  c. 


This  method  is  frequently  employed,  because  it  is  easier  to  obtain  the 
numerical  solutions,  when  the  sines  and  cosines  of  the  multiples  of  the 
axes  are  used  in  preference  to  the  powers  of  these  lines. 


793.  Srd  Method.  The  formule  X  [N^.  590]  will  also  serve  to  trans- 
form the  sines,  cosines...  into  exponentials,  which  will  reduce  the  inte- 
grals of  the  former  to  those  of  the  latter  [|N^  78S]. 

794-.     The  4th  Method  consists  in  integration  by  parts.      Since 

— i^o;  sin  :r  is  the  differential  of  cos  j;,  we  shall  decompose  the  product 

8in*ar.  isos^xdx  into  dx  sin  x  C08"x  X  sin"'*"'ar ;  and  the  first  factor  having 

cos"'*"'a? 


— --  for  its  integral,  we  obtain 


sin"*""'  X                    wi  ■■■  1 
fdx sin'"^ co8"ar  = -—r-  co8"+  *x H --r  /cos*+' x  sin"^ xdx. 

Substituting  for  cos"+^a:  its  value  cos'x.  cos'x,  or  co8"a:(l  —  sin*x), 
and  transposing,  there  results 

i-j     •  «          .             sin"«""'jr.cos"+'x   ,    »»-l   /.j     .  — .        ,       /n 
fdx  sin"*.  co8"x  =  — /aa:8in*^x.cos*x...(/). 

Proceeding,  in  respect  to  the  cosine,  in  the  same  manner  tlu^  we  have 
done  for  the  sine,  we  shall  have 

>...-.        -         sin"*"*" 'x co8***x   ,  n— 1    ^,     .  __^        ,,*.^ 

/^tfx8^l••xcos•x  = fdxsm^x  cD6*^x...  (a). 

These  fonnuls  reduce  the  exponent  of  the  sine  or  the  cosine ;  and  the 
ocMnbined  and  suocessive  use  of  them  gives  the  integral  fvAen  m  and  n  are 

2a2 
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positive  integers.     For  example,  we  have 

fdx  sin'ar  cos*a:  =  —  ^  sin'x  cos'x  +  ifdx  sinx  cos'x, 
fdx  sin  X  cos'a:  =      +  sin'x  cos  x  -f  -^fdx  sin  x ; 

the  last  tenn  is  ss  — i  oos  x  4-  c ;  and  combining  these  several 

parts,  we  get 

fdx  sin'x  cos*x  3=  cos  x( — ■{■  sin'x  co8*x  +  tV  ^'^x  —  tV)  +  <?• 

795.  But  if  m  or  11  he  negative,  these  formule  will  require  some  mo- 
dification.    The  first  gives,  changing  n  into  —  n, 

Jrfxsin^x  8in*"'x  m— 1    riixsin*^x      ,_ 

cos"x  («i— fij  co8*~*x       m—n  J      cos'x 

which,  as  we  see,  will  make  the  integral  required  dependent  on  that  of 

dx  sin  X         dx 

or  ,  as  m  is  odd  or  even.     The  first  of  these  integrals  is 

cos'x         cos*x 

/dz  1 

«•       («— l)cos*^'x 
the  other  will  be  given  in  N®.  796. 

The  second  of  our  formula,  making  n  negative,  resdving  in  respect 
to  the  last  term,  and  then  changing  n  into  n  ^  2,  gives 

rdx  sin^x sin**"'x  m  -—  n  +  2  C*  dx  sin*  x 

J    cos"x     ""  (n  —  1)  cos*~'x  «  —  1     J    corf'^x   "*        ^' 

The  integral  required  therefore  is  ultimately  reduced  to  that  of 

dx  sin^x 

dx  sin^x,  or ,  accordingly  as  n  is  even  or  odd.  The  first  is  about 

cosx 

to  bq  given,  the  second  is  so  by  the  formula  (/). 

796.  If  we  make  n  or  m  nothing  in  the  equations  /  and  K,  we  have 

—COST. sin*"" '.r   ,    wi — 1    ^,     .  _  . 
/sm*xax  = fdx  sin*^x, 

sin  X.  co8"^*x   ,    «  —  1   ^  ,         _^ 
/cos'xrfx  = + /rfa:cos""*x, 

and  changing  m  into  ^  m -^  9,  n  into  —  «  +  2,  we  find 

Jdx    ^  —cosx  III  —  2  p    dx 

sin*x  ""  (m  —  1 )  8in"~'x       wi  —  1  J  sin"^x' 

Jcfa; sinx »  —  2  T  lix 
cos'x  ""  (n  —  1)  cos*^x       »  —  1  J  ( 
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Instead  of  thus  deducing  these  several  formula  from  the  two  equations 

/  and  K,  we  might  have  found  them  directly.    For  this  purpose  nothing 

more  would  be  requisite  than  a  due  regard  to  the  nature  of  integration 

by  parts,  and  to  the  end  that  we  ought  to  propose  to  ourselves  in  it. 

-.-_  cos^xux         std^xdx 

The  fractions  — : and  ■  may  also  be  integrated  in  another 

sin*jr  cos'x 

manner :    thus,  the  first,  if  m  be  even  and  =  2h,  is  equivalent  to 

( 1  —  sin*j:)*  dx  .       « 
r-j; ;  and  developing  (I  —  sin'x)*,  we  have  a  series  of  terms 

SlU  X 

of  the  form  nnl'xdx.  If  m  be  odd  and  =  2A  +  I,  we  have,  making 
tin  x^z, 

cos'*x.  cosx.dx       (1  —  z^ydz 
sin'x  z* 

797.  For  the  case  in  which  the  exponents  of  the  sine  and  the  cosine 
are  simultaneously  negative,  multiplying  the  numerator  by  cos^x  +  sin^x, 
we  have 

f         '^         =    f.    .^ +    f-, ^ ; 

J  8in*x.  cos'x      J  sin"~*x.  cos"x       J  sin^x.  cos*^* 

and  we  shall  thus  arrive  at  fractions  that  are  clear  of  sin  x  or  cos  x.  If 
01  =  »,  since  sin  x  cos  x  =  4  sin  2x,  making  2x  =  z,  the  proposed  frac- 
tion is  changed  into 


Jcos*xsin*x  J  sin*  2 


7d8.  We  integrate  the  following  five  circular  fonctions  apart,  both 
because  the  calculations  for  them  are  of  a  simpler  nature,  and  because 
onr  formulc  reduce  all  the  others  to  them. 

dx             ,                                            dz 
1®.  Let  the  function  be  ■: — ;  makmg  cosx  s=  z^  weliave  —  z -^ 

a  rational  fraction  ]|p.  3S8] ;  whence 


Jdx 
sin  X 


dx         ,  ,1  —  cosx 

^ =:fc  +  i/_- ; 

sm  X  1  +  cosx 


-• .,  ^m  ^  1     —    COS  X  , 

and  once  [N^.  359]  tan«+ x  =  ,   , ,  we  have 

1  "1"  cos  X 

jsiskx  v'vl+coix) 


358  INTEGRAL    CALCULUS: 

A  similar  calculation,  making  nn  x  =  z,  gives 


X 


cosx  v(l  —  smx) 


dx  cos  X 

S*.  For  — \ ,  since  the  numerator  is  the  differential  of  the  deno« 

smx 

ininator  [Rule  III>  p.  336],  we  have 

Jdxcosx        r  dx  rJ       ».  1/      •      \ 

— ■: =   I =  y  aar  cot  X  =  lie  sm  x\ 
sin  X         J  tan  X 

4*.  In  like  manner  we  have 


/dxsmx        ^.                   C  dx 
=  fdx  tan  X  =    I =  / 
cosx                                J  cot  X 

5*.  Adding  these  two  last  formulte,  we  find 


c 
cos  x' 


J. 


^        =z£l^  =  /(Ctanx). 


sin  X  COS  X  cos  X 


ARBITRARY  CONSTANTS.    INTEGRATION  BY  SERIES. 

799.  Let  P  be  the  integral  of  a  function  zdx  of  x,  or  dP  :=  zdx,  and 
c  be  the  arbitrary  constant  which  must  be  added  in  order  that  it  may  be 
the  most  general  possible  [N*.  768] ;  we  have 

fzdx  =iP-\-  c. 

So  long  as  the  integral  calculation  is  the  only  point  considered,  c  re- 
mains any  whatever ;  but  when  we  wish  to  apply  this  integral  to  some 
specific  question,  the  constant  c  ceases  to  be  arbitrary,  and  must  satisfy 
some  prescribed  conditions.  If,  for  example,  it  be  required  to  find  the 
area  BCPM  =  t  Qfig.  22],  comprised  between  the  ordinates  BC,  PM, 
the  position  of  which  corresponds  to  the  abscisse  a  and  b,  since  [N^.  728] 
di  =  ydx,  we  have  t  ;=  fydx  ^  P  +  c.  But,  the  area  P  -^  c  oom- 
mendng  when  x^=  AC  =s  a,  t  must  be  nothing  when  we  make  x  s=  a 
in  P  +  c,  or  A  ■\-  c  ^=0,  A  being  the  value  which  the  function  of  x 
denoted  by  P  assumes,  when  x  =  a ;  we  derive  from  this  c  =  —  -4, 
and  consequently  the  area  t  s=  P  ^  A,  It  will  then  remain  to  substi- 
tute h  for  X,  and  the  area  will  be  comprised  within  the  prescribed 
limits. 

Generally,  to  determine  the  arbitrary  constant,  according  to  the  con- 
ditions of  the  question,  we  must  investigate  the  values  that  ought  to  be 
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assumed  bj  tlie  integral  t^  P  -h  c  when  x  =  a^  vu.  k^  A.+  c, 
whence  - 

c  =  k  —  ABXidt^zP+k-A, 

without^  88  we  see^  there  being  any  necessity  to  know  the  origin  fif  the 
integral,  i.  e.  to  know  for  what  value  a  of  jr  it  is  nothing. 

Eveiy  integral^  the  origin  of  which  is  not  fixed^  is  called  Ind^rdte  ; 
it  is  Complete  only  when  it  contains  an  arbitrary  constant.  When  the 
limits  a  and  b  are  .given,  we  have  tssP^A  by  virtue  of  the  first ; 
substituting  for  x  the  second  limit  b,  there  results  t^s^  B  —  A,  for  the 
absolute  numerical  and  constant  value  of  /  as  fydxi  and  this  we  call  a 
definite  Integral^  A  and  B  being  the  values  assumed  by  P  when  x^=a 
and  6.  If  the  form  of  this  expression  be  observed,  it  will  be  evident 
that  to  obtain  it,  we  have  only  to  make  x^^a  and  a?  =  6  in  the  indefi^ 
nite  integral  P,  and  subtract  thejiret  result  from  the  second.  This  will 
in  a  little  time  be  fully  illustrated. 

M.  Fourier  has  devised  a  very  convenient  notation  for  expressing  the 
definite  integrals;  he  afiects  the  symbol  /  of  integration  with  two 
indices,  one  below,  which  refers  to  the  1st  limit  of  the  integral,  the  other 

above,  for  the  2nd  limit :  I  indicates  an  integral  taken  from  r  =b  a  to 
X  =s  &.     Thus,   I      sin  xdx  =  1,  since  the  integral  —cos  x  becomes  —  I 

and  0  at  the  two  limits.     The  expression    i      indicates  that  the  inte-  , 

gral  commences  at  x  s=  a,  and  extends  to  an  indefinite  value  of  the 
▼ariable  x. 

800.  When  the  function  proposed  is  not  susceptible  of  exact  integra« 
tion,  recourse  is  had  to  approximations.  Thus,  to  find  fzdx,  we  shall 
develop  2;  in  a  series,  according  to  the  ascending  or  descending  powen 
of  X  QN^  706^ ;  then  multiply  each  term  by  dx,  and  integrate  it. 

We  shall  give  but  two  examples. 

Jdx 
■         ^  which  is  arc  ( tan  ss  x).    Devekp- 

ing  ( 1  +  af*)"',  we  have 

dx 
^  =  dx(l  —  X*  +  X*  —  x«  +  &c.) 

whence         arc  (tan  =  x)  ss  x  —  ix^  +  ix*  —  -fx'  + ... 
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Jdx 
— — —.  =  arc  (sin  =  a:),  we  shall  develop 
\/(l  —  a:«) 

(1  —  x«)-^  =  1  4.  -  +  -^... ;  whence 

arc  (sin  =  x )  :=:  x  +  —  + -4-  ^  +••• 

^  or;       ^  ^  2.3  ^  2.^.5  ^  2.4.6.7  ^ 

We  have  added  no  constant,  sinoe  the  arc  now  spoken  of  b  suppoaed 
to  be  the  least  of  those  of  which  x  is  the  sine  or  the  tangent,  and  this 
arc  is  nothing  when  the  sine  and  the  tangent  are  so.  The  Ist  of  these 
fonnuls  has  alreadj  served  for  finding  [N®.  591]  the  ratio  w  of  the  dr- 
cumference  to  the  diameter;  and  the  2nd  may  be  employed  for  the  same 
purpose ;  for  the  third  of  the  quadrant  having  4-  for  its  sine, 
j:  s  4.,  we  get 

1  1.3  '   1.8.5 

The  law  of  the  series  follows  from  the  calculation  itself. 


801.  That  a  series  may  be  of  any  use  in  numerical  applications,  it 
must  be  convergent,  and  it  is  advisable,  therefore,  to  have  different  pro- 
cesses for  effecting  integrations  of  this  sort  The  following  one  is  due 
to  Jean  Bernoulli. 

Make  A  k  —  x  in  Taylor's  formula ;  since  then  f{x  —  x),  or  ^D,  is 
what  y  otJx  becomes  when  x  =  0,^0  is  a  constant  6,  and 


*  =  y-y^  +  4y"j?*-. 


•• 


Now,  ihe  derivative  ^  of  y  being  given,  the  integration  consists  in 
finding  y  :  let  fzdx  be  the  integral  required ;  then  z^^^t!  3=/'..., 
and  we  find 

y  =  fzdx  =  6  +  2x  —  4/««  +  42'V— ... 

It  follows  from  what  has  been  seen  in  N".  701,  that  we  can  obtain 
limits  of  the  sum  of  the  terms  neglected. 


/dx 
— —  =  /(a  +  *),  we  have 


1         .  -I  .  2 


6  =  /a,  ;s  =  — :— ,  v=.-_^.     ^''sr 


«  +  *'  (a  +  xY  (a  +  *)*     ' 
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and 

802.  Taylor's  fonnula  alto  gives,  fur  z  =sfr, 

fix  +  h)-fx  =  zk  +  Vz'/*'  +  i  2"A'..., 
whence,  making  k  =  b  ^  a, 

y(x  +  6  -  fl)  -fx  =  x{b  -  a)  +  U{b  -  ay+... 

If  now  we  take  x^ss  a,  which  changes  z,  z',  /'.^  into  some  constants 
A,  A',  il"...,  we  obtain 

J^  ^fa  =  A{b  -  a)  +  ^A\h  -  of  +  ^A^h  -  ay... ; 

and  this  is  the  integral  fzdx  between  the  limits  x  ss  a  and  jc  s=  6 
[[N^  799]].  That  this  series,  however,  may  be  applicable,  it  is  necessary 
that  that  of  Taylor  be  not  faulty ;  and  we  must  consequently  examine 
the  course  of  the  function  z  from  x  =  a  to  x  =  6,  in  order  to  ascertain 
whether  it  become  infinite  for  any  intermediate  values  of  this  varia- 
ble X. 

The  series  can  be  rendered  as  highly  convergent  as  may  be  thought 
fit ;  for  the  interval  6  —  a  being  divided  into  n  equal  parts  f,  so  that 
h  —  a  s=  ni,  we  can  first  take  the  integral  between  the  limits  a  and 
a  -^  i,  t.  e.  substitute  in  the  form  above  a  4-  t  for  b.  In  like  manner 
we  shall  take  the  integral  from  a  +  t  to  a  +  2t;  then  from  this  quantity 
to  a  +  St,... 

We  shall  therefore  successively  assume 

X  =  a,  which  will  change  z,  z',  z'\..  into  A,  A',  A'\.., 

X  =  a -^  tf ••••••••••••••• ••  S,  DfO..,, 

a;  =  a  +  2f, C,  C,  C..., 

Sec; 
whence 

A^  +  0  --/«  =  ^«  +  i^'^*  +  i^"i'  +  -. 

J{a+2i)^J{a+i)    =:.Bi  +  i5'i«+iB"i^+..., 
J{a  +  Si)  -y(a+  2t)  =  Ci  +  ^  CV  +  ^Ct'  +... 

&C.... 

f^a  +  ni)  -/[a  +  («  -  1)0  =  Mi  +  iM'i«  +  ^M^'i'  +  ... 

SOS.  The  sum^of  these  equations  is 

f(a  +  ni)  ^fa  ^fb  -^fa  =  fzdx  = 
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and  this  is  the  value  of  fzdx  between  the  limits  a  and  &.  If  t  he  taken 
sufficiently  small  that  we  may  confine  ourselves  to  the  Ist  term^  we  have 

fzdx  =  At  +  B«  +  Ci,..  -4-  Mi, 

a  series  the  different  terms  of  which  are  the  values  successively  assumed 
by  the  function  zdx,  when  we  make  or  ^  a,  a  +  *>  a  +  2****  It  is  from 
this  circumstance  that  in  the  infinitesimal  method  we  consider  the  inte- 
gral as  the  sum  of  an  infinite  number  of  elements,  which  are  the  conse- 
cutive values  assumed  by  the  function  when  the  variable  is  made  to  pass 
through  all  the  intermediate  values  between  its  limits;  this  will  be  far- 
ther elucidated  in  the- sequel  QN^.  806,  2** J. 

Consult  on  the  approximations  of  definite  integrals  a  beautiful  Memoir 
of  M.  Poisson,  inserted  among  those  of  the  Institute,  1 826.  M.  Catlchy 
has  also  written  on  the  same  subject,  and  has  made  some  applications  of 
it  to  questions  of  Geometry  and  Mechanics  that  are  highly  curious.  The 
Theorie  de  Ckaleurj  of  M.  Fourier,  contains  a  great  number  of  questions 
which  depend  on  definite  integrals. 


S04f.    We  shall  say  nothing  on  the  subject  of  integrations  of  the 

2nd,  Srd...,  order  of  functions  of  a  single  variable,  since  they  come  under 

the  rules  that  have  been  already  laid  down.    There  will  in  such  cases  be 

2,  S...  arbitrary  constants  [See  N^  831]. 

^  r  r(fl*  —  x«)  dx^ 

For  example,  for     I    I  7~7X"  a«   '   ^®   "^*^   integrate  a  first 

time;    and  since  the  fraction  proposed  resolves  itself  [p.  144]  into 

xdx 
it  remains  to  repeat  the  integration  on  -- — '—^  4-  cdx.       We    conse- 

°  X*  +  a*  * 

quently  have 

J/  TxM^'iy  =  /  1/  (x*  +  «*)  +  ca:  +  c'. 


QUADRATURES   AND    RECTIFICATIONS. 

805.  The  area  /  of  a  plane  curve  [N®.  728]  is  =  /  yrfor^  and  we 
have  to  integrate  this  expression  between  the  proper  limits.  It  is  on 
this  account  that  we  have  given  the  name  of  the  Method  ^  Quadra" 
ture9  to  the  processes  with  which  we  have  been  latterly  occupied,  since 
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hy  means  of  them  are  obtained  the  integrals  of  functions  of  a  single 
▼ariable.     The  following  are  some  examples. 

I.  For  the  parabola  AM  [^fig.  51],  y*  =  2px ;  and  therefore 

When  the  area  is  to  commence  from  the  vertex  A,x'^0  gives  /  =  0, 
and  consequently  c  is  nothing ;  thus  the  area  MAM'  qf  a  segment  of  a 
parabola  it  two  thirds  of  the  circumscribed  rectangle  M'N'NM. 

If  the  area  is  comprised  between  BC  and  PM,  making  AB  =s  a, 
BC ssb^  ts/ (2pa),  t  is  nothing  when  x^sza,  whence  ess  —  ^ab, 
and  therefore  f  =  4  (xy  —  a6).  The  area  CCMM'  is  two  thirds  of 
the  difference  of  the  rectangles  S'M  and  XXC. 

For  the  parabolas  of  all  degrees,  ^"  =  ax*y  we  have  t  = ^  ;    and 

all  these  curves  therefore  are  quadrable. 

II.  For  the  equilateral  hyperbola  MN  Qfig.  52]  between  its  asymp- 
totes Ax,  Ay,  we  have  xy  =  ot*  [N<>.  418] ;  and  consequently 

dx 
t  =z  fydx ^m^  f  —  zsiw^lx-^  c. 

X 

The  area  t  cannot  be  taken  from  the  axis  Ay,  for  x  =:  0  Would  give 
/  ^  0  and  c  =  —  m^lo  =  oo  ;  but  if  the  area  is  to  commence  at  the 
ordinate  BC  which  passes  through  the  vertex  C,  since  AB  =^  7n  QN°. 

418],  we  have  c  :=  —  mHm,  whence  t  =  mH  -,      It  appears  therefore 

m 

that  if  m  =  1,  we  have  tsslx;  and  each  area,  supposing  it  to  com* 

mencejrom  BC,  is  the  Napierian  logarithm  qfthe  abscissa. 

When  the  angle  of  the  asymptotes  is  a,  the  area  is  Qp.  296] 

tszfydx,  sina=  I '• — ,  making  m=l ;  and  consequently  t  =  Log  x, 

taking  for  the  system  of  log  that  of  which  the  modulus  is  M  =  sin  « 
nN^.  678]- 

If  a  be  a  right  angle,  3f  =s  1,  which  brings  us  back  to  the  Ist  case, 
and  we  have  the  Napierian  logarithms  ;  but  it  is  obvious  that  by  vary- 
ing the  angle  »  of  the  asymptotes,  we  may  obtain  all  the  systems  for 
which  M  <  1 .  Thus  when  the  base  is  1 0,  we  have  M  =  0.43429448 1 9 ; 
the  angle  which  has  this  number  for  its  sine,  the  radius  being  unity, 
is  01  =  25®  44'  25''.47 ;  and  this  is  the  angle  that  must  be  formed  by 
the  asymptotes  of  an  hyperbola  the  power  of  which  is  unity,  in  order 
that  each  area  may  be  the  tabular  logarithm  of  the  corresponding  ab- 
acissa.     Thus  we  see  that  it  is  with  great  impropriety  that  the  deno* 
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xnination  of  hyperbolic  Logarilhmt  has  been  given  to  the  Napierian 
system^  since  all  the  systems  of  logarithms  may  find  themielvei  repre- 
sented by  the  areas  of  different  hyperbolas. 

III.     For  the  circle  ^  =  a*  —  xS  the  origin  being  at  the  centre  C 
[fig.  53],  and  we  have 

multiplying  and  dividing  by  \/(a*  —  j-).     The  last  of  these  terms  is 

xdx 
easily  integrated  by  parts,  since  -7  /  <  ^    gN    >*    *^®    differential    of 

—  \/(a*  —  x^) ;  and  consequently 

whence^  substituting  and  transposing  /,  we  shall  have 


Jadx 


But  the  formula    e2f*  ss  dx'^  4-  dy^^  applied  to    the    circle,    gives 
ds  =  —  =  '  /(  1 — «"\  ♦  '^^^  consequently,  taking  the  arc  t  between 

the  same  limits  as  those  of  the  proposed  integral,  we  finally  have 
|s=4.xy  ^  ^as  •\-  c.  Let  CA  =  6,  AB  =  k :  doubling  and  integra* 
ting  from  z  =  a  to  a:  ^  &,  in  order  to  obtain  the  area  of  the  segment 
BOB",  we  shall  have  [N».  799]  +  a  X  arc  BOff  —  bk ;  whence,  add- 
ing the  triangle  CBR,  there  results 

sector  CBOR  =  i  CO  X  arc  BOB". 

IV.  For  the  ellipse  [fig.  53]  y  =  -  V(flr«  —  x«),  whence 


-n 


-^(a«-x^)rfx  =  -  X  z. 


z  denoting  that  part  of  the  area  of  the  circumscribed  circle  which  is 
comprised  between  the  limiting  ordinates.  The  areas  t  and  z  are  there- 
fore in  the  constant  ratio  of  6  to  a.  Thus^  the  area  of  the  circle  is  to 
that  of  the  ellipse,  or  the  area  of  a  segment  of  the  circle  is  to  that  qfthe 
segment  of  the  inscribed  ellipse,  which  is  bounded  by  the  same  ordinates, 
as  the  major  axis  to  the  minor  ;  and  since  the  area  of  the  circumscribed 
circle  is  ita'^,  that  of  the  whole  ellipse  is  vab. 

V.    For  the  cycloid  FMA  [fig.  23],  fixing  the  origin  at  F,  so  thai 
FS  ^x,SM^  y,  we  shall  have  [N«.  723,  VI] 
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tliis  integral  is  the  area  of  the  portion  FKN  of  the  generating  circle; 
and  consequently  the  area  FyAM  =  FKEF  =  ^  wr*.  Since  also 
AE  =  wr,  the  rectangle  yE  =  2vr«,  whence  i4F£  =  4  wr*:  thus,  Me 
area  A  FA'  of  the  whole  cycloid  is  triple  of  that  of  the  generating  circle, 

VI.  Simpson's  method  for  obtaining  the  values  of  plane  curvilinear 
areas  hy  approximation  is  deserving  of  notice.  In  the  first  place  let  us 
investigate  the  area  of  a  small  segment  CEM  [fig.  51^  of  any  curve 
referred  to  the  axes  Ax,  Ay.  At  the  middle  point  K  between  the  ordi- 
nates  CB,  PM,  draw  the  ordinate  KE ;  we  may  then  very  fairly  con- 
sider the  arc  CEM  as  being  that  of  a  parabola  of  which  the  vertex  L 
corresponds  to  the  middle  point  /  of  the  chord ;  and  the  area  therefore 
is  CEMI  =...  4  CM.LL  But,  denoting  the  angle  MCH  formed  by 
the  chord  CM  with  Ax  by  «,  the  rectangular  triangles  LEly  MCH 
give  LI^ EL  cos  a,  CM^CH.  cos  a  ;  wheace  CEMI  =  i  JB/ x  CH. 

This  being  premised,  make  BK:=^KP  =  h,   CB  =  y',  KE  =  y", 
PM-ss^tf"  \    then   the  area   CBPM  is  composed  of  the   trapezium 
CjBPif  =  A  (y  +  y")     and    of     CEMI  ^  :^  h,EI  ;     but 
EI^EK^  IG^GK^^i^f--  ^-^  y'"\  smce  /G  =  +  MHx 
consequently,  the  segment  CEMI  =  4  ^  (2/'  —  y'  —  y"')*  and 

the  smaU  area  CEMPB  =  ^h{^t/  +  2f  +  ^f). 

Suppose  now  that  the  plane  area,  the  value  of  which  we  are  in  search 
of,  is  limited  laterally  by  two  parallels,  and  that  we  have  taken  the  axis 
Ax  perpendicular  to  these  lines,  as  in  fig.  138  of  the  1st  Volume.  Draw- 
ing a  series  of  lines  parallel  to  these  and  equidistant  from  each  other, 
the  proposed  area  will  be  cut  into  parts  the  values  of  which  will 
be  given  by  our  formula,  h  being  the  common  distance  of  these  parallels, 
andy,  y",  y...  their  respective  lengths.  Thus,  for  the  succeeding 
areas  taken  2  and  2,  we  shall  have 

and  adding, 
the  total  area  =  4  A  (4.  y'  +  2/  +  y"'  +  2y'''  +  y "^  +  23^'''...  4  yO). 

r 

It  appears  therefore  that,  the  proposed  area  being  cut  by  a  series  of 
parallels  odd  in  number,  and  at  the  same  distance  h  from  each  other, 
we  must  take  two  sums,  the  one  consisting  of  the  lines  of  the  even  ranks, 
which  we  must  double  ;  the  other  of  those  of  the  odd  ranks  /.  from  the 
total  sum  we  must  subtract  the  half  of  the  eahreme  lines,  and  multiply 
the  remainder  hy  ^h:  the  product  will  be  the  closer  approximation  to 
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the  proposed  area^  the  nearer  the  parallels  he  to  each  other,  or  the  lew 
h  be.     And  this  is  the  theorem  of  Simpson. 

806.     We  have  some  remarks  to  make  here : 

1®.  If  the  area  t  be  comprised  between  the  branches  BM^  DK  of  the 
same  curve  [fig.  55],  or  between  two  different  given  curves,  represent- 
ing the  ordinates  PM,  PE  by  Y=.  Fx  and  y  =/ar,  we  have 

BCPM  =  /  Ydx,  DCPE  =  fydx,  whence  BBEM  =  /  (Y-y) dx. 

2^.  According  to  the  infinitesimal  method  []N<*.  762,  SOS^r  t^e  area 
i  may  be  considered  as  the  sum  of  rectangles,  such  as  m  [fig.  SS^^  of 
which  dx  and  dy  are  the  sides ;  dxdy  is  therefore  the  element  of  the 
area  t,  and  this  must  be  integrated  between  the  proper  limits. 

Similarly,  suppose  that  in  the  circle  C  [fig.  543  we  have  taken  any 
element  m ;  its  distance  from  the  centre,  or  Cm  =  r,  and  the  angle 
mCx  =  ^  will  fix  its  position.  The  area  of  this  element  may  be  repre- 
sented by  dr.dO^  the  integral  of  which  relative  to  0  is  Mr ;  and  taking 
this  from  d  =  0  to  0  =s  2«r,  we  have  the  area  of  a  circular  band 
=  2wrdr,  of  which  the  breadth  dr  is  indefinitely  small.  The  int^raT 
of  this  is  vr^ ;  and  taking  it  from  the  centre  C  where  r  =  0  to  the 
circumference  B  where  r  =:  72  =  the  radius  of  the  circle,  we  have  »!?* 
for  the  area  of  the  circle. 

3°.  Wheu  the  area  is  inclosed  between  two  curves  BM^  DE  [fig.  5S}, 
of  which  we  have  the  equations  F=:  Fx,  y  =/x,  we  shall  int^rate 
the  element  m  =  dydx  from  PE  to  PM,  i.  e.  ydx  becomes  (Y  —  y)  dx, 
and  will  be  a  known  function  of  x,  representing  the  element  ME  com- 
prised between  two  ordinates  indefinitely  near  to  each  other.  It  will 
remain  to  integrate  relatively  to  x  between  the  limits  AC,  AP ;  and  if 
the  area  be  included  within  the  circuit  of  a  closed  curve,  {Y  —y)dx 
must  be  integrated  from  the  least  value  of  x  to  the  greatest.  When 
the  area  is  inclosed  between  four  branches  of  curves,  such  as  BM,  BI, 
IK,  KM,  it  is  easy  to  divide  it,  by  straight  lines  parallel  to  the  axes, 
into  parts  the  values  of  which  can  be  obtained  separately  by  means  of 
the  preceding  principles. 

The  opposite  parabolas  AF,  AF'  Qfig.  59]  have  for  equations 
y*  =  ±  2px ;  the  element  m  =  dxdy  being  integrated  relatively  tax, 

from  M'  to  M,  t.  c.  from  —  •?-  to  +  ^ ,  xrf v  gives?^  for  the  area  of 

the  slice  MM',    Integrating  a  second  time  from;  A  to  C,  or  fromyssOj 

the  area  F'AFC  will  be  ^  or  4  xy. 

8p  ^ 


^3^ 
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4*^.  The  ordinate  y  of  the  curve  must  not  become  infinite  between 
the  limiU  of  the  area  [N^.  802]. 

5°.  The  element  ydx  changes  its  sign  along  with  y  or  x,  whence  it 
follows  that  the  area  becomes  negative  when  x  and  ^  are  of  contrary 
signs. 

When  the  cnrve  cuts  the  axis  of  x  between  the  limits  of  the  area, 
we  must  investigate  each  of  the  two  parts  and  add^  since  one  of  them  is 
positive  and  the  other  negative,  and  the  sum  required  must  be  obtained 
without  having  regard  to  this  latter  sign. 

For  example,  let  the  curve  KACD  Qfig.  56]  have  for  its  equation 
yzszx^x^;  then,  the  origin  being  at  A,  AK  =  ^4/  =  1 .  The  area 
t^i^x^^\3i^-^c;  if  it  is  to  commence  at  the  point  B  for  which 
AB  =  \/  4*  we  find  c  =  —  A*  whence  <  =  4-  '*  —  -I  ar*  —  ^;  and  if 
it  is  to  be  terminated  by  ED,  for  which  AE  =:  \/  4,  we  find  ^  =  0, 
which  indicates  only  that  the  areas  BCI,  lED  are  equal  and  of  con- 
trary signs.  In  fact,  it  is  easily  seen  that  BCI  =  .^  =s  —  DIE,  Simi- 
larly the  area  taken  from  liC  to  /  is  nothing,  because  AC1=^^=^  ^KOA. 


807.  To  give  an  application  of  the  formula  [N®.  729]  -/=  i(«y'— y), 

which  serves  for  finding  the  area  r  comprised  between  two  radii  vec- 

tores,  let  us  investigate  the  area  CMO  [fig.  53]  in  the  ellipse  ODC/ : 

b^x 
we  have  ay  +  b^a^  =  a^b^,  y  = ^,  whence 

i7 


abdx 


2y  2V(a«-jr«y 

The  area  r  is  measured  from  a  fixed  radius,  as  CO,  to  the  radius 
CM,  and  the  sign  —  arises  from  x  decreasing  when  r  increases 
[NO.  702]. 

Now  the  formula  [N®.  727]  of  rectifications,  applied  to  the  circle  of 

adx 
radius  a,  gives  for  the  length  of  its  arc  ^,  e2f  = /i  %  ^    %\  *  whence 

i/r  s=  ^  bds  and  r  =  4. 6^,  taking  the  arc  n  between  the  same  limits  as 
r,  via.  X  =:  CO  and  x  sb  CA,  When  6  =  a,  we  have  r  ss  4.  im  ;  thus, 
the  circular  sector  BCO  =  4.  CO  X  arc  BO ;    and  the  elliptic  sector 

IlCO^\b  X  arcJ50  =  -  x  OCB. 

a 

For  the  hyperbola  MN  [fig.  52],  we  have  xys^m^,  whence  i^sss— ^ 
an^  dr  =  —  ydx,  r  =  —  f  ydx :  consequently  any  hyperboUc  sector 
CAM^  CBPM. 
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806.  When  the  co-ordinates  are  polar,  [[fig.  25'],  we  have  ^N^  ?^[| 
dr  =1^  r^dB.     Thus,  in  the  spiral  of  Archimedes  [[N^  472]|,  for  which 

2vr  =s  aO,  we  find  r  =  -  /  r'rfr  =  -.  --  -|-  c.  For  the  area  ^40/  ge- 
nerated by  an  entire  revolution  of  the  radius  vector  AM,  the  integral 
must  be  taken  from  r  =  0  to  r  =  a ;  and  we  thus  obtain  AOI  =  4-ira's= 
the  third  of  the  circle  the  radius  of  which  is  ^/. 

When  the  integral  is  to  be  extended  beyond  0  =  360^,  it  must  be 
taken  into  consideration  that  this  second  area  contains  the  one  which 
we  have  just  obtained,  as  in  N".  806,  5°. 

809.  Let  us  now  give  some  examples  of  the  formula  QN*.  727]  of 
rectification,  *  =  /  V(dx^  +  df). 

I.  For  the  parabola,  ^' =s  2par  gives 

ydy=pdx,s=^i  -^Vif-^f); 
and  this  integral  is  [N**.  773] 

If  the  arc  s  commence  at  A  Qfig.  51],  y  =  0  gives  ^  =  0;  whence 
we  deduce  c  =  —  -^  pip ;  and  consequently 

II.  For  the  second  cubical  parabola  y^  =  ox^  we  have 

,=/rfyv(l+|)=/r«l/(l+|;)'+c. 

Generally,  y  =  ax"  represents  the  whole  species  of  parabohis  or 
hyperbolas,  accordingly  as  n  is  a  positive  or  negative  fraction;  and 
hence  we  obtain  *  =  /(fx  >/(!  +  »*«*a:**~^).     Whenever  therefore 

[N®.  776]  2  (n  -  1)  is  exactly  contained  in  1,  or^r; rr-  +  4-  is  an  in- 

J  (»  —  J ) 

teger,  we  shall  have  the  arc  j  in  a  finite  form. 

III.  For  the  circle,  accordingly  as  the  origin  is  at  the  centre  or  at 
the  extremity  of  the  diameter,  we  have  y^^^r"^^  x*,  or  y*  =  2rx  —  x*; 

/rdx 
— .     Substituting  for  y  its  value 

in  terms  of  x,  it  appears  that  the  integration  can  be  effecied  oaly  by  a 
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aeries  [N^  800^  or  by  circular  arcs,  which  brings  us  back  to  the  point 
whence  we  started. 


IV.  For  the  ellipse,  a  V  +  **«*  =  «***  gives 


making  oe  =  >/  (a*  —  b*),  so  that  e  denotes  the  ratio  of  the  eccentricity 
to  the  semi-major  axis.  This  expression  can  be  integrated  only  by  a 
series ;  and  the  operation  must  be  so  disposed  as  to  render  the  series 
oonveigent.     Thus,  we  might  develop  QN*>.  485,  11]  \^{a*  —  e^j^). 

Or,  otherwise,  make  the  arc  OB  Qfig.  53]  of  the  circumscribed  circle 
=  0,  then 

whence 

*=  -  afdB^il  -.«*cos*d); 

and  we  shall  therefore  have  to  integrate  a  series  of  terms  of  the  form 
A  cos*"Md  [N«.  796].  The  arc  OM  will  thus  be  made  to  depend,  by 
means  of  a  series,  on  the  corresponding  arc  OB  of  the  circumscribed 
circle.  The  rectification  of  the  hyperbola  leads  to  a  similar  calcula- 
tion. 

V.     In  the  cycloid  [fig.  23],  the  origin  being  at  F,  we  have  QN*. 
723,  VI] 

No  constant  is  required  when  the  arc  s  commences  at  F.      But 
iV/(2ry)  =  KF;  and  consequently  FM  =  twice  the  chord  KF. 

810.  If  the  co-ordinates  are  polar  ^N".  729],  we  have  dff=  y/  (r^rffi'+dr'). 
Thus,  the  spiral  of  Archimedes,  for  which  2«r  =:  aO,  gives 


8 


=f-?V(^.+"> 


This  expression  being  compared  with  that  for  the  arc  of  the  parabola, 
it  will  be  seen  that  the  lengths  of  the  arcs  of  these  curves  are  equal, 

when  r  is  the  ordinate  of  the  parabola,  and  -  the  parameter. 

In  the  logarithmic  spiral  UN*.  47i]  0  =  /r ;  we  find  *  «  fdr  \^2  = 
vox,.  II.  2  B 
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r  \/2  H-  c :  if  the  arc  comtDence  at  the  pole,  c  =  0,  and  we  have  »  ■«:  r^/^. 
Thus,  though  the  curve  do  not  arrive  at  its  pole  except  after  an  infmite 
number  of  revolutions,  the  arc  ^  is  finite  and  equal  to  the  diagonal  of  the 
square  constructed  on  the  radius  vector  which  terminates  it. 

See^  for  the  curves  of  double  curvature,  what  has  been  said  in 
N^  751. 


SURFACES  AND  VOLUMES  OF  BODIES. 

811.  The  volume  r  and  the  surface  ti  of  a  body  of  revolution  about 
the  axis  of  x  are  obtained  QN*.  752]]  by  integrating 

We  annex  some  applications  of  these  formulae. 

I.  For  the  ellipse,  recurring  to  the  value  of  ds  [N*.  809,  IV],  we  find 

The  Ist  gives  v  =  »&•  f  ar—  ■—  +  c]  :  if  the  vertex  be  one  of  the 
limits,  c  =s  —  -fa ;  and  if  z  therefore  be  the  altitude  of  the  segment  of 
theellipsoid,  or  x  =r  a  —  2,  the  volume  =  -— -  (8«  —  z).  For  the  whole 

ellipsoid,  z  =  2a,  and  we  have  v  ^ss.  ^v&'a. 

Hence  it  follows,  that  1°.  the  volume  of  the  ^here  ac  \  ira' :  2*.  the 
ellipsoid  of  revolution  is  to  the  circumscribed  sphere  :  !  &*  :  a* :  S*.  each 
of  these  bodies  is  the  two-thirds  of  its  circumscribed  cylinder :  4*.  the 
spherical  segment  :=  mz\a  —  4z). 

The  integral  which  enters  into  the  value  of  «  is  evidently  the  area  of 
that  portion  of  the  circle,  concentric  with  the  ellipse,  and  having  the 

radius  -,  which  is  comprised  between  the  same  limits  as  the  generatusg 

arc.     Let  z  be  this  area,  which  is  easily  obtained,  and  we  shall  have 
^mhez 


«  = 


a 


Tctx 

If  the  sphere  be  considered,  we  have  [N*.809,  Illjif  ss  *-^;  wbenoe 

n  =s  f^irrdx.  We  easily  find  2vrz  for  the  suiface  of  the  calotte  or  sone 
of  which  z  is  the  altitude;  and  4vr*  for  the  surface  of  the  whole 
sphere. 
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II.  For  the  parabola  ^*  =  2ax,  we  find 

t;  =  //wax.  dx  =  ifox*  +  c, 

if  the  origin  be  at  the  vertex,  cae  0  and  C  =s  —  a*.    Thus  we  have  the 
volume  and  surfiBoe  of  a  segment  of  the  paraboloid  of  revolution. 

» 

III.  Let^*  =s  oj^;  we  deduce  from  it 

mvx         ,      V*        mirxy* 

This  expression  belongs  to  parabolas  or  hjrperbolas,  accordingly  as  n  i^ 
(KwitiTe  or  n^ative. 

S\2m  The  volume  Fand  the  surface  C/  of  a  body  are  given  by  the 
fotmuLe  [N*.  754] 

r=  ffzdxdy,  V  =  ffdxdy  i/(l  +  p"  +  <?•). 

These  double  integrals  are  to  be  treated  thus :  having  substituted  for 
z,p  and  q  their  values  in  terms  of  x  and  y,  deduced  £tom  the  equation  of 
the  proposed  surface  |[N*.  747]]»  we  must  integrate,  considering  x  ot  y 
as  constant,  accordingly  as  one  or  the  other  promises  more  simple  calcu- 
lations; and  we  must  then  have  regard  to  the  limits  whidi  are  fixed  by 
the  question. 

For  example,  if  the  surface  I/,  which  is  required,  is  to  be  oompriaed 
between  two  planes  parallel  u>xz,ysza,y^b,  and  we  have  integrated 
in  respect  to  y,  we  must  take  the  integral  between  the  limits  a  and  b,x 
being  considered  as  constant  We  shall  thus  have  the  surface  MB 
[fig.  49]  of  a  section  of  the  infinitely  small  breadth  dx,  and  terminated 
at  the  two  planes  ME,  NB  that  have  been  spoken  of.  This  1st  integral 
Will  be  of  the  form  fx,  dx,  L  e.  devoid  of  y,  and  only  containing  or.  We 
must  now  integrate  anew,  relatively  to  x,  from  the  least  to  the  greatest 
value  of  that  variable,  and  we  shall  have  the  area  required,  which  has 
thus  been  considered  as  the  sum  of  an  infinite  series  of  similar  sections.   . 

If  the  body  be  terminated  laterally  by  curve  surfaces,  we  shall  have 
to  introduce,  into  the  first  integral,  functions  of  x,  for  die  limit  of  ^,  pro* 
eeeding  in  a  manner  analogous  to  that  of  N^  806.  This  wiU  be  put  in 
a  dearer  light  by  some  examples. 

For  the  qphere  ffig-  57  J  we  have  *'  +  y*  +  a;*  =  r* ;  whence 

2b2 
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We  shall  in  the  first  place  consider  y  as  constant,  and  f*  —  y*  =s  A"; 
whence 


"-//: 


'^'"        rfy,  r=  ffdxdy  V{A'  -  *«). 


A  first  integration  gives,  for  the  former  of  these,  rdy.  arc  ( sin  ss  -r  j. 

But  the  plane  xy  cuts  the  sphere  in  a  circle  Cy,  the  equation  of  which 
is  a:*  4-  y^  =  r*,andin  whidi  the  ahsctssa^lFs  ±  \^{r*  — y*)  =  ±  -4 
is  the  radius  of  the  circle  formed  hy  the  cutting  plane  DmC.  If,  there- 
fore, this  integral  be  taken  from  xsz-^Atox^^AtWe  shall  have 
the  infinitely  narrow  surface  DtnC  of  a  band  parallel  to  xz,  and  traced 
on  the  higher  hemisphere. 

Making,  therefore,  x  =s  -^  A  and  or  =  +  A  in  our  arc  above,  and 
subtracting  the  1st  result  from  the  2nd,  we  shall  have  wrdy,  because  the 
arc,  of  which  the  sine  ^  1,  is  -^w.  Integrating  now  in  respect  to  y, 
which  has  hitherto  been  taken  as  constant,  we  shall  have  «yy  for  the  2nd 
integral,  and  the  limits  being  —  r  and  +  r,  which  are  the  least  and 
greatest  values  of  y,  2irr*  will  be  the  surface  of  the  higher  hemispheie. 

Following  the  same  plan  for  the  volume  ^[p.  34>9},  we  find 

/^{A"  -  a')  <ijr  =  -i  X  >v/(^«  -  ^t')  +  4 ^^arc  fan  =f.V 

Taking  the  limits  —  A  and  +  i4,  as  above,  the  1  st  term  ^sappears,  and 
the  other  gives  -iwA*.  We  must  now,  therefore,  repeat  the  integration  on 
-^(^  *"  y*)  dy,  which  represents  the  volume  of  the  section  DmCE;  and 
we  get  4»(f^  —  iy')*  which,  between  the  limits—  r  and  +  r, becomes 
V  =  •^ ;  and  this  is  the  volume  of  the  hemisphere. 

The  element  of  the  volume  Fis  dx  dydz :  we  first  integrate  in  respect 
to  z,  from  the  value  z  of  the  lower  surface,  which  bounds  the  body,  to  thai 
z  of  the  higher  surface,  i.e.  we  substitute  in  zdxdy  these  two  values  of  z 
in  the  form  of  functions  of  x  and  y,  such  as  they  are  found  to  be  from  the 
equations  of  the  two  surfaces;  and  we  thus  have  the  parallelipiped  com- 
prised between  these  surfaces,  and  standing  on  the  base  dxdy.  We  t^en 
integrate  relatively  to  x,  in  order  to  form  the  sum  of  all  the  prisms  which 
compose  a  section,  the  breadth  of  which  is  dy,  and  which  is  comprised 
between  two  planes  parallel  to  xz.  Suppose  that  the  volume  F  is 
bounded  by  a  cylinder  MNg  Qfig.  58],  erected  on  a  given  base  mng;  the 
limits  of  our  2nd  integral  result  from  some  section  Pmn  of  the  body 
made  by  a  plane  perpendicular  to  y;  thus  we  must  take  the  integral 
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from  X  ^  Pot  to  «  ss  Pn,  values  which  are  deduced  in  a  function  of  y 
from  the  equation  of  the  curve  mng,  the  hase  of  our  cylinder.  Let 
t  ^fy  and  Fy  he  these  values ;  we  must  ^uhstitute  them  successively 
for  X  in  the  integral,  and  suhtract  the  results  one  from  the  other.  It 
will  then  remain  only  to  integrate  a  function  of  y,  from  the  least  value 
AB  of  y  to  the  greatest  AC^  these  values  also  heing.  derived  from  the 
equation  of  the  hase^^i^. 
'  Let  us»  for  instance^  investigate  the  volume  of  the  right  cone.  Taking 
its  axis  for  that  of  y,  and  the  vertex  for  the  origin^  the  equation  is 
[N®.  621]  ry  =  2*  -f  a*,  /  being  the  tangent  of  the  angle  formed  by 
the  axis  and  the  generatrix.  Thus,  taking  it  from  the  lower  z  to  the 
higher,  zdxdy  becomes  2»y(l^y*  —  a*)  dxdy,  since  «  ==  ±  >/{^^  ""  *  )• 
The  integral  of  thb  relative  to  x  has  been  gi\%n  above  and  in  p.S^i-,  yvt^ 

x^/il'y*  -  x^y  +  2J^y\  arc  (tan  =  Sj^f^^^  +  c ; 

and  since,  on  making  2^0,  the  equation  of  the  cone  gives  x  =s  ±  ly 
for  the  limits  of  the  body,  we  must  in  this  expression  change  x  into  '—ly 
(which  gives  zero),  and  then  into  +  (y  [whence  we  have  2/^^*.  arc  (tan 
s=  00  )  B=  v/*y] ;  subtracting,  there  results  mJ^y^dy,  which  must  be  inte- 
grated from  y  =s  0,  or  the  vertex,  to  y  =  A,  which  corresponds  to  the 
hase.  Hence,  finally,  the  volume  of  the  right  cone  is  ^itl^h?,  which 
agrees  with  the  known  theorem. 

Similarly,  if  the  limits  of  the  surface  are  determined  by  a  curve  FMNG 
traced  out  on  the  surface  in  question,  we  must  investigate  its  projectioii 
Jg  on  the  plane  xy  [N*.  616],  which  will  determine  a  right  cylinder,  to 
which  exactly  the  same  reasoning  will  apply.  We  shall  therefore  inte- 
grate dxdy  \/(l  +  p*  +  9*)  between  the  limits  specified  above. 

To  give  an  example,  suppose  that,  in  the  plane  xy,  there  are  described' 
two  equal  and  opposite  parabolas  FAE,  FAE  [fig.  59],  the  equations 
of  which  are  y  s=  nx^  ^"  ss  -*  nx,  and  draw  the  parallel  J^i^to  the  axis 
of  X,  AC  being  ==  b.  Also,  conceive  a  right  cone  with  a  circular  base 
to  have  its  vertex  in  the  origin  A  and  its  axis  along  that  of  z,  its  equa* 
tion  being  z  =  k  >/(««  -f  y*)  [N^  621].  It  is  required  to  find  the  conical 
surface  that  is  included  within  the  right  cylinder  erected  on  AMFF'M'. 

The  equation  of  the  cone  gives 

^     Vl^^'+y)         \/(*'  +  y*)        ^ 

so  that  the  element  of  the  conical  surface  is  V(l  +  k^)dxdy ;  its  pro- 
jection is  in  m.    The  integral  relative  to  *  is  V(l  +  A*)  xdy,  which 
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must  be  taken  from  31'  to  M ;  and  we  shall  thus  have  tbe  area  of  tbe 
infinitely  narrow  band  which  is  projected  in  MM\ 

But»  the  equations  of  the  parabolas  give^  for  the  abocisss  of  the  punts 
M,  M',  the  limiu  of  the  integral, 

*  =  -l^\  a?:=+^;  whcnce^iv/O  +it«)dy. 


H  n 


Operatmg  now  for  ^  on  this  first  integral,  there  results-^  V  (1  +^)» 
which  must  be  taken  from  il  to  C,  t.  e,  from  y  s=  0  to  y  =  A.  We  thus 
obtain,  for  the  surfisLoe  required,  g;^  >/(^  +  **)• 

The  application  of  these  principles  to  the  investigation  of  the  centres 
of  gravity  and  of  the  moments  of  inertia  is  highly  remarkable.  fSee  my 
Mec.  N-.  64  and  241]. 


IV.   INTEGRATION  OF  EQUATIONS  BETWEEN  TWO 

VARIABLES. 

SEPARATION    OF  THE  VARIABLES.    HOMOGENEOUS  EQUATIONS. 

813.  We  shaU  now  proceed  to  the  integration  of  equations  of  the  Ist 
order  between  two  variables. 

Let  the  differential  equation  proposed  be  Mdy  +  Ndx  =  0,  which  is 
of  the  1st  order  between  the  two  variables  x  and  y.  It  is  evident  that 
if  the  variables  be  unconnected  with  each  other,  so  that  M  do  not  contain 
X  and  N  be  without  y,  the  integral  of  the  equation  will  be  the  sum  of 
the  integrals  that  are  found  by  the  preceding  principles. 

fMdy  +  fN4x  =  constant 

And  the  same  will  be  the  case  for  every  equation  in  which  we  shall 
be  able  to  separate  the  variables.  The  most  simple  case  is  that  in  which 
M  is  a  function  of  x  alone,  and  Noi  y;  for,  dividing  the  equation  by 
MN,  we  have 

Thus,  rfj:  \/(l  +  y')  -  J^dy  =  0  gives 

dx  ^         dy 
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whence  [N«.  773] 

Kcx)  =  O  +  V(I  +  /)],  and  ex  =  j^  +  ^(l  +  /). 

814.  If  M  =  XF,  i\r  =  X,F,,  X  and  X,  being  functions  of  x,  Y  and 
}^^  functions  of  j^j  we  have  XYtfy  +  XjYjdx  s=  0;  which  ^yes,  divid- 
ing by  XY^ 

Y  X 

•y   rfy  +  jj^'^  =  0. 

815.  The  separation  of  the  variables  is  also  possible  in  the  equations 
that  are  homogeneous  [N^.  322^  in  i^pect  to  x  and  i/.  Let  m  he  the 
degree  oi  each  term  Ax^T^y  or  m  ^  A  +  A ;  dividing  the  equation  by  a:*, 

the  term  A^ii^  becomes  Ay-]   =  A^t  making  «  =  -.      It  appears, 

therefore,  that  M  and  "S  will  become  functions  of  z  alone,  so  that  if  the 
equation  Mdy  -j-  iV(ix=0  be  divided- by  3f,  we  shall  have  d^  +  Zdx^O. 
Bat  if^xz  gives  £^  a?  x<2z  -f-  zdx;  whence  xdz  -^  {s  -jf  Z)  dx  ^s  0 ; 
and  consequently 


dx 

X 


+  ^  =  °'""^^  +  /7T2  =  °- 


I.  Let  us  take,  for  our  first  example,  (ax  +  ^^)«?^  +  CA  +  S!/)^^  ^^  ^' 
Dividing  by  ox  +  ^y^  we  shall  find 

d„  +f±^dx=0;  whence  ^  + («+,»'')'fe  . q^ 

an  equation  easily  integrated ;  and  we  must  then  substitute  ^  for  z^ 

x 

Thus,  yrfy  +  (x  +  %)  rfx  =  0,  since  a  =  0,  5  =0^  =  1,  g  =  2,  gives 

L -—  =  0 ;  we  add  dz  to  the  numerator  of  the  2nd  term, 

ar        z*  -I-  z  +  I 

which  becomes  -7-; rr  or  ;"         :  and  we  then  have  to  iatecrate 

(l+z)«        1+z'  ^ 

dx  ,       da  dz 

x^l+z       (l+z)« 

whence  lipx)  +  /(I  +  z)  +  |--r-  =0, 

1  X 

or        t c(«  +  ax)  =  ±  -  rr?  ^^^^  "^ ^^'^  ^T+y^^ 
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II.  For  ay^dy  +  (x*  +  6y»)  dx  =  0,  we  have 

III.  Let  xdy  •—  ydx  ss  dx  ^ [x^  +  t/*) :  assuming  y  =  xz,  and  divid« 
ing  by  x,  we  find 

dy  —  zrfx  =  dx  ^(I  +  ^*)»  whence  —  s= 


the  integral  of  which  [N".  773]  isx  =  cz  +  c>/(l+  z*),  or 
x*ssscy-fc>/(x*-f  ^*),  which  istfeduced  to  a;*  s=  2cy  +  cS  by  trans- 
posing cy  and  raising  to  the  square. 

IV.  What  is  the  curve  of  which  the  area  BCMP  [fig.  51^  is  equal  to 
the  cuhe  of  the  ordinate  PM,  which  terminates  it>  divided  by  the  abscissa, 
and  this  for  each  of  its  points,  commencing  from  a  fixed  ordinate  BC} 

From  /ydx  =  -,  wededuoe^by  differentiation,  (x*y+y')<fa:=  Sxy^dy; 

X 

dx         ^zdz 
making^  s  zx,  we  find  (p.  837]  —  =  ". — ^-r;  whence x*( I— Sz^^sc, 

X        1  —  zz^ 

and  lastly 

816.  Every  equation,  therefore,  that  can  be  rendered  homogeneous 
will  be  integrable.    Thus,  for 

{ax  +  by  '\-  c)dy  +  {mx  +  ny  +  p)  dx  =  0, 
Tve  shall  assume 

ax  +  by-^csszz,mx  +  ny-\'p^t; 
whence  adx  -f  bdy  =  dz,  tndx  -f  ndy  =  di ; 

and  consequently 

,         mdx  ^adl    .        bdi-^-nd 
dy  =  — r — -,  dx  = 


mb  '^  na  mb~^na  * 

and  the  proposed  equation  now  becomes  homogeneous, 

zdy  +  tdx^  0,  or  (wz  —  nt)  dz  +  {bl  ^az)di:=s  0. 
When  mb  -^  na^O,  this  calculation  is  no  longer  possible ;  but  in  that 
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oue  m  i^  ^,  and  the  proposed  equation  is 

bcdif  +  bpdx  -f  (ax  +  6y)  {bdy  -f  ndx)  =0; 

in  which  the  variables  are  separated  by  making  ox  -4*  &y  =  v^  substitute 

dv  ^  mix 
ing  this  value,  and  dif  s=  ._..  ^  ^c. 

817.  Let  us  now  consider  the  linear  equation,  or  the  one 

dif  +  Pydx  =  Qdx, 

in  which  ^  is  of  the  1st  degree,  and  P  and  Q  are  functions  of  j::  we 
shall  assume  y^^zt,  whence 

« 

zdt  -f  tdz  +  Pztdx  =  Qdar; 

and  since  we  may  dispose  arbitrarily  of  one  of  the  indeterminate  quantities 
z  and  ty  we  shall  equate  the  coefficient  of  s  to  zero ;  when  we  have 

dt  +  Pidx  =  0,  <rfz  =  Qdx. 

dt 
The  first  of  these  gives  ■-  =  —  Pdx,  whence  tt  =»  ~  fPdx  =  —  «, 

and  since  Pdx  does  not  contain  ^,  its  integral  u  will  easily  be  obtained. 

We  consequently  have 

« 

ft  =  -  tt  +  fl,  or  <  =  c-«+«  =  c*e-"  =  A^^, 

assuming  the  constant  e"  =  il.     Substituting  this  value  in  tdz  ^  Qjix* 
we  have  Adz  =  Qe*dr ;  whence 

Az  =s=  fOfi^dx  +  c. 

Q  and  »  are  known  functions  of  x,  and  having  obtained  the  integral 

fQjg^y  we  must  replace  Az  by  its  value  -~  or  ^c",  which  will  finally 

give 

^c*  =  fQi€^dx  +  c,  where  u  =  fPdx, 

It  follows  from  this  calculation  that  it  is  unnecessary  to  add  a  constant 
a  to  the  intend  fPdx  ss  «. 

Take,  for  example,  dy  +  ^d!x  =  aa^dxi  we  have 

P=  1,  Q=sfl4:»,  tt  =/Pdar  =  4r, 
/Qc«<ir  a=  fas^e^dx  :=  ae«(x*  —  3x"  +  6j?  —  6)  i 
and  therefore        y  s  c^r*  +  fl{a:*  —  3x«  +  6x  —  6). 
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For  the  equation  ( I  +  x*)  rfy  —  i^xdx  =  adx,  we  have 

and  therefore  e»  =  (1  4.  a:')-*  [See  N<>.  U9,  12«]  ; 


(I  +  x«)* 


/Qe^^=|    -^^^=-r=^(i^^>)+^[P>3i7]; 


and  lastly  ^  =  or  +  c  ^{l  +  x*). 

818.  We  shall  conclude  with  the  discussion  of  the  equation  of 
Riccati,  so  called  because  that  mathematician  was  the  first  to  direct  his 
attention  to  it : 

dy  +  btjl^dx  =s  (u^dx, 
P.  If  wr  =  0,  we  hare  [jp.  1453 

and  therefore 

2*.  If  in  is  not  s  0,  we  assume  y  =  iT^sT^  +  zx~^j  when  we  find 

x'rfz  +  62*cix  =s  aa^'^^dx ; 

this  transformed  equation  is  homogeneous  when  nt  =  —  2,  and  is  inte- 
grated by  separating  the  variables,  if  m  =s  —  4s, 

3*.  In  every  other  case,  make  z  s:  /^',  x*+^  =  »;  then,  supposing 
that 

w  +  8'  OT4-3'  w  +  3' 

we  have  this  equation,  similar  to  the  one  proposed, 

di  +  Vedu  =  fl  Vdw  ; 

which  we  can  therefore  treat  in  the  manner  above,  and  integrate  when 
»  s=  —  2  or  —  4. 

And  if  II  be  not  —  2  or  —  4,  by  efiecting  similar  transformations, 
and  repeating  the  same  processes,  we  shall  arrive  at  equations  of  the 
same  forms  as  the  one  proposed,  having  for  the  variable,  on  the  2nd 

side,  an  exponent  successivelys ^,  —  ,  —  ^ — -,  i.  <?•  this 

111+3         »-t-a        p-|-t> 
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^xpcment  is 

_  _  m  +  4        Sm-\-  8  _  Sfn  +  12        7m  +  16 
~       m  +  3'       2»i  +  5'        3«»  +  7  '  ""  4fn  +  1>'" 

Let  one  of  these  fractions  be  0>  or  «  2^  or  —  4,  and  the  integral 

—  4i 
will  be  easily  found ;  viz.  we  must  have  m  ^  a-  ^  .>  t  being  any  po- 
sitive integer,  or  zero. 

If  we  had  commenced  with  making  y  ^s:f\  jd^"^^  ^  z,  in  the  pro- 
posed equation,  the  same  calculation  would  have  brought  us  to  the 

-4i 
conclusion  that  the  integration  was  possible  when  m  =  -.      ■■  :      thus 

At  "T"  1 

* 

—  4t  * 

m  =  6'  ^  I  ^  ^^^  condition  of  int^;rability  of  Riccati's  equation. 


ON  THE  FACTOR  PROPER  FOR  RENDERING  A  FUNCTION 

INTEGRABLE. 


819.  The  equation  Mdy  +  Ndx  =  0  does  not  always  result  imme- 
diately from  the  differentiation  of  an  equation  f(x,  y)ssO;  for,  we 
may,  after  this  operation,  have  multiplied  or  divided  the  whole  equation 
by  some  function,  or  have  eliminated  a  constant  ^N^  687^  hy  means  of 
^(x,  y)  =  0,  or  lastly  have  combined  these  equations  in  some  arbitrary 
manner  with  each  other.  The  proposed  equation  therefore  may  not 
in  all  cases  be  an  exact  differentiaL 

Generally,  let  u  ^f{x,  y) :  the  differential  being  du  =  Mdy  +  Ndx, 

the  relation  t-t  =  tt"  ^cre  becomes 
dxdy      dydx 

dM  _dN 
l^^dji ^*^' 

Thus,  whenever  Mdy  +  Ndx  is  an  exact  differential,  the  condition 
(1)  must  beJvi/Ukd  :  and,  conversely,  if  M  and  N  satisfy  the  ctmdUiim 
(1),  Mdy  +  Ndx  is  an  exact  differential  which  it  will  always  be  poS" 
sible  to  integrate. 

To  demonstrate  this  converse  case,  let  Mdy  be  integrated  consider- 
ing X  as  constant,  and  let  P  be  the  integral,  a  known  function  of  x  and 

dP 
y,  which  results  from  fMdy,  taken  relatively  to  y  alone,  or  Af  =  -^• 

Taking  for  the  arbitraiy  constant  a  quantity  X,  which  may  contain  x, 
we  shall  have  P  +  X  for  the  integral  of  Mdy  relatively  to  y ;  and  it 
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is  now  to  be  proved  that  P  +  Xib  also  the  integral  of  Mdy  +  Ndx, 
when  the  equation  (1)  ib  satisfied. 
The  complete  differential  of  P  +  X  is 

"^^ dx  +  ^ dtf  +dXoT^^dx  ^  Mdtf  +  dX; 

whence  it  follows  that  P  +  X  will  be  the  integral  of  Mdy  +  Ndx 
(which  will  consequently  be  an  exact  differential),  if  X  can  be  so  de« 
termined  that  this  trinomial  shall  be  =  Mdi^  +  Ndx,  or 

Ndx^^dx  +  dXor  rfX=  (n -  ^W..  (2). 

dP 
But,  differentiating  Af  s  —  in  respect  to  x,  we  find,  by  virtue  of 

the  assumed  condition  (1), 

dM _£P^_dN      dN       ^P  _Q 
dx  ""  dydx  ""  dy        dy      dydx  "" 

or  0  =  if  (^—  -T-J  relatively  to  ^ ;  and  JY—  -j-  is  therefore  a  func« 

tion  of  X  alone,  which  was  the  point  to  be  demonstrated. 

Thus,  the  integral  required  is  P  +  X,  P  being  that  of  Mdy  in  re* 
spect  to  y  alone,  and  X  the  integral  of  the  function  of  x  given  by  the 
equation  (2) ;  and  we  consequently  have  demonstrated  our  converse 
case,  and  have  at  the  same  time  given  a  process  for  the  integration  of 
Mdy  +  Ndx. 

It  is  almost  unnecessary  to  say  that  we  might  equally  have  commenced 
with  integrating  Ndx,  y  being  constant,  and  have  completed  the  inte- 
gral with  a  function  Y  of  y,  &c.  We  shall  prefer  one  course  or  the 
other,  as  seems  most  likely  to  facilitate  the  calculation. 

dx 

I.  Let  it  be  proposed  to  integrate    /m    i  jA\  +  «^  +  ^dy:  here 

M^^y,  N  =     .^         a.  +  a;  and  we  find  P^by^:  thus  by^^X 

is  the  integral  required,  since  the  condition  (1)  ib  fulfilled.  Tlie 
differential  of  6y*  +  X  relative  to  x,  compared  with  Ndx,  gives  [p*  343]. 

rf^=  -///f  .X  +  «rfa:,  whence  X=  ax  +  l.c  [x  +  >/(l  +  x«)]; 
and  we  therefore  have  by^  +  ax  +  Lc  [x  +  ^/(l  +  x')]. 

II.  Sunilarly,fur''i^^±^>+^-$^  +  %Vy. 
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having  ascertained  that  the  equation  (I)  is  satisfied,  we  shall  integrate 
Ndx  in  respect  to  x;  this  will  give 


a  ^(a:«  +  y^)  +  arc  [tan  =  - j  +  F, 


y  denoting  a  function  of  y ;  and  differentiating  this  expression  in  re- 
spect to  y,  and  comparing  the  result  with  Mdy,  we  shall  have 
dY  =  Sb^dy,  whence  Y  =  &y'  -4-  c.  Thus  the  integral  is  obtained  in 
its  complete  form.     Making  a  =  6  s=  0>  we  find 


/ydx  —  xdy  I  x\ 

L_J1  =  arc  (t.n  = -) 


+  c. 


This  integral,  employed  by  M.  Laplace  \Mec*  cd.  t.  i.  p«  6],  is  a 
particular  case  of  the  one  preceding  [See  N®.  704f]. 

III.    We  shall  similarly  find 


/ 


820.  When  M <2y  +  '^^£?<r  does  not  satisfy  the  condition  of  integra- 
bility,  it  may  be  proposed  to  find  whether,  by  multiplying  this  expres- 
sion by  some  function  z  of  x  and  y,  we  can  render  it  an  exact  difier- 
ential.  The  equation  Mdy  +  Ndx  =  0  results  from  the  elimination  of 
a  constant  between  the  primitive  y*(x,  y,  c)  =  0  and  its  immediate 
derivative.  Let  the  two  former  of  these  equations  be  put  under  the 
forms  y  +  X  =  0,  c  =s  f  {x,  y),  which  is  always  aUowable,  K  repre- 
senting some  function  of  x  and  y.     The  derivative  of  c  =  f  (x,  y)  being 

Q 

^'  =  Py'  +  Q  =  0,  we  have  y  +  «  =  0 ;   and,  since  the  constant  c 

no  longer  enters  here,   this  expression  [N^.   6ST}  is  identical  with 

y'+  X,  or  y  +  X  =    ^p   ^  =  p  whence  we  have  f  =  P(v'+  K); 

and  since  the  two  sides  of  this  are  identical,  and  ^  is  an  exact  deriva- 
tive, P  (y'+K)  must  equally  be  one,  which  proves  that  there  is  always 
a  factor  P  proper  for  rendering  iniegrable  the  Junction  y'  -\r  Ky  as  also 
every  differential  equation  qfthejirst  order  between  x  andy. 

Let  us  investigate  this  factor,  which  we  shall  represent  by  z. 

Mzdy  +  Nsdx  cannot  be  an  exact  differential  unless  that 

d{Mz)  _  d(Nz)  fdM      dm_dz  dz 
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This  equation  of  partial  differentials  is  seldom  of  use,  on  aooount  of 
the  difficulty  of  the  calculations ;  hat  some  remarkable  properties  may 
be  deduced  from  it. 

P.  If  the  intend  «  of  z  (Mdy  +  Ndx)  be  known^  the  factor  z  will 

du  ,        du 
easily  be  found ;  for>  comparing -7- ox  4-  *t-  ^^  with  2  {Mdy  +  Ndx), 

which  is  identical  with  it^  we  shall  readily  deduce  2. 

2^.  Multiplying  the  equatbn  <f «  s  z  (  Mdy  +  Ndx)  by  any  fiinctioii 
of  M^  as  ^,  we  have 

^.du  ^  z^ii  {Mdy  +  Ndx)> 

But,  the  first  side  being  an  exact  differential*  the  second,  whidi  is 
identical  with  it,  must  possess  the  same  property;  whence  it  follows 
that  there  is  an  infinite  number  of  factors  z^u  proper  for  rendering 
integrable  any  function  of  x  and  y,  and  that  the  knowledge  of  one 
of  these,  as  z,  will  suffice  for  obtaining  an  infinite  number  of  others 

Z.^tt. 

8*.  If  the  factor  z  contain  only  one  of  the  variables  x  and  yt  it  is 
easily  found  ;  for  let  2  be  a  function  of  x  alone,  then  the  equation  (3) 
reduces  itself  to 


dz  _  dx  jdN      dM\ 


nX  n.9!.  

since  j-  ^  ^^  &nd  x  ^  ^^  longer  a  partial  differential.    The  integration 

of  this  equation  wiU  give  i!^ ;  for  the  hypothesis  requires  that  the  2nd 
side  be  independent  of  y ;  this  will  in  fact  be  self-apparent  if  the  sup- 
position be  a  legitimate  one 

Similarly,  if  z  be  a  Ainction  of  y  alone,  we  have 


dz_dy  /dM  _  dL 
z^N  {'d^ 


'^-  <«•■ 


and  the  2nd  side  must  be  independent  of  ar*  It  will  be  observed  that, 
in  the  equations  (4)  and  (5),  the  part  included  within  the  parentheses  is 
nothing,  when  Mdy+ Ndx  is  an  exact  differential  |^See  N^.  824>,  6^  and 
828]. 

L    Take,  for  example,   dx  +  (adx  -f  ^dy)  s/(l  +  «*)saO;   the 
condition  of  integrability  is  not  fulfilled,  since 

4N      dM  Qbyx 

dy'^  dx  ^^  ^{\\x^y'  ♦ 
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but  this  quahtit^j  divided  by  M  or  26y  v'Cl  +  x%  gives  for  tbe^quo* 

tient  this  functicm  of  x, ;  and  the  equation  therefore  can  be  ren- 

1  +  a;* 

dered  integrable  by  means  of  a  factor,  which  will  be  a  function  of  x. 

The  equation  (4)  gives 


Iz 


rJx 


and  consequently  z  =  //^  i  ^gy  The  proposed  equation  then  takes 
the  form  which  has  been  treated  of  in  N*.  819.  1. 

II.  The  linear  equation  dy  -|-  Pydx  =  Qc^x  gives  -= -r-  =  P, 

cry         dx 

90  that  the  condition  (1)  is  not  fulfilled ;  but  this  function  P,  divided 

dz 
by  M  =  1,  gives  a  function  of  x ;  thus  —  =  Pdx,  whence 

z 

Iz  =  fPdx  =s  «,  and  z  =  e»;  and  this  is  the  factor  which  renders  the 
proposed  equation  int^raMe.  It  thus  becomes  c"dy +«*  (Py  Q)dz^sO; 
and  it  remains  only  to  adopt  the  process  of  N^  819.  Integrating  e^dy 
in « respect  to  y,  we  have  «^  +  X,  the  differential  of  which  relatively  to 
X,  compared  with  c*{Pjf  —  Q)  dx,  gives  r/X  =  —  e^Qdx;  and  conse- 
quently the  integral  required  is,  as  we  already  know  [N^  817] 

€*y  =  /  Qe*dx  +  c,  where  «  =  /  Pdx. 

III.  Similarly,  x^dy  +  f  ^x^^  —    /n  — "gO  ^  *=  ^  &^^  Iz^lx; 

so  that  the  proposed  equation  must  be  multiplied  by  x  in  order  that  it 
may  be  integrable :  we  finally  find,  for  the  integral, 

^!f  +  ^(1  -  x8)  =  c. 

IV.  The  factor  proper  for  tendering  the  homogeneous  functions 
int^mUe  is  easily  f^ad.  Let  m  be  the  degree  ^N^  822^  of  such  a 
function  F  of  the.  variables  x,  y...;  if  these  variables  be  replaced  by. 
lxyly...,l  being  any  number  whatever,  F  will  become  ^F;  and  making 
/  =  1  +  ^,  it  becomes 

(1  +  KTF  =  F(\  +  mA  +  w.  2^  A2...). 

On  the  other  hand,  x,  y...  are  become  x  +  Ax,  ^  -f-  /ly...,  and  the 
function  F  of  (x  +  Ax),  (y  4-  Ay)if>  developed  according  to  the  theorem 
of  N*.  703,  becomes 
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Comparing  the  similar  powers  of  h,  in  these  two  developments, 
we  find 

rf»P  (f'-F  d^F 

821.  To  apply  this  theorem  to  Mdy  +  Ndx,  M  and  iV  being  homo- 
geneous functions  of  the  degree  p,  let  us  inquire  whether  there  is  a 
homogeneous  factor  z,  which  will  render  zMdi^  +  zNdx  an  exact  differ- 
entiaL  Let  n  be  the  degree  of  z :  since  then  Nz  is  homogeneous  and  of 
the  order  p+  n,  the  property  above  gives 

^    _._    ^\r  d{Nz)  d{Nz) 

but,  by  the  supposition,  -^-7 — -  =       ,      ; 

and,  substituting  this  value  of  the  last  term  of  the  preceding  expresnon, 
there  results 

or  (p  +  7f  +  ]  )iV2  =    *•  ^    "^  7^ y, 

dx 

an  equation  which  is  satisfied  by  making  z  a=  rj —     ^  ;   for  then 

,      ^  ,    3f  Jf/  +  Ndx .    .  ^       , ,  .    ,     . 

Jt>  =  —  »  —  1  •    Consequently     ,/    . — r^ —  is  mtegrable ;  and  the  in- 

My  +  iVj: 

tegration  presents  no  farther  difficulty  [N<>.  819]. 

We  find  that  jrrfy  -  rfar  [y  +  >/  (x»  +  y«)]  =  0  requires  to  be  divided 

dy  * 

hj  x^/{x^  +  y^) ;  ^'' — ^  being  then  integrated  in  respect  to y,  we 

have  l[jf  +  >/(j?«  +  y*)]  CN^.  773];  adding  X,  differentiating  in  respect 
to  x,  and  comparing,  there  results 
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thus  X  =  /a  —  Ix',  and  the  integral  required  is 

as  in  N^  815,  III. 

822.  It  is  sometimes  found  necessary  to  differentiate,  relatively  to  y, 
functions,  such  as  u  =  fMdx,  which  are  affected  with  the  sign  of  inte- 
gration in  respect  to  x ;  and  we  then  differentiate  under  the  sign  y.  In 
fact,  since  we  have 

du  ^  dr-u   _   d^u    _  did 

dx  '  dydx       dxdy       dy 

,  .  .      .  t^  ^  du        CdM  , 

and  integrating  m  respect  to  x,  we  find  —  =   I  -r—  dx. 


ON  PARTICULAR  OR  SINGULAR  SOLUTIONS. 

823.  Suppose  that  there  he  given  a  differential  equation  F  =  0,  which 
has  for  its  complete  integral  J\x,  ^>  c)  =?  0,  c  heing  the  arhitrary  con- 
stant. The  immediate  differential  of  this  equation  will  be  Pdy  +  Qdx^=0; 
and  the  proposed  equation  must  result  from  the  elimination  of  c  between 
the  two  latter  [N®.  687].  And  so  long  as  these  two  continue  the  same, 
the  elimination  of  c  between  them  must  lead  to  the  proposed  one  V  =^0, 
whatever  be  the  value  assumed  for  c,  in  the  two,  even  though  c  should  be 
a  function  of  x  and  y :  this  is  manifest  Now,  differentiating^*  in  respect 
to  X,  y  and  c,  we  have 

Pdy  +  Qdx  +  Cdc  =  0, 

which  is  reduced  to  Pdy  +  Qdx  r=  Q,  by  assuming  Cdc  =  0 ;  and  tliere- 
^  fore  every  value  of  c,  which  satisfies  this  condition,  changesy=  0  into 
'^^  an  equation  S  =  0,  such  that  the  differential  is  still  Pdy  +  Qdx  =  0  : 
the  elimination  of  c  between  the  equations  Cdc  =  0,  ^  ==  0  will  give 
back  the  proposed  equation  ^  =  0 ;  and  consequently  iS'  =  0  is  a  rela- 
tion between  x  and  y  which  satisfies  the  equation  F  =  0,  and  is  an  in- 
tegral of  it. 

But  Cdc  =  0  gives 

P.  dc  =  0,  c  tes  const.,  and  the  function y*  remains  the  same. 

2**.  C  =  0  may  give  a  constant  and  determinate  value  of  c ;  and  f 
then  becomes  a  particnlar  integral,  which  offers  nothing  remarkable : 
VOL.  II.  .  '2c 
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this  IS  a  case  included  in  the  one  preceding^  a  specific  value  being  taken 
for  c. 

■ 

3°.  C  does  not  contain  c,  when  c  enters  in to^  only  in  the  1st  degree  ; 
and  we  cannot  then  assume  0  =  0,  this  equation  not  being  capable  of 
giving  a  value  of  c ;  or  rather  C  =  0  gives  a  particular  integral,  which 
corresponds  to  c  s^  od. 

df 
V.  C  =  0,  or  -~-  =  0,  may  give  for  c  a  variable  function,  c  =  p{x,y) ; 

and  ^  being  substituted  for  c  in /*=  0,  we  shall  have  an  equation  *S'  =  0, 
the  differential  of  whidi  will  still  be  Pdv  •\-  Qdx  =  0,  on  ^  being 
eliminated. 

Generally,  S  is  not  comprised  mj\x,if,  c),  since  c  cannot  there  receive 
anyk  but  constant  values,  whereas  c  is  now  become  variaUe.  Conse- 
quently, the  equation  5  =  0,  which  does  not  contain  any  arbitrary  con- 
stant, offers  a  relation  between  x  and  y,  which  satisfies  the  proposed 
equation  F  =  0,  whilst  at  the  same  time  it  is  not  included  in  its  general 
integral ;  and  this  is  what  is  called  a  singular  Qr  particular  SoUttion. 

For  example,  the  elimination  of  the  constant  c  between  the  equation 
y«  —  2cy  -f-  or*  =  c'  and  its  derivative  gives  QN®.  687] 

(*«  —  2y2)  ^'2  —  ^xyy'  —  x^  =  0 : 

but  if  c  be  considered  as  the  sole  variable  in  the  primitive  equation,  we 
shall  have  c^=  ^  y,  which  will  change  it  into  x*  -f  2y^  =  0.  It  may 
easily  be  ascertained  by  trial  that  this  equation  satisfies  our  differential 
equation,  though  it  is  not  included  in  its  integral. 

Similarly,  x^  —  9,cy  —  6  —  c*  =  0  has  for  its  derivative,  after  the 
elimination  of  c, 

y2(x2  —  6)  —  2xyy'  =  x«. 

The  derivative  relative  to  c  alone  gives y  -f  c  =  0;  whence  «:  =  — y; 
then  x^  4-  2/'  =  ft ;  and  this  is  the  singular  solution  of  our  derivative 
equation. 

The  equation  y  =  x  +  (c  —  1  )*  */x  gives  C  =  2(c  —  1  )>/x  =  0  ; 
whence  c  =  1 ,  then  y  =  x,  a  particular  case  of  the  complete  integral ; 
and  which  therefore  is  not  a  singular  solution.      This  corresponds  to  2*^. 

Lastly,  the  equation  y^  -\-  x^  -=  9cx  gives  C  =  2x  =  0,  which,  not 
containing  c,  gives  only  a  particular  integral  relative  to  c  =  od  [^See 
case  3®]. 

824*.  We  shall  here  make  some  remarks. 

l*.  The  singular  solutions  must  be  investigated  with  as  much  care  as 
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the  complete  integnds,  since  they  may  contain  the  true  solution  of  the 
problem,  which  has  led  to  the  differential  equation  that  has  been 
integrated. 

df 
2®.  The  equation  j^  =  0  expresses  the  condition  \hAtf{Xiy,  c)  =  0 

may  have  equal  roots  relative  to  c  [N*.  524].  If,  therefore,  by  means  of 
the  singular  solution,  we  get  quit  a£  x  or  y,  the  complete  integral  of  the 
resulting  equation  will  have  equal  factors.  Thus,  in"  our  1st  example, 
if  we  make  x^  =  —  2y^,  the  proposed  equation  becomes 

5^«  +  %  +  c«  ==  (j^  -h  c)«  =  0. 

S*^.  Since  the  constant  c  is  arbitrary,  the  complete  integraiy(x,  y,  c)=sO 

may  be  considered  as  the  equation  of  an  infinite  number  of  curves,  qf 

which  the  parameter  c  is  alone  different     If,  therefore,  we  assign  to.  c 

all  the  values  possible,  these  consecutive  lines  will  cut  each  oeher,  two 

and  two,  in  a  series  of  points,  the  system  of  which  will  fafm  a  eurre 

that  is  a  tangent  to  each  of  the  lifies.     The  equationy(a:,  ^,  c)  «>  0  be^ 

longs  to  one  of  our  curves,  and  also  to  the  curve  which  t«>uchos  ^xem  all ; 

only  c  is  constant  in  the  1st  case,  whatever  x  and  y  be,  whilst  in  the  2nd, 

r  is  a  variable  function  of  the  co-ordinates  of  the  point  of  contact.     The 

tangent  at  this  point  is  the  same  for  both  curves;  and  therefore  y,  by  which 

this  tangent  is  determined,  must  preserve  the  same  value,  whether  c  be 

constant  or  variable  in  [fi^,  y^c^^^Q;  whtoce  it  ibtiows  that  if  c  be 

eliminated  between  y*=  0  and  y  =  0,  the  resulting  equation  in  x  and 

y,  i)vhich  is  the  singular  solution,  belongs  to  the  line  of  contact  of  all  the 
curves  included  hi  the  complete  integpal  [See  N^  765]« 

4**.  The  equation^l^a?,^,  c)  =0  being  resolved  in  respect  to  c,  let 
c=^Kj:,^).  If  ^^9^)  were  substituted  for  c  inf{x,^,  c)=0,  the  result 
would  be  identically  nothing,  as  also  all  the  derivatives  relative,  either  to 
X,  or  to  ^ ;  and  we  therefore  have  [N°.  672] 

df      df  dc      ^     ^        dc  if      df 

jtL |-  ~.  —  =0  whence  —  =  !  —  : 

dx      dc  dx        '  dx  -dx  '  dc' 

thus  -t^  =  0  gives  -7^  =  ao  ;  and  similarly  — -  =  00. 
dc  dx  ay 

This  property,  peculiar  to  the  singular  solutions,  offers  another  method 

of  obtaining  them. 

From  x^  —  2ci/  —  c'  —  &  =  0,  we  derive 

dc  X 


c 


•=-y  +  V(a:^  +  ^^-&),X=^ 


dx  ""  V'(a?^  +  2^''  — *)' 
2c2 
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and  therefore  x*  +  ^*  s  hy  which  renders  this  fraction  ininiite,  is  the 

singular  solution. 

dc      dc 
In  thus  assuming  —  or  j-  =  oo,  it  will  be  requisite  for  us  to  ascertain 

that  the  relation  between  x  and  y,  which  thence  results,  combined  with 
the  proposed  equation,  do  not  give  f  (x,  y)  =  constant ;  for  in  that  case 
we  should  but  have  a  particular  integral. 

5^.  The  singular  solutions  owe  their  existence  to  the  fact  of  tie  equa- 

df 

tion  -J  =  C  =  0  giving  for  c  a  variable  value  c  =  f(x,y):  but  it  is 

possible  that  the  function  ^  may  be  reducible  to  a  constant,  by  virtue  of 
the  complete  integral  yi[a;,  y,  c)  =s  0,  or  that  J*  contain  c  under  the  form 
(£  —  a){c  -^  f ),  so  that  c  =s  f  will  come  to  the  same  thing  withe  =  a ; 
and  in  that  case  we  should  have  nothing  more  than  a  particular  integral, 
as  though  a  determinate  value  had  been  taken  for  c.  Hence,  thai  C  =  O 
*usy  gwe  a  singular  solution,  it  is  incumbent  that  there  do  not  thence 
result  for  c  other  a  constant,  or  even  a  variable/unction  f ,  ij\  when  it  is 
substituted  inf,  the  result  be  the  same  as  though  a  constant  value  had 
been  taken  for  c. 
For  example, 

(^  +  y  —  h)  (y«  -  2ey)  +  {x^  -  &)  c«  =  0  gives 

whence        c  =  ^^^'"^'^'^7"    ^  and  j^(^«  +««-*)  =  0, 

an  equation  which  is  no  more  than  a  particular  int^ral  arising 
from  c  =  0. 

Similarly  c*  —  {x  +  i/)c  —  c  +  x-|-^  =  0  gives 

C  =  2c  — 0?  —  y  — 1=0,  c  =  +(a:  +  y+  1): 

the  proposed  equation,  which  is  equivalent  to  (c  —  1 )  (c  —  «  —  y)  =  0, 
becomes  (j;  4-  y  —  1)^  =  0;  and  thus  we  have  4;  4-  y  =  1«  die  particular 
integral  arising  from  c  3=  1,  after  having  divided  by  c  —  1. 
The  equation  y  =  x  +  (c  —  1)*  (c  —  «)*  gives 

C=(c-x)(c-l)(2c-Jt-  1)=0: 

c  =  1  gives  the  particular  integral  y  =  x ;  c  =  x  gives  the  same  thing, 
and  not  a  singular  solution,  though  c  is  variable. 
^^^^^7'  ^  =  -K^  +1}  gives  the  singular  solution. 

6^.  Let  2;  be  the  multiplier  which  renders  the  equation  ^  +  jK  s  0 
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an  exact  derivative,  so  that  z(y'  +  X)  =  ^'  =s  0  have  for  its  primitive 
^x,y)  =  c :  the  singular  solution  ^  =  0  must  not  he  included  in  this 
equation ;  and  consequently,  if  from  S  =  0,  we  deduce  ^  in  a  function 
of  X,  ^  ^  -^x,  the  substitution  of  this  value  of  y  in  the  function  ^s,  y) 
must  not  reduce  it  to  a  constant ;  and  therefore  its  derivative  ^  must 
not  be  nothing. 

It  appears,  therefore,  that  of  the  two  expressions }/  '\-  K,  and  p'  or 
z(y'  +  J^),  one  must  become  nothing  by  virtue  of  y  ^^  -vl/x,  whilst  the 
other  must  not ;  a  curcumstance  which  cannot  take  place  unless  z  be  in- 
finite. Hence  it  follows,  that  the  singular  solutions  render  infinite  all 
the  factors  proper  for  making  the  proposed  difierential  equation  integra- 
ble ;  or  rather,  ^e  singular  solutions  of  this  equation  are  no  other  than 
the  algebraic  factors,  which  may  be  exhibited,  and  entirely  separate 
from  this  equation  by  means  of  a  suitable  transformation. 

£See  a  Memoir  by  M.  Poisson,  13'  Joum.  Pdyt,  where  it  is  demon- 
strated that  we  can  always  dear  an  equation  of  the  1  st  order  of  its  par- 
ticular scdution,  or  introduce  one  at  pleasure^. 

825.  Suppose  that  ^  =  X  satisfies  a  proposed  equation  y  s  F{x,y), 
X  being  a  known  function  of  x,  and  that  we  have 

X':=^F(x,X). ..{{): 

let  us  look  out  far  a  mode  of  distinguishing  whether  y  =:i  X  is  a  singular 
soUUion,  or  a  particular  integral,  X  not  containing  any  arbitrary  con- 
stant. Let  y  =s  ^{x,  a)  be  the  complete  integral  of  y  =  F^x^y),  a 
being  the  arbitrary  constant :  if  ^  =  X  be  a  particular  case  of  ^  as  >P(x,  a), 
so  that  'if{x,  a)  become  X  when  to  a  we  assign  a  value  b,  it  follows  that 
-^{XfJi)  ^  X  must  be  xero  for  a  =s  & ;  and  consequently  [N^  500]] 

4'(x,  fl)  —  X  =  (o  —  6)"z, 

tn  being  the  highest  power  of  a^^  b,  and  z  a  function  of  x  and  a  which 
does  not  become  0,  or  od,  for  a  =  b-  Let  th^  constant  (a  —  by^  be 
represented  by  c;  then  the  complete  integral  of  y  =  F{x,y)  will  be 

jr  =  X  +  C2  ; 

and  if  this  value  of  y  be  substituted  in  y  =  F{x,y),  the  following  rela- 
tion w^ill  become  identical, 

X'  +  cz'  =  F(x,  X  +  cz). 

But^  on  the  one  hand,  the  development  of  z  according  to  the  ascend*' 
ing  powers  of  c  has  [N®.  698]  the  form  z  =  K+  A<f  +  Be*  +...,  the 


390  INTEGRAL    CALCULUS: 

exponents  a,b,.,  being  increasing  and  poftitive,  and  K,  A,B„,  functions 
of  X ;  for  z  is  not  either  qd,  or  0^  when  c  =s  0.     Henoe 

On  the  other  hand,  the  development  ofF{x,X  -^ez)  must  similarly  be 
F(x,  X)  4-  A^c"2"  +  Mc^z^  +*..  n,m„.  being  increasing  and  positive* 
This  series  is  easily  obtained  ^N^.  706]]^  and  the  numbers  n,  m...  may 
be  considered  as  known,  as  also  the  functions  of  x  denoted  by  N,  M..» 
If,  therefore,  in  this  expression,  we  substitute  for  z  its  devdoped  value, 
we  have,  by  virtue  of  (1), 

+  Mc«(J^  +  Jc- +...)• 

4-  &c. 

The  point,  therefore,  to  be  ascertained  is,  whether  it  is  possible  to  de- 
termine z,  or  rather  the  coefficients  A,  ^...  in  functions  of  x,  and  the 
numbers  a,  6...,  in  such  a  manner  as  to  render  this  equation  identical ; 
for,  if  this  be  not  possible,  ^  =  X  is  a  singular  solution ;  in  the  contrary 
case,  we  have  a  particular  integral. 

Three  cases  present  themselves : 

l\  If  n  >  1,  the  term  K'c  does  not  meet  with  a  similar  one  by  which 
it  may  be  destroyed ;  and  we  shall  therefore  make  K'  =  0,  whence 
K  =  constant.  We  shall  then  assume  o+  1  =n,  i4'=  NK*,  which 
will  determine  a  =  «  —  1,  and  A  =  fNK^dx  ;  and  so  on  for  the  other 
terms.  The  identity  therefore  will  be  always  possible,  and  i^  =  X  will 
be  a  particular  integral. 

2^  If  fi  =  1,  the  case  will  be  the  same ;  for,  assuming  K'  ss  NK,  we 
shall  have  IK  =  fNdx :  it  will  be  easy  then  to  arrange  the  two  sides, 
and  to  compare  the  respective  exponents  and  coefficients  of  the  corre- 
sponding ranks;  which  will  determine  the  exponents  a,b,,.  and  the 
coefficients  K,  A,B.,» 

3*>.  And  lastly,  if  n  <  1 ,  there  will  not  be  found  for  the  term  Nc^K^ 
any  other  that  is  similar  to  it,  since  there  is  no  exponent  of  c  which  is 
<  1  on  the  1st  side :  and  since  K  cannot  be  nothing,  there  will  be  no 
possible  mode  of  satisfying  the  identity :  y  ss  X  will  therefore  be  a 
singular  solution. 

826.  Since  in  tliis  last  case  n  is  <  1,  if,  X  +  C2  being  substituted  for 
V  in  F{x,y),  the  development  of  Taylor  be  fiEiulty  between  the  Ist  and 
the  2nd  term,  i.e.  if  the  derivative  of  jF(x,y)  relative  to  y  be  iufinite 
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[N^.  696^  3*^3'  y  ^^  XhdL  singular  solutian.  And  conversely,  a  value 
y  =  X  wLich  satisfies  y'  =  F(xt  y)i  and  renders  —  infinite^  is  a  singu- 
lar solution,  since  it  gives  to  the  development  of  F{x,  X  +  cz)  the  form 

X'  +  Nc^K"^...,  n  beine  <  1.      Hence  the  condition  -7-  or  --  =  oo. 

d^        dy 

constitutes  the  true  characteristic  of  the  singular  solutions;  and,  in 

order  that  this  condition  may  be  fulfilled,  we  have  seen  [N^.  699,  3"^, 

that,  if  the  function  F  be  algebraic,  it  must  contain  a  radical  wliich  the 

hypothesis  of  y  =  X  causes  to  disappear.     In  the  2nd  of  our  examples 

Qp.  386]  we  have 

^  x^^b  '  dy       j*_6V       VC^  +  y^-^V' 

and   this  last  fraction  is  rendered  infinite  by  the  singular  solution 


827.  //  is  easy,  therefor e,  to  obtain  the  singular  solutions  n>iihout 
knowing  the  complete  irUegral:  for,  having  deduced  the  value  of  ~,  we 

uy 

shall  equate  it  to  infinity,   i,  e»  if  -^  =:  7^  we  shall  make  T  =  0, 

or  r/  =  oc. 

Considering  all  the  factors  of  these  equations,  the  results  which  satisfy 
y^  =  F{x,y)  will  constitute  all  the  singular  solutions. 

For  y  '=,a{y  —  »)*,  we  have  dk{jy  —  n)*~"*  =  00,  which  requires 
that  ^  be  <  1  and y^n\  and  since  the  proposed  equation  is  not  satis- 
fied by  y  ^  n  except  when  k  is  positive,  it  appears  that  it  is  not  sus- 
ceptible of  a  singular  solution  unless  k  be  between  0  and  1. 

(y  —  »)»-* 
The  complete  integral  is  -^^-j 7—  =  aa;  -|-  c. 

It  is  not  necessary,  in  order  to  apply  our  theorem,  that  the  derivative 
equation  should  be  brought  under  the  explicit  form  y'=F(x,y):  for,  let 
/^  =  0  be  the  given  relation  between  x,  y  and  y ;  we  may  consider  \f 
as  a  function  of  x  and  y,  which  this  equation  determines ;  and  thus,  the 
partial  difference  of  jf  relative  to  y  will  be  given  [N®.  672]]  by 

dV  ,  dV  M      ^ 
dy        df  dy 

but,  —-  IS  mfinite  when  -r-;  =  0,  pr  -j-  =  00; 

dy  dy  dy 
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80  that  we  shall  in  this  way  obtain  all  the  singular  solutions.     In  case 

the  function  V  be  alg'ebraic,  rational  and  integral^  this  latter  condition 

will  not  be  possible ;  and  y'  must  then  be  eliminated  between  F  =  0 

dV 
and  --  s=  0.  We  must  also  take  those  lactors  only  of  the  last  equation^ 
ay 

ui.  .  dV     ^dV 

wmch  are  not  common  to  -r-,  and  -;— . 

dy'        dy 

This  method  will  make  known  those  alone  of  the  singular  solutions 

which  contain  y ;  those  which  contain  only  x  do  not  come  within  the 

reach  of  the  rule :  to  obtain  them^  we  must  reason  similarly  in  regard  to 

X ;  and  we  shall  thus  find^  besides  the  solutions  already  known  into 

which  X  and  y  enter^  those  which  do  not  depend  on  y, 

P.  Thus,  (x^  —  2y^)  /*  —  ^xyy'  -  ««  =  0  gives 

differentiating  in  respect  to  y'  alone ;  and  y^  being  eliminated  between 
these  equations,  we  find  the  singular  solution,  which  is  ar*  -V  %*  ^  0. 

2".  Similarly,  xdx  -|-  ydy  =  dy  >/(x*  -h  y*  —  c'), 
or  jr«  +  2xyy'  +  /^(c«  —  x«)  =  0, 

gives  xy  +  y(c'  —  a:')  =  0,  and  «*  +  y«  =  c\ 

S®.  For  ydx  —  xdy  =  ads,  where  ds  =  a^^dx"^  +  dy^),  we  find 

y«  —  a«  s=  2xyy'  +  y'^{a'^  -  *«),  whence  xy  =y(x«  -  a^  ; 

and  y  being  then  eliminated,  we  have,  for  the  singular  soluticn, 

x*  4-  y*  =  a\ 

4".  That  of  y  =  xy'  +  Y',  where  Y'  is  any  function  of  y',  is  obtained 
by  elimmating  y'  by  means  of  x  4-  vr  =  0. 

828.  Since,  without  knowing  the  complete  integral  of  a  derivative 
equation  Fss  0,  we  can  find  the  singular  solutions,  and  the  factor  z, 
proper  for  rendering  the  proposed  equation  integrable,  is  then  infinite 
[N<>.824,6®],  we  can  frequently,  by  means  of  analytical  artifices,  discover 
this  factor  z. 

An  example  taken  from  the  Memoir  of  Trembley  (^Acad.  Turin, 
1790—913  will  suffice  for  giving  an  insight  into  this  mode. 

In  the  3rd  example,  we  have  found  x«  +  y^  —  o'  =  0  for  the  singu- 
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hr  solution ;  and  tlie  proposed  equation,  resolved  in  respect  to  y,  ^ves 

(a«  -  ar«)y  +  xy  =:a  >/(y  +  x«-  ««), 

which  is  evidently  satisfied  by  x*  —  a*  s=  0.  We  shall  now  try  whether 
the  factor  z  has  the  form  (««  —  a'*)"  (a:*  -h  ^  -  a*)",  m  and  n  being 
indeterminate;  for  which  purpose,  we  shaU  multiply  the  equation 
above  by  this  function,  and  assume  the  condition  ( 1 )  f N^.  S\9'\,  when 
we  shall  see  that  it  is  fulfilled  by  taking  m  s=  —  1  and  it  ==  — -  4.;  so 
that  the  factor  which  renders  the  proposed  equation  integraUe  is 

(j.«  -  a«)-'  (x«  +  y«  -  a«)-^ 


EQUATIONS  IN  WHICH  THE  DIFFERENTIALS  EXCEED  THE  FIRST 

DEGREE. 


829.  Let  us  investigate  the  integral  of  F  {x,  y,  y,  y^.«.  y^)  a=  0. 
Since  this  equation  cannot  arise  but  from  the  elimination  of  a  constant 
c  between  the  integral  equation  and  its  immediate  derivative,  into 
which  c  enters  in  the  power  m,  let  e  =  9  (x,  y)  be  the  value  of  this 
constant  deduced  from  the  integral ;  ^{x^  y)^0  will  contain  y  in 
only  the  1st  degree,  and  we  shall  be  able  thence  to  deduce  y'  =  X, 
X  containing  x  and  y  afiected  with  radical  signs :  and  since,  when  these 
signs  are  done  away  with  by  means  of  involution,  we  must  arrive  at 
the  proposed  equation  F  =s  0,  it  follows  that  y  —  X  must  be  a  factor 
ofF. 

We  see,  therefore,  that  if  the  proposed  equation  be  solved  in  respect 
to  y,  and  its  factors  y'  —  X  =  0,  y  —  X^  =  0,. . .  be  integrated,  these 
integrals  will  be  those  of  the  proposed  equation  which  correspond  to  the 
different  values  of  c  =  f  (x,  y).  Let  P  =  0,  Q  =  0,  22  =  0...  be 
these  integrals;  their  products  PQ.  =  0,  PQR  =  0...,  will  also  satisfy 
the  proposed  equation,  for  the  derivative  of  the  product  PQR.,.  being 
P'QiR...  +  P&R...  -h  PQRf...  +  &c.,  each  term  is  individually 
nothing. 

For  example,  yy'*  +  Ix}/  =:  y  gives 

-^±V(y+x«)  whence     ^^' ""  ""    =±1> 
y  —  y  >  wncnce  ^^^^  +  ;c«)       "^  ' ' 

and  since  the  1st  side  is  obviously  QN<>.  769,  IV]]  the  derivative  of 
^/(y*  +  x'),  we  have  for  the  integral 
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830.  There  are  some  case^  iu  which,  by  means  of  artifices  of  calcu- 
lation^ we  can  avoid  the  necessity  of  solving  the  equations  in  respect  to 
y' :  the  two  following  examples  are  instances  of  this. 

I.  Suppose  that  the  equation  contain  only  x  and  y,  and  that  it  is 
easily  solved  in  respect  to  x,  so  that  we  have  x  =  Fy\  Since  dtf^::=i/'dx 
gives  []N<*.  769,  V]  y  =  xy'  —  /  xrf/,  substituting  for  x  its  value  Fy', 
we  have 

y^y'^Fj/^/Fy\dy'; 

and  having  integrated  /  Fy\dy,  which  comes  under  the  Method  of 
Quadratures,  we  must  eliminate  y'  by  means  of  the  proposed  equation 
X  =  Fy\ 

Thus,  for  (I  +  y^)  X  =  1,  we  have 

*     i+y*''^    i+y«    J  1+/=' 

the  last  of  these  terms  is  ==  arc  (tan  :=  y')  +  c ;  and  eliminating  y , 
we  finally  find,  for  the  integral  required, 

^  =  V^ (x  —  x^)  —  arc  f  tan  =  v^ )  +  c. 

.II.  If  the  equation  have  the  form  y  =  y'x  +  Fy',  difierentiating, 
we  get 

dxj^y'dx  +  (^  +  ^/j  ^ify  or  ^x  +  — ,j  rf/  =  0, 

since  dy  =  xfdx :    equating  each  factor  to  0,  there  results  y  =  c  and 

dF 
x-\-  jp  =  0 ;  and  it  only  remains  to  eliminate  y'  between  the  proposed 

equation  and  one  or  other  of  the  two  last.  The  latter  of  them  gives 
only  a  singular  solution  [N®.  827,  4®] :  the  1st  leads  to  the  complete 
integral  y  ==  ex  +  C,  denoting  by  C  what  Fy'  becomes  when  y  is  re- 
placed in  it  by  c,  or  C  =:  Fc 

Thus,  ydx  —  xdy  =  a-v/(<fjc'  +  </y)  comes  under  the  form 

^=yx  +  aV(l+y^); 
whence 

the  1st  gives  for  the  complete  integral  y  =  ex  -\-  a^(l  +  c') ;  the 
2nd  leads  to  the  singular  solution  y^  +  x^  =  a^,  when  we  thence  de- 
duce the  value  of  y^  in  order  to  substitute  it  in  the  proposed  equation. 
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ARBITRARY  CONSTANTS  ;    INTEGRATION  OF  DIFFERENTIAL 

EQUATIOIJS  BY  MEANS  OF  SERIES,    AND  THE 

CONSTRUCTION  OF  THEM. 

831.  Recurring  to  the  series  of  Maclaurin  [[N**.  706],  it  gives 

in  which  f,f,f"»  are  the  constant  values  assumed  hyfx,fx,/"x.„ 
when  we  make  a;  =  0.  If  now  the  given  derivative  equation  he  of  the 
Ist  order,  we  can  thenc^  deduce  j/,  y,  y'"...  in  functions  of  y  and  x, 
hy  means  of  successive  derivations ;  and  since  x  =  0  corresponds  to 
y  ssfy  ]£  these  two  values  he  substituted  in  y^,  }f'**'i  we  shall  have 
those  of/',/"...,  and,  consequently,  eveiy  thing  will  be  known  in  our 
series  except/  which  will  continue  arbitrary. 

Similarly,  if  the  given  derivative  be  of  the  2nd  order,  we  can  from  it 
deduce  y",  y...  in  functions  of  x,  y  and  y :  but  x  =  0  corresponds  to 
2^  =/and  \f'^f'\  and  these  values  being  substituted  in  those  of 
^\  y*«'>  our  series  will  become  entirely  known^  except  as  to  the  con* 
stants/and/'  which  are  any  whatever. 

And  so  on  for  the  higher  orders. 

This  mode  of  integration  cannot  be  employed  when,  on  making  x^rO, 
we  meet  with  infinity  in/x,/'x,/"x..^,  and  the  series  of  Maclaurin  no 
longer  subsists.  If  however  we  make  x  ss  a  in  that  of  Taylor,  a  being 
any  number  whatever*  which  does  not  render  any  one  of  these  functions 
infinite  [N**.  695],  denoting  the  values  which  they  then  assume  by 
Ay  A'y  A",..,  we  have 

/(a  +  ^)  =  ^  +  A'h  +  i  A^h^  +  \  A'^kK.. ; 
whenoe^  assuming  the  arbitrary  quantity  A  =  x  —  a^ 

3^  =  /x  =  il  +  y<'  (x-  fl)  +  4  ^"  (a:  -  fl)*  +  i  A'"... ; 

and  the  same  reasoning  as  above  will  show  that  every  thing  is  here 
known^  except  the  constant  A,  if  the  proposed  equation  be  of  the  Ist 
order ;  except  A  and  A\  if  it  be  of  the  2nd,  &c.  Though  we  have 
assumed  a  at  pleasure,  thi?  letter  is  not  to  be  reckoned  as  an  arbitrary 
constant ;  ^  is  the  value  that  is  then  assumed  by  ,y,  and  which  supplies 
its  place.  Hence  we  conclude  that  1**.  for  any  differ aiiial  equation 
between  two  variables  there  always  exists  a  series  which  is  its  integrals 
and  this  series  can  be  found,  barring  the  difficulties  that  may  be  pre^ 
seated  by  the  Calculus, 

2^.  The  integral  always  contains  as  many  arbitrary  oonsiants  as  there 
art  units  in  the  order  of  the  derivative.    Though  founded  oa  the  theory 
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of  series^  this  conclusion  has  all  requisite  ri^ur^  since  every  series  may 
be  considered  as  tbe  development  of  a  finite  expression '  y  =/«,  which 
must  contain  as  many  arbitrazy  constants  as  the  series. 

3®.  In  fvhatever  manner  we  have  arrived  at  an  integral,  which  con- 
tains the  requisite  number  of  arbitrary  constanU,  this  equation  will  be 
the  primitive  of  the  one  proposed,  and  mUl  necessarily  include  every 
other  integral  which  also  satisjies  it  with  the  same  number  of  arbitrary 
constants. 


832.     Making  A  t=  —  i  in 

/  (ar  4-  A)  =y  +  yA  +  iy^'h^  +..., 
f(x  +  h)  =  tf+y''h+^f'h^+..., 

f'(x  +  A) = y + y"A  +  ^y^A*  + ...,  &c.. 


we  have 


(l).../=y  — ya:  4-  iy"x«— ..., 
(3).../'  =  y'  -y'x  +  +y.'V  - ...,  &c. 


Hence^ 


1^  If  the  given  derivative  equation  be  of  the  1st  order^  we  shall 
hsLve  y,  y..*  in  functions  of  x  and  y ;  so  that^  substituting  ia  the 
formula  (1)^  we  shall  get  the  integral, /being  the  arbitrary  oonalant 

^.  If  the  proposed  equation  be  of  the  2nd  order,  jf,  y^...  will  be 
given  in  terms  of  x,  y  and  y;  so  that,  substituting  them  in  (1)  and 
(2)  we  shall  have  two  equations  between  x,  y  and  y,  each  contain- 
ing an  arbitrary  constant,  which  wUl  form  two  integral  equations  of  the 
1st  order :  and  so  on. 

It  is  likewise  evident,  from  the  form  itself  of  these  integrals,  that 
they  are  different :  and  thus,  every  equation  of  the  nth  order  has  n  tii- 
legrals  of  the  order  (»  —  1).  Should  these  latter  be  known,  the  finite 
integral  would  readily  be  so  too,  since  it  would  but  be  necessary  to 
eliminate  y,  y,  y ...  y^"*'  between  them.  Hence,  having  a  derivative 
equation  of  the  2nd  order,  we  shall  likewise  have  the  absolute  primitive ; 
either  by  eliminating  y  between  its  two  derivatives  of  the  1st  order,  or 
by  investigating  a  finite  relation  between  x  and  y,  which  contains  two 
arbitrary  constants  and  satisfies  the  equation  proposed.  The  same  may 
be  said  in  regard  to  the  other  orders. 

We  might,  on  the  sut»ject  of  the  integration  of  equations  of  the  higher 
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orders^  proceed  to  demonstrate  yarious  theorems  relative  to  the  factors 
proper  for  rendering  them  int^jprable  and  to  their  singular  solutions  ; 
but  this  would  carry  us  beyond  the  limits  which  we  have  prescribed  to 
ourselves^  and  we  shall  refer  to  the  Xllth  Joum.  Polyi,  lectures  13,  14 
and  15,  by  Lagrange. 

833.  The  theory  that  has  now  been  explained  is  completely  demon- 
strated ;  but  it  is  not  always  adapted  for  making  known  the  approxi- 
mate integral,  unless  recourse  be  had  to  certain  transformations  which 
will  bring  the  function  into  such  a  state  that  the  preceding  principles 
can  be  applied. 

When  the  integral  is  not  to  proceed  according  to  the  integral  and 
positive  powers  of  x,  we  shall  have 

y=:ilx«+  -Bx*+Cx^-I-...  (1); 

and  the  point  will  be,  to  determine  the  exponents  a,  6,  c..*,  and  the 
coefficients  A,  B,  C...  For  this  purpose,  we  shall  deduce  the  values 
of  y',  y*\..y  and  substitute  them  in  the  proposed  derivative,  which  we 
suppose  to  be  of  the  1st  order,  and  which  must  be  rendered  identical ; 
having  then  arranged  in  respect  to  x,  we  must  compare  the  powers  of 
the  corresponding  terms,  and  also  their  coefficients,  as  in  pages  163  and 
176;  which  will  determine  il,  a^  B,  6... 
Thus,  for  (1  -^  y')y  ^sz  1^  we  shall  have 

(I  +  i4a»«-»  +  B6a:*-«  +...)  (i^a-  +  B«»  +...)  =  1  ; 

whence 

+  ABbx^+f^'  +  B'bx^'  +  ...     ,   ^  ^ 


.«• 


—  l+iix-  +Bx^  +... 

Hence, 

2a  —  1=0,  a  +  6— l  =  fl,  a  +  c-  1  =  6  =  26  —  I,..., 
a  =  i,  6=1,  c  =  4...; 

next, 

A^a  =  1,  i<5  (o  +  6)  +  il  =  0,... 
il=^/2,B=-4,  C  =  ^!T\/2,...; 
and  ^  =  «*  i/  2  —  4  *^  +  tV«^  V  2  — .... 

Could  we  have  presumed  un  the  law  of  the  exponents,  h  h  t*<*>  ^^ 
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might  have  employed  them  immediately  in  the  series  (I),  by  which  the 
calculations  would  have  been  simpliiied ;  or  otherwise,  making  the 
transformation  2*  ^  x,  we  might  then  have  applied  the  series  of 
Maclaurin. 

It  will  in  like  manner  be  seen  that  the  equation  thf  +  i^dx  s=  aa^dx 

gives 


fl  "  w  -f  1       (w  +  1)  (w  +  -)"''(»«  +  i)...(w«  +  3) 


••• 


834.  The  integral  thus  obtained  fails  in  point  of  generality,  in 
consequence  of  it  being  devoid  of  an  arbitrary  constant ;  if,  however,  in 
the  proposed  differential  equation,  we  change  x  into  z  4-  a,  and  y  into 
t  4-  hy  we  shall  have  to  develop  t  in  powers  of  s; ;  so  that  /  be  nothing 
when  2  =  0;  and  if  then  we  substitute  for  z  and  t  their  values  x  —  a 
and  y  —  h,  we  shall  have  the  integral  required,  in  which  a  and  b  will 
supply  the  place  of  the  arbitrary  constant  c,  since  in  the  integral 

f{x,yyc)^BtOjC  may  be  determined  in  a  function  of  a  and  h.     It  will 
be  easy  to  extend  these  principles  to  the  higher  ordere. 

835.  We  may  also  approximate  to  the  integrals  by  means  of  con- 
tinued fractions.  Adopting  the  notation  of  p.  1 1 3,  let  y^^Aaif^y  Ba^,  Car*... 

Ax" 
this  value  of  y  may  be  represented  by  ^  =e ,  z  denoting  the  rest 

of  the  continued  fraction,  or  s  «=  Bo^^  Cif^,..,  Substituting  this  value 
for  y  in  the  proposed  differential  equation,  and  neglecting  z,  1.  e.  making 
y  =  Ax^,  we  must  retain  only  the  first  terms,  because  x  is  considered 
as  very  small  [note,  p.  213} ;  and  we  shall  thus  find  A  and  a  by  a  com- 
parison of  the  coefllcients  and  the  exponents.     We  shall  now  assume, 

Ax*^ 

in  the  proposed  differential  equation  y  = ;    and  reasoning  in  a 

1  +  z 

similar  manner  for  the  transformed  equation  in  z,  we  shall  make 

z  :=  Bx^ ;  then,  having  found  B  and  b,  we  shall  assume  z  =  in 

the  equation  in  z ;  and  so  on. 

For  example,  »iy  +  (1  -f  x)  y  =  0,  making  y  =  i4af,  becomes 
(m  +  a)  Ax"  +  aAx"^^  =  0,  which  reduces  itself  to  aAaf^*  =  0,  on 
account  of  x  being  very  small ;  consequently,  a  =  0,  and  A  remains 

indeterminate.     We  then  make  y  = ,  and  we  have 

•^       1  +  z 

m(l  +  z)=(l  +^)s'; 
whence,  assuming  z  =a  £:r*,  we  derive  m  +  Bs^  (m  —  A)  rs  bBx^^  ; 
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1 

or  m  s=  6Ba:^' ;  and  therefore  6=1,  Bssm.    We  shall  then  assume 

titx  * 

... ;  and  we  shall  finally  obtain  this  continued  fraction  for 


1  +  / 
the  integral : 

y  =  A,  mx,  —  •!•  (w  —  1)  x,  ^  (m  4-  1)  x,  —  4^  (m  —  2)  x,... 

Since  the  equation  proposed  has  for  its  integral  y  =  ^4  (1  +  or)^"*, 
we  thus  have  the  development  of  this  function  in  the  form  of  a  con- 
tinued fraction. 

We  might  hence  deduce  the  integral  under  the  form  of  a  series  |^see 
note  p.  117]. 

Similarly,  the  equation  dx  =  [l  -\-  x^)  dy  gives  this  development  of 
the  arc  in  a  function  of  the  tangent 

.  .  ar'  {2xY  (3xY  (4x)' 

y  =  arc  (tan  =  x)  =  x,-,  -5^.  -^,  j^  ... 

Consult  on  this  subject  the  Integral  Calculus  of  M.  Lacroix,  /.  1 2 , 
N**.  668,  a  work  of  which  we  cannot  too  highly  recommend  the  study, 
and  in  which  will  be  found  comprised  every  thing  that  is  known  on  the 
doctrine  of  Integration. 

836.  When  a  proposed  differential  equation  belongs  to  a  curve,  it 
may  be  of  service  to  construct  the  curve  without  integrating,  a  thing 
which  can  always  be  accomplished,  and  in  the  manner  following : 

Suppose  in  the  first  place  that  the  equation  is  of  the  first  order, 
F  (x,  ^,  y)  ss:  0 ;  and  let  the  constant  be  determined  by  the  condition 
that  X  ss  a  gives  y  =  6.  We  shall  take  [fig.  GO]  AB  =  a,  5C  =  6, 
when  the  point  C  will  be  on  the  curve  required ;  also,  substituting  a 
and  b  for  x  and  y  in  F^s^O,  vre  shall  thence  deduce  for  y  a  value  which 
-will  fix  the  direction  of  the  tangent  KC  at  the  point  C.  Let  a  point 
jD  be  next  taken  sufficiently  near  to  C,  that  we  may,  without  any  error 
worthy  of  notice,  consider  the  straight  line  CD  as  coincident  with  the 
tare  of  the  curve ;  then  AF  =  a',  FD  ^  h'  will  be  the  co-ordinates  of 
another  point  D  of  our  curve ;  so  that  we  may  assume  x  s=  o'^  y^V 
in  JP  s=  0,  and  thence  deduce  the  corresponding  value  of  y,  and  conse- 
quently the  situation  of  the  tangent  IE,  which  will  be  but  ^^^ery  slightly 
separated  from  the  lst.«  Continuing  the  same  course  of  operation,  we 
see  that  the  curve  will  be  replaced  by  a  polygon  CDEZ* 

We  might  also  reason  in  the  manner  following.  From  the  equation  J*=0 
and  its  derivative  we  might  deduce  the  values  of  y  and  y"y  in  functions  of 
X  and  y,  and  substitute  them  in  that  of  the  radius  of  curvature  R  [N®. 
733] ;  then,  x  and  y  being  replaced  by  a  and  h,  and  the  tangent  KC, 
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and  a  perpendicular  CN  equal  to  this  radius  being-drawn,  describe  from 
the  centre  N  a  circular  arc  CD ;  and,  finally,  consider  the  point  D  as 
lying  in  the  curve,  its  co-ordinates  being  (/  and  b\  Repeating  the  opera- 
tion, we  should  draw  the  tangent /Dand  the  radius  of  curvature,  DO,&c.-; 
and  the  curve  would  thus  be  replaced  by  a  system  of  contiguous  circular 
arcs.  It  IS  evident  too  that  the  error  would  be  less  in  this  case  than 
when  we  made  use  of  tangents  alone,  and  that  in  consequence  the  points 
C,  2),  £•••  might  be  taken  more  apart  from  each  other,  which  would 
render  the  constructions  less  troublesome. 

8S7.  If  the  differential  equation  proposed  be  of  the  2nd  order, 
F(xty,^')  =s  0;  having  in  like  manner  selected  an  arbitrary  point  C 
for  one  of  those  of  the  curve,  we  must  moreover  take  at  pleasure  some 
straight  line  KC  for  the  tangent  at  C ;  and  this  double  condition  will 
determine  the  two  constants.  We  should  then  derive  the  value  of  y^ 
and  consequently  that  of  the  radius  of  curvature  R,  in  functions  of  x,if, 
y ;  and  since  these  quantities  are  known  for  the  point  C,  we  should  be 
able  to  describe  the  circular  arc  CD,  as  before.  The  point  D  of  this  arc 
being  supposed  to  lie  in  the  curve,  we  shall  describe  its  normal  DN,  by 
drawing  a  straight  line  to  the  first  centre  N.  Thus,  for  the  second  point 
X),  we  shall  know  its  co-ordinates,  a',  h\  and  the  value  of  %fj  which  re- 
sults from  the  direction  of  the  tangent  ID  at  D,  and  we  shall  calculate 
the  value  of  R  for  this  point  D :  then  taking  OD  s=  R^  and  describing 
the  arc  Z)£,  we  shall  liave  a  third  point  £,  for  which  we  know  the  co- 
ordinates and  the  direction  of  the  tangent ;  and  so  on. 

Similar  reasoning  will  give  the  mode  of  replacing  the  curve  by  a  aeries 
of  osculatmg  parabolic  arcs.  These  principles  might  also  be  applied  to 
the  differential  equations  of  the  3rd  order ;  but  in  that  case  not  only 
should  we  have  arbitrarily  to  assume  a  point  C  and  its  tangent  KC,  but 
also  the  radius  C^  of  the  osculating  circle  at  this  first  point,  which  will 
determine  the  three  arbitrary  constants.  The  curve  might  then  be 
replaced  by  a  series  of  parabolas,  the  contact  of  which  would  be  of  the 
3rd  order :  and  the  same  principle  will  apply  to  the  higher  orders. 

Hence  we  conclude  that,  every  differential  equation  between  two  vati- 
able^  may  be  constructed  by  a  curve^  which  has  as  many  arbitrary  para^ 
meters  as  there  are  unks  in  the  order  of  the  equation:  and  this  agrees 
with  the  N^  831,  where  it  has  been  proved  that  this  equation  always 
has  an  integral. 
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EQUATIONS  OF  THE  HIGHER  ORDERS,  AND  IN  PARTICULAR 

THOSE  OF  THE  SECOND. 


838.  In  the  equations  of  the  Ist  order,  we  have  been  at  liberty  to  take 
for  the  principal  variable  any  one  we  thought  proper^  without  it  being 
on  that  account  requisite  that  the  processes  of  integration  should  undergo 
any  modifications :  one  advantage  among  others  which  the  notation  of 
Leibnitz  affords  [N^.  6941.  It  now  however  becomes  indispensable  to 
indicate,  in  each  equation,  which  is  the  differential  that  has  been  taken 
as  constant,  and  to  have  regard  to  every  transformation  which  may  on 
that  account  be  necessary. 

If,  therefore,  in  a  given  equation,  dx  be  required  to  be  constant,  in- 
stead of  any  other  differential,  which  we  may  have  considered  as  such, 
this  equation  must  be  modified  by  means  of  the  known  theory  [N^.691]. 
Thus,  for  ds.  dy  =  ad^-Xj  or  an!'  :=  y,  we  have  assumed  as  constant 
di  =  \/(da:*  +  rf^') ;  consequently  a{/x"  —  a:V')  =  yV*;  and  then 
assuming  a/  =  1,  we  have  x"  =  0,  /«  =  1  +  y*,  dtt'  =^y, 

y/«  =  -  as'\  s^  =  —  af,  or  (rfa?«  +  dfY  =  —  adxd^^y 

where ^jris  constant.  Thisequation,  put  under  theformay  +  (1  +y)"'=0, 

will  shortly  be  integrated  QN*.  840]. 

Similarly,  that  dx  may  be  constant  instead  of  dt  in 

dhi       \        X 
idx^  +  c/f/^)  -r^  =  -  cos  -,  we  shall  observe  that  this  equation  is  tan- 
^  ^  '  dy^       a        c 

tamount  to  v 

d^         (/x*  1         X 

TT  =  t:i'     cos  — , 
c/^*       d^  a        c 

1         X 
-which  we  write  y  =  x'*.  -  cos  — ,  J  being  throughout  the  principal  va- 

u         c 

liable ;  whence  -^ — r — ^  =  -y^,  -  cos  —,  no  derivative  being  constant. 

s  V       it  c 

Lasdy,  sf  =  1  gives  /*  =  1  +  /*,  //'  -l/V^'i  ^^^ 

1         X  dx        X 

y''  =  -  cos  -,  or  dy  ==  —  cos  — : 
'^         a        c  ^         a         c  ' 

dx  is  constant,  and  h  and  h  being  the  arbitrary  constants, 

y  =  -sm— +  6,  v=  k-Vhx cos~. 

a       c  •^  '         a        c 

VOL.   II.  2  D 
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There  ii  no  reason  why  we  might  not  take  any  other  principal  yaria- 
hle  in  preference  to  x,  and  integrate ;  but^  in  what  follows,  unless  at 
least  we  give  notice  to  the  contrary,  we  shall  always  take  dx  as 
constant 

839.  The  most  general  equation  of  the  2nd  order  has  the  form 
F{i/\^y  y,x)  =  0 ;  but  it  will  be  well  first  to  examine  the  particular 
cases,  in  which  it  does  not  contain  all  the  four  quantities  y",  i/,  y  and  x. 

If  but  two  of  them  enter  into  the  equation,  it  may  have  one  of  these 
three  forms, 

F{f,  X)  =  0,  F{f,  y')  =  0,  F(y^y)  =  0. 

When  y'^is  dbcompanied  only  by  y  and  x,  or  by  y  and^,  the  equation 
is  of  one  of  the  two  forms : 

Let  us  first  integrate  these  five  particular  cases. 

1®.  If  we  have  y^  ^fx,  since  y"dx  =  <//,  the  proposed  equation  is 
.  equivalent  to  dy'  =/x.  dx.     Let  y'  =  X  +  C  be  the  int^ral  of  this 
equation ;  since  then  t/dx  =  dy,  we  have 

dy  =  Xdx  4-  Cdx ;  whence^  sjz  A  +  Cx  •\'  fXdx. 

Suppose,  for  example,  that  (fiyssadx%  or  d^^^adx:    there  first 

resultsy  =  p -h-flar,  orcfy=c</x -4-  axdx;  and  lastly  jf=-<^  +  <:x  +  i«a:*. 

Similarly,  let  cPy  =  ax*dx^,  or  j/'  =  ax",  or  lastly  d^  =  eu^dx :  we 

fi„(i   ,/ A   _i_  /»r  -L .         If  «  =  —  1*  we  obtain 

tina  y-A  +  ex  +  ^^^^^^^^^y 

y  =s  A'\'  ex  +  axlx ;  and  if  »  =  —  2,  we  have  y  =  A  +  ex -^  alx. 
Observe  that  the  above  calculation  equally  applies  to 

y^)  =ifx,  or  d.^C*-')  =fx.dx,  whence  y^»  =  c  +  X : 

It  will  remain  only  to  operate  anew  on  this  and  the  succeeding  equa- 
tions in  the  same  manner  as  on  the  one  proposed ;  and  the  integral  wiU 
have  the  form 

y  =  i4  4-  fix  4-  Cx^...  +  Xx«-»  +  x/x.rfx", 
the  sign  £  denoting  n  successive  integrations. 

840.  II.  If  the  proposed  equation  have  the  form  F{y"yif)  =  0,  sub- 
stituting  ~  for  y",  it  becomes  of  the  1  st  order  between  y  and  x ;  and 
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we  thence  deduce  dx  =^'.  dy.  Moreover,  since  dy  =  y'dx,  we  have 
dy  ^i/fy',dy.  These  two  equations  being  inlegrated,  let  the  results 
be  denoted  by 

x=zM^  A,y  —  N  -{-Bi 

A  and  B  being  the  arbitrary  constants,  M  and  N  some  known  functions 
o^y\  It  appears  then  that  we  have  but  to  eliminate  y^  between  these 
last  equations  [N<>.  832],  and  we  shall  have  the  integral  required  with 
its  two  constants. 

Let  af  +  (I  +  y^y  =  0:  we  find 

whence  dx  =  -^ — ^—  ,  dy  =  ."^    V  If_  . 

then[No.777],    .  =  4  - -^^^^,  ^  =  B  + -^ 

and  lastly,  (A  -  xY  +  (B  -  y)«  =  a\ 

# 
This  integration  gives  the  solution  of  the  following  problem :  what 

curve  is  it,  for  which  the  radius  of  curvature  is  constant,  or  12  =  a?    It 

appears  that  the  circle  alone  is  possessed  of  this  property. 

This  method  will  apply  to  all  the  orders,  provided  that  the  equation 
be  of  the  form  F\y^''\  ^C»-i)]  —  o. 

Thus,  for  yKy'",  f)  =  0,  we  shall  take 

df  =  %fdxy  whence  x  =  fTy''.  dy'\ 

and  j/  =  fy^dx  =  /(F/'.y"  (//). 

This  integral  being  then  substituted  for  y'  in  dy  =  %fdxy  we  arrive  at 
values  of  x  and  of  y  expressed  in  y"^  and  containing  three  arbitrary  con- 
stants :  y"  is  then  eliminated  between  them  [N*.  8^2]. 

841.  III.  Proceeding  now  to  the  equations  of  the  form  y  =  Fy^  if 
d^  =  ^fdx  be  multiplied  by  ^dx  =  dy,  we  find 

^d^^fdy...(^A)', 

in  this  substituting  for  y"  its  value  Fy,  we  have  tfdy'  =  Fy.  dy ; 
whence 

4.y'«  =  4  c  +  /Fy,  dy,  y'  =  V(c  +  2/Fy .  dy) ; 

said  thence 

2  D  2 
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dy 


For  example,  a'(i^+^rfa:*=0,  or  a^if^sz  —  y,  becomes  a^^d%f=L  —ydy, 
whence  a V*  =  c'  —  V* ;  then  dx  =  ..  .  " — rr ;  and  therefore,  inte- 
grating,  we  have 

;r=:a. arc  f sins:  ^j  +  6,  or—  =  sinf \, 

X  ,         X 

which  is  equivalent  to  ^  =  c.  sin  -  -f"  ^  cos  -- 

Similarly,  d^y.  is/{ay)  =  (ir*  gives  \  ayf^  =  C  +  •s/iay)  ;  whence 
2(ir  =    -,,    \  . :  we  integrate  this  by  making  c  +  *yy  =  z*;  and  we 

finally  find 

This  process  is  applicable  to  all  equations  of  the  form  yW  =  Fy^*^^. 
Thus,  let  y  =  ly' ;  since  ^  ^J:*  =  c^V  =  Fy"dx\  we  must  int^rate 
twice,  and  we  shall  have  x  =  ^',  wi^h  two  constants.  Also,  having 
sabstituted  for  dx  its  value  in  terms  of  y",  we  can  integrate  y  =  fy'dx : 
and  this  value  of  dx  and  that  of  y  being  substituted  in  j^  =  fy'dx,  we 
shall  also  obtain  y  in  terms  of  y'\  It  will  then  remain  only  to  eliminate 
y  by  means  of  or  s:  ^y" ;  and  the  result,  which  contains  four  arbitrary 
constants,  is  the  complete  integral  required. 

842.  IV.   If  the  equation  have  the  form  F(xj  y^y")  =  0,  or  do  nof 

'contain  y  ;  we  reduce  it  to  the  Isk  order  by  putting  -^  for  y",  since  it 

will  then  contain  only  y  and  x :  it  thus  comes  under  the  cases  already 
discussed,  and  we  can  integrate  it  whenever  it  is  separable,  or  homoge- 
neous, or  &c.  [See  p.  374?]. 

Suppose,  therefore,  that  this  integration  is  accomplished,  and  that  the 

integral  is  >|/(x,y,  c)  =  0 ;  three  cases  will  present  themselves : 

» 

1*.  When  we  can  solve  the  integral  in  respect  toy,  and  get  y'  =^, 
we  thence  deduce  y=  fy'dx  =  ffx.  dx. 

^,  If,  on  the  contrary,  the  value  of  x  can  be  found  in  terms  of  y,  as 
X  ^fy\  we  have  y  =  fy'dx,  and  by  means  of  integration  by  parts, 
y  ssixy'  --  fxdy  =  x/  —  ffy'»  d/ :  y'  is  then  eliminated  by  means  of 

^  —fy- 

S^  If  neither  one  nor  the  other  of  these  methods  can  be' employed. 


f     T'  "  '         'BS  M         «,". 
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we  must  endeavour  to  express  x  and  y,  by  means  of  some  transformation^ 
in  functions  X  and  F  of  a  third  variable  z;  for  or  =  X  and  if'  z=  Y  give 
f,  =. /,/dx  ^  fYdX. 

What  is  the  curve^  in  which  the  radius  of  curvature  R  is  the  reciprocal 


a- 


of  the  abscissa  ?  Let  /?  =  — ;  then  ^N*.  7333 

or  2x(  I  -4-  ^  *)'^  (/a?  =  a^</y^  an  equation  which  is  separable : 

and  deducing  the  value  of  y',  y  =  ftfdx  gives 


/(j^  +  c)dx 


the  line  required  is  that  formed  by  bending  an  elastic  lamina  QSee 
N«.  898]. 
Had  R  been  required  to  be  a  given  function  X  of  the  abscissa  x,  we 

should  have  assumed  (1  +  y'^Y  ^^  ^d"  '*  ^^^  ^  similar  calculation  would 
have  given 


V( 


i^o  =  /r=  ^^  "^^""^  ^  ^/tct^- 


This  is  the  solution  of  the  inverse  problem  of  the  radii  of  curvature. 
Let  ( 1  +  y'*)  -h  onff/'  =  ay V(l  +  y'*)  •  tlws  equation  may  be  put 
under  the  form 

dx{\  +y«)  +  xy'dy'  =  flrfyV(l  -f  y'% 

which  is  linear  [N*.  817],  and  becomes  integrable  by  dividing  by 
V(l  +  y*)  [See  p.  383].     We  find 


x  = 


_      g/  +  6 


Again,  y  ^  y'x  —  fxdy'  becomes 

y  =  y'x  -  a  V(l  +  y")  -  W[y'  +  v'Cl  +  y^)]  +  4fc 

and  it  remains  only  to  eliminate  y'  from  this»  by  means  of  the  value  of 
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X.  We  find^  the  operation  being  gone  tljirough,  and  having  assumed^ 
for  conciseness,  2  =  \/(a*  +  ^'  —  ^% 

X  '\-  a 

tf  =  2  -h  6/  -77-: — r. 

Lastly,  ^{a*y^  4-  j*)y  =  xy  gives  the  homogeneous  equation  [N*>. 
8 1 5]  2  ( fl'y*  -f  J*)  c/y  =  xi/dx,  which  we  separate  by  assuming  a:  =  ^z ; 
whence 

dj/  zdz 

we  integrate  this  by  logarithms^  and  there  results 

y'  =z  c,/(2a*  +  z*)  and  or  =  cz^i^^a^  +  «•)  ; 

whilst  y  =  Sy'dxy  when  for  y  and  dx  we  substitute  their  values  in  2, 
becomes  y  =  -r  c*2(3a*  +  2')  +  h^  and  we  must  then  eliminate  z  between 
these  values  of  x  and  y. 

843.  V.  Suppose  that  the  equation  of  the  2nd  order  have  the  form 
^W*^>y)  ^=^^9  *•  ^'  ^^^  x  do  not  enter.  The  substitution  of  the 
value  A  Qp.  403]]  of  ^  will  reduce  the  proposed  equation  to  the  Ist  order 
between  y  and  y.  ' 

For  example,  if  y  ^J{^,y)>  we  find  i/dy'  =  dy.Jly',  y),  which  is 
quite  simple  in  its  form. 

]**.  If  the  integral  that  results  is  solvable  in  respect  toy,  so  that 
y  s  J^,  we  shall  have  (fx^=  -^,ss  -^,  and  hence  we  shall  easily  derive 
x  in  terms  of  y. 

2®.  If  y  can  be  deduced  in  a  function  of  y,  or  ^  =^,iy  =y<fx 
will  give 

and  we  shall  then  get  quit  of  y  by  means  of  y  '=^f}f' 

3®.  If,  lastly,  we  have  neither  of  these  cases,  we  must  endeavour  to 
express  y  and  y  in  functions  of  a  third  variable  2,  and  -ifdx  =  dy  will 
become  Zdx  =  Tdzy  &c. 

The  equation  y"{^^  +  o)  =  y(  I  +  y*)  changes  itself  into 


T 
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wlienoe  [p.  377]  y  =  a/  +  cV(l  +  tT)* 

J  If 

and  y  must  then  be  eliminated  between  these  equations.    We  find^  for 
instance^  when  c^O, 


-(?)■ 


whence  y  =  C^. 


The  equation  ahi/'  =  ^/(y  +  ^V')  becomes 

To  int^;rate,  we  shall,  for  the  sake  of  homogcneousness,  assume  ^ =^ 

and  we 'shall    have  abzdy  ^^  abydz  =0^1^  »y  {^ -^  a*)  ;    the    equa- 
tion is  separable,  and  having  made  V  (z*  +  a*)  ==  '2^  we  shall  thence 

deduce  z  and  dzf  and  substitute :  we  find  -^  =  nr : :    it   will 

be  easy  now  to  obtain  ^  in  a  function  of  t,  as  also  y ;  we  consequently 

rdy 
shall  also  have  «  s  I  -f ;  and  we  must  then  eliminate  /. 

Let  y^  +  Ay'  +  Bi^rsO,  A  and  B  being  constants :  we  have  fipom  it 
the  homogeneous  equation  ^di^  •{•  A^dy  +  Bydy  =  0 ;  we  make 
y  =Jf«>  whence 

df^  --udu  udu 

y  ~  u^-\-  Au-{-  B  "  ""  (i#  — a)  (w  —  6)' 

a  and  6  being  the  roots  tfi  -{-  Au  '{•  B  =:  0 ;  and  next 


Hence, 


rfa:  =  ^  =  ^  =  "^"  , 

y       tty       (tt  —  a)  («  ^  6)' 

dy  ^du    dy       _  ,  — eftt 

y  u  ^  b    y  U'-'  a 

w  —  a  =i  -  e-'  tt  —  6  =  —  e«': 

lastly,  subtracting,  we  obtain,  for  the  complete  integral,  y{h  —  a) 
=  —  m^  +  n«*^  which  may  be  put  under  the  form  y  =  C^  +  D^' 
C  and  Z)  being  arbitrary  constants. 
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If  a  and  h  are  imaginary,  ora=it  —  As/  —  1,  6  =  i[r  +  A>/  —  >, 
we  find,  substituting  above, 

and  putting  for  et*^-i  its  value  L  [|p.  168],  we  have 

j^  =  c*«(C'cos  Aor-f  1/ sin  Ar)  =  Cc**  cos  (Ax  + /). 

Lastly,  if  a  =:  6,  resuming  the  calculation,  we  have 

dy       --udu        ^  ^  ^  -!- 

— =  ■: r,,  whence  y  iu  —  a)  =  cc"""*  : 

^       (tt  —  a)^  "^  ^  ' 

:.   ,         dy       du  —  du         ^  1 

and  rfx  =  "7  =  —  = •  whence  ti  — a  = ; ; 

y        yu       (u  —  «)^  a:  -|-  A: 

eliminating  «  --  a,  we  finally  find 

y  =  c^'+k)  (j.  4.  ^)  _  (;^  (j.  ^  ^). 

844.  The  equation  y"  +  P/  -f  Qy  =  0,  P  and  Q  being  some  func- 
tions of  X,  is  integrated  by  means  of  a  very  simple  transformation.  We 
make 

y  =  e^^,  whence  ^  =  tttf^"'^,  y"  =  e^*"^  (m^  +  1/)  ; 

these  give  «'  +  (««  +  Pti  +  Q)  =  0, 

the  common  factor  e^"^  disappearing ;  and  the  calculation  is  thus  re- 
duced to  the  integration  of  the  equation  of  the  first  order, 
du  +  (tt«  4-  Pfi  -f  Q)  cfcr  =  0.  If,  for  example,  we  suppose  P  and  Q 
to  be  constant,  and  a  and  6  to  be  the  roots  of  «^  +  Pu  +  Q  =s  0,  it 
is  evident  that  «  =s  a  and  tf  s=  6  also  satisfy  this  transformed  equation ; 
and  we  consequently  have  f  tidx  s=  ax  4-  ''ti  or  =  6j;  +  n,  and 

y  =  6*'+'"  =  Cd^,  or  y  =  c*'+"  =  D^'. 

The  sum  therefore  of  these  values  of  y  will  satisfy  the  equation  pro- 
posed ;  and  thus  its  complete  integral  is,  on  account  of  the  two  arbi- 
trary constants  C  and  D, 

When  the  roots  of  tt'+Pw  +  Q  =  0  are  imaginary,  or  tt=A±  A>/— 1, 
we  have  seen  that  this  result  takes  the  form  y  =  C€**cos  ijix  +f): 
and  if  the  roots  are  equal,    we  shall  have  to  integrate  the  equation 

du  4-  (tt  —  aydx  =  0,  which  gives  u  —  az=,  — -—  ;  whence 

J  udx^l(x  +  jt)  +  ax  +  D,y^ef^^'  =  C^\x  +  k). 
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And  thus  therefore  we  arrive  a  second  time  at  the  results  obtained  in 
the  last  example. 

845.     Let  us  now  integrate  the  linear  equation^  or  that  of  the  1st 
degree  in  y, 

P,  Q  and  R  being  some  functions  of  x  alone.  The  integral  of  this 
equation  is  easily  reduced  to  that  of  the  preceding  paragraph^  by  making 
the  term  R  disappear;  for  which  purpose  make^  as  in  N^  817, y^^tz; 
whence 

Substituting  and  dividing  the  resulting  equation  into  two  others^  on 
account  of  the  two  variables  /  and  z,  we  have 

'  z^  +  PZ  +  QassQ...  (1), 

and  r-^'ifiP-V^']  =?, 


or  df 


z  J 
2A  ,        Rdx 


+  ^(/'4-f)«fc  =  ^...(2). 


Suppose  that  the  first  of  these  is  integrated  by  N°.  844'^  and  thai  we 
have  thence  derived  the  value  of  z  in  terms  of  x ;  the  second  will  be  a     ' 
linear  equation  of  the  1  st  order  between  f  and  x,  and  will  be  easily 
integrated  according  to  the  plan  of  N^  817. 

Chfloigbg,  in  N^  817,  y  into  /',  P  into  P -] ,  Q  into  ~,   we 

z  z 

have 

u  =  f  Pdx  4-  2/z, 

€"  =  e^^^,^^  =  ^.2*  QN".  419,  12*],  assuming,  for  conciseness, 

9  =  a/'''^...  (3). 
,  We  therefore  get  fzV  =  /  R^zdx, 

and  yz=itz=^z  |    (-—/Rpzdxj...  (4). 

The  double  integration  contained  in  this  result  itself  introduces  two 
arbitrary  constants,  and  consequently  the  complete  iutegral  of  the  equa- 
tion proposed  allows  of  our  employing  for  the  values  of  z  and  f  any 
functions  of  jt  which  satisfy  the  equations  (I)  and  (3). 


i 


r 
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Let  these  principles  be  applied  to  w"  +  -  —  -^  = , 

1  1 

where  P  =  -•,&:=: — =, -R  = 


1^  The  equation  (1)  becomes 

z'       z 
z"  +-  =  — ;  whence,  z  being  =  ©/""^  [N*.  844-], 

«P  X 

this  equation  is  rendered  homogeneous  by  making  u  =  v^S  and  is  then 
separated  by  assuming  x^V9  [N^  815].    We  find 

no  constant  being  added.     The  values  tt^*  and  ux  of  v  and  «  being  now 
restored,  we  obtain 

2*.     On  the  other  hand,  the  equation  (3)  gives  ^  =  i  ;  whence  we 
derive  /  B^zdx  =  /  adx  ^  ax  +  b,  and  the  equatioii  (4)  becomes 

_  ar*  —  1    r  (ax  +  5)  jxfar 
^  :.     J       (a:--i)«     ^ 

this  last  integral  is  equal  [N®.  577]  to  the  fourth  of 
r/  a^b  a      ^    a  +  b     .      a    \  o««+*  .    ,/ a:— 1\ 

J  \(x  +  1)«  r+T+(lTr77.+;3ij^=-2^-^+fl/^c-p^^ 

and  therefore 

ax  +  b   ,  a?'  —  1 


.y=  - 


2x 


+^""'K:-^:)} 


z  — 


Similarly,  y" ^^  j^  s  j^^,  gives  for  equation  ( 1 ) 

— — —  =  0 ;  which  is  satisfied  by  taking  z  =  >/a:«+ » ;  more- 
over, ^  =  1,  and  /  R^zdx  =  /  mrfx  =ss  wj:  +  6  ;  and  therefore 

/(mx  +  6)fir  1       /  6  otj:    \ 


1 
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846.  When^  y,  x,  dy,  dx  and  d^  being  each  reckoned  as  a  factor^ 
the  equation  is  homogeneous,  we  integrate  it  by  assuming 

y  =  ttjf,  dy  ^y'dx,  y"x  =:  z...  (1), 

u,  y  and  z  being  new  variables.  The  transformed  equation^  on  our 
hypothesis  of  homogeneousnes8>  will  thus  have  x  in  one  and  the  same 
power  as  a  factor  throughout,  since  y  and  tf'  are  supposed  to  be  of  the 
degrees  0  and  —  1  [N°.  815]  ;  and  thus,  the  equation  being  cleared  of 
the  variable  x  by  division,  it  will  be  reduced  to  the  form  z  ^s.f{y\  «). 
Butj  we  have  dy  =  ^fdx  s=  %idx  -t-  xdu,  xd%f  ss  zdx, 

,^.      dx          du          d'J         du         ,^. 
(2)...  -  =  -; ,  or-^  ==  7 ...  (S); 

X    y  —  w     z     y  —  tt 

putting/ for  z  in  (S),  it  becomes  of  the  Ist  order  in  y  and  u,  and  we 

shall  integrate  it ;  suppose  that  we  derive  from  it  y  =  ^u,  and  let  this 

be  substituted  in  (2) ;  this  equation,  being 'separated,  will  have  for  its 

integral  lx=i  -^u;  it  will  remain  to  eliminate  u,  by  means  of  y  ss  ux, 

and  we  shall  have  the  complete  integral,  since  the  equations  (3)  and 

(2)  wiU  each  have  introduced  an  arbitrary  constant. 

For  example,  xd^  ss  dydx,  or  x/'  =  y',  gives  z^si^,  and  (3)  be- 

comes  d^(y  —  «)  =  i^du,  whence  ^y*  =  / {udi/ -^-yfdu)  =  yw  +  ^.c. 

dx       di/ 
But,  —  =  -^  gives  x^^ay  ;  thus,  y  being  eliminated  between  these 

X       y 

two  integrals,  there  results  x^  —  2ax«  =  C;  and,  eliminating  u  from 
^  =i  ux,  x^  —  ^ay  =s  C  is  the  integral  required. 

847.  Let  the  equation  he  Ay  +  Bif  -h  •••  Ky^^  =  0,  the  coefficients 
being  constants :  make  y  a  ce** ;  then 

^  +  BA  +  CA«  + ...  XA"  =  0...  (M)  ; 

and  consequently  if,  for  h,  we  take  the  it  roots  A,  ^,  /...  of  this  equa- 
tion, and  for  c  the  n  constants  c,  c,  c'^..«  the  proposed  equation  will  be 
satisfied  by  each  of  the  values  y  =■  ct^,  as  also  by  the  sum  of  these 
quantities ;  and  the  complete  integral  therefore  is 

^  =  06**  +  ^^'  +  c"e^  +...  W- 

If  there  be  any  imaginary  roots,  they  will  be  found  in  pairs, 
A  =  a±6<\/  — 1>  and  two  of  our  terms  combined  will  form 
c^Ccc***^-'  +  c'€^'^~%  which  we  reduce  [equ.  L,  p.  168]  to 

c"(m  cos  6x  +  n  sin  ^x)  =  he^  sin  {bx  +  /). 

848.  When  the  equation  (M)  has  equal  roots,  (jV)  is  no  more  than 
a  particular  integral     Thus»  let  A  =  ^ ;  then  the  two  first  terms  of  N 
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reduce  themselves  to  (c  -f-  c')  e**,  where  c  4-  c'  can  be  reckoned  only  as  a 
single  constant,  and  there  will  therefore  be  but  w  —  1  arbitrary  con- 
stants. 

P.  If  the  roots  of  (M)  are  all  equal,  the  proposed  equation  is 
A*^  -  nh'^y  -I-  ^  „  („  -  1)  /|«-y ...  ±  y«)  ^  0...  (P), 

since  (M)  is  then  equivalent  to  (A  — A)"  =  0.  Now,  let  y=iui, 
whence 

y = «<'  +  i\  y"  =  tt/''  +  ivv  +  «"/,  y"  =  ur  +  3  &c....  ; 

also  make  ^  =  e**;  then,  since  /'  =  /ier**  =  kt,  /"  =  A«^..,  <C0  =  Av,  we 
find 

xjz=,uUy'^t  [hu  4-  tt'), /  =  t  (hH  +  2Ai/  +  «")... 
yo  =  <  (/,itt  +  %K-HC  +  i  t  (i  -  1)  A^-^ti"  +  1/^*). 

Substitute  these  values  in  (P),  and  we  shall  have  an  equation,  the 
terms  of  which  will  all  destroy  each  other,  except  the  last  w^«) ;  conse- 
quently tt"  =  0,  viz.  u^a-^rhx-^-  cx^...  -^fa*^^ ;  and  there  results 
for  the  complete  integral,  in  the  case  supposed, 

> 
y  =  ti<  =  (a  -I-  6jr  +  cx\..  +f3if^')^, 

99.  When  the  equation  (M)  has  m  roots  =  a,  it  has  the  factor 
(A  —  «)",  under  the  form  A«  +  ^/i«-»  +  BA"-«...  -f  ««  Compose 
the  equation 

A"^  +  ^A«-»  y  +  5A"-y ...  ±  y*)  =  0  : 

it  has  been  seen  that  the  integral  of  this  is  (a  4-  &r..«  + /x"^*)  «^. 
On  the  other  hand,  the  proposed  equation  is  also  satisfied  by  v  =  ce**, 
cV'...,  values  corresponding  to  the  n  -  m  unequal  roots  of  A  in  (Af); 
and  since,  from  the  property  of  the  linear  equations,  the  sum  of  these 
solutions  must  also  satisfy  the  proposed  equation,  the  complete  integral 
is 

3^  =  (a  +  6a:  + ... -h /a^""')  e"  +  ce**  +  c'c^  + ... 

a,  h,,..f,  c,  c'...  are  the  n  arbitrary  constants;  «,  k,  /...  are  the  roote 
of  the  equation  (M ). 

Thus,  for  .y  -  2/  +  2/'  «  2/"  +  y'^  =  0,  we  find 

1  -2A+2A«-2A5-f  A*  =  0  =  (l  -A)«(l  +  A«); 
whence 

^  =  (a  +  ^x)  c'  +  ce*^/-'  +  rfc*>/-', 
i/  =  e»(rt  +  6a:)  +  ^  cos'  +  J? sin  J. 
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849.     The  Linear  equation  of  all  orders  is 

Ay  +  By  +  cy...  +  /iry")  =  x. 

Suppose  that  X  denotes  a  given  function  of  x^  and  that  A^  B.,.  are 
constants.  The  integration  can  always  be  reduced  to  the  solution  of 
equations^  by  means  of  the  following  process^  which  we  shall  apply  only 
to  the  2nd  order. 

Let  er^dx  be  the  factor  which  renders  this  equation  integrable: 
since  Xe'^^dx  is  the  differential  of  a  function  of  x,  such  as  P,  the  1  st 
side  e~^'dx  {Ay  4-  B^  +  Cy")  is  also  that  of  a  function  of  the  form 
e"^  {ay  +  hy).  Let  this  last  expression  therefore  be  differentiated,  and 
the  terms  of  the  result  compared  with  those  of  the  former  expression  ; 
we  shall  have 

—  Aa  =  il,  -AA  +  »=B,  6=C, 

whence  il  -h  5A  +  CA«  =  0,  a  =  —  r  *  *  =  ^• 

h 

The  unknown  constant  h  is  one  of  the  roots  of  the  1  st  of  these 
equations;  the  two  others  give  a  and  h,  and  the  integral  of  the  1st 
order 

We  must  operate  afresh  on  this  equation,  or,  rather,  put  for  h  the 
two  roots  h'  and  K'y  and  then  eliminate  y  between  the  two'  results, 
which  will  give  the  complete  integral  [N®.  832], 

For  the  equation  of  the  degree  n,  the  same  reasoning  proves  that  k 
is  a  root  of  the  equation 

A-^  Bh-^-  Ch''...  -f  Kh*  =  0, 

and  whatever  number  of  these  roots  we  know,  so  many  integrals  shall 

we  have  of  the  order  n  —  1 ,  and  of  the  form 

« 

between  which  we  shall  be  able  to  eliminate  any  equal  number  of 
quantities  y""'),y*^)...,  which  will  reduce  the  problem  so  many  de- 
grees lower,  or  indeed  make  known  the  complete  integral,  if  we  have 
all  the  roots  h  QSee  Euler's  7^/.  Calculus,  Vol.  II.  p.  4023.     We  have 

_       A  j^_a-B  h^C      j_k~L 
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ELIMINATION  BETWEEN  DIFFERENTIAL  EQUATIONS. 

850.  When  we  have  two  equations  between  x,  y  and  t,  the  elimi* 
nation  of  t  will  lead  to  a  relation  between  x  and  y ;  but  in  the  case  of 
differential  equations^  this  operation  will  require  new  processes. 

{Mx  +  Ny)dt  -h  P(ix  +  Qdy  =  rdt, 
( M/c  +  N,y)  di  +  Pjix  +  ajdy  =  r/tt, 

being  the  most  general  equations  between  three  unknown  variableSy 
eliminate  dy,  divide  bj  the  coefficient  of  dx,  and  do  the  same  for  dx ; 
our  equations  will  then  be  brought  under  the  most  simple  form 

{ax  +  hy)dt  +  rfa:  =  Tdl, 
{a'x  +  h'y)  dt  +  dy^  Sdt. 

We  shall  here  suppose  that  the  coefficients  are  constant,  and  T,  S 
functions  of  / ;  and  the  2nd  equation  being  multiplied  by  an  indeter- 
minate quantity  k,  and  added  to  the  1st ;  we  shall  have 

(a  +  Jk)  ^ar  +  ^^-^y)  dt  ^- [dx -V  kdy)  =  (r+  Sk)dt. 

This  being  premised,  it  is  evident  that,  leaving  out  of  considexalion 
the  part  (a  +  (^k)dt,  the  2nd  term  will  be  the  differential  of  the  1st,  if 
we  have 

^  =  ^t  tl  or  a'kf'  +  (tf  -  b')k=z  b. 
a'\-  ak 

Taking  for  k  one  of  the  roots  of  this  equation,  we  shall  have 

(a  +  (^k)  {x'\-ky)di-\-dx'\-  kdy  =  (T  +  Sk) dt, 

or,  making  x  +  Ay  =  w, 

{a  +  a'k)  ittft  +  rfM  =  (r  +  Sk)  di. 

It  will  be  easy  to  integrate  this  linear  equation,  QN^  8 17],  and  so 
derive  the  value  of  u  in  a  function  of  /,  or  x  +  ^  =/' ;  ^^  must  then 
substitute  the  two  roots  of  our  equation  successively  for  k,  and  it  will 
remain  but  to  eliminate  t  between  the  results. 

If  the  roots  of  4  are  imaginary,  the  exponentials  are  to  be  replaced  by 
sines  and  cosines,  as  in  N<*.  Si-S,  844.     And  if  they  are  equal,  we  shall 


L 
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obtaio^  it  is  true,  only  one  integral  between  x,  y  and  t ;  but  having  de- 
duced the  value  of  one  of  these  variables,  and  substituted  in  one  of  the 
equations  proposed,  we  must  repeat  the  integration  on  the  equation  of 
two  variables  that  results. 

851.  If  we  have  three  equations  and  four  variables  x,  y,  z,  and  t,  in 
order  to  eliminate  z  and  t,  and  so  obtain  a  relation  between  x  and  y,  we 
shall  assume 

{ax  +  Ay  +  cz)  dl  +  rfo:  =  Tdt, 
{a'x  +  Vy  +  c'-s)  £i<  +  <;(y  =  Sdt, 
\d'x  +  h"y  +  cTz)  di  +  dz  =  Rdi, 

« 

where  T,  S,  and  R  are  supposed  to  be  functions  of  t  alone,  and  the  other 
coefficients  to  be  constant.  To  proceed  as  before,  multiply  the  2nd 
equation  by  k  and  the  Srd  by  /,  ^  and  /  being  each  indeterminate ;  then, 
having  added  the  whole,  put  the  result  under  the  ibrm' 


4-rfa:  +  %  +  W5  =  (r+  Sk^-  Rl)dt. 


dt 


Now,  it  is  dear  that  the  part  contained  within  the  brackets  will  have 
dx  +  kdy  +  Idz  for  its  differential,  if  /  and  k  be  determined  by  the  con- 
ditions 

A  4-  VkJ^V'l      ^     c-{-  (fk-^  c"l 

consequently,  if  we  make  ;p  +  A^  +  Zx  ss  t/,  we  shall  have 
{a^-  a'k  ^  e['1)udt  '\-  du^  {T ^  Sk  ^  BJ)  dt 

This  linear  equation  being  integrated,  the  result  will  give  «  in  a 
function  of  ^  or  or  +  Ay  +  Zz  =yi ;  and  since  ^,  /  are  given  by  equa- 
tions of  the  Srd  degree,  the  substitution  of  the  roots  in  this  integral  will 
give  three  equations  between  or,  y,  t  and  z,  which  will  serve  for  the  eli« 
mination  of  /  and  z. 

852.  If  we  have  the  equations  of  the  2nd  order 

dhf  +  {ody  +  hdx)dt  +  (cy  +  gx)dt^^  Tdi^, 
d^x  +  {f^dy  +  Vdx)  (ft  +  «y  +  g^x)  dt*  ^  Sdfi, 
we  shall  assume  dy  ==pdt,  dx  =  qdt, 

whence  dp  +  (ap  -\-  bq  +  cy  +  gx)  di  =*  Tdt, 

dq  +  («>  +  b'q  +  c'y  +  ^x)  dt  =  Sdt ; 
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and  we  shall  therefore  have  four  equations  between  the  five  variables 
p,  q,  X,  y  and  t ;  which  we  must  treat  according  to  the  process  explained 
above.  It  is  obvious  that  this  mode  of  calculation  applies  generally  to 
equations  of  the  1st  degree  and  to  those  of  aU  orders^  whatever  be  their 
number. 


PROBLEMS  IN  GEOMETRY. 

85S.  When^  in  the  equation  F{^x,y^  c)  =  0  of  a  curve,  the  constant 
c  is  arbitrary,  and  we  assign  to  it  aU  the  values  possible  in  succession, 
we  have  an  infinite  system  of  lines.  The  name  of  Trctfeciories  is  given 
to  the  curves  which  cut  all  these  lines  at  the  same  angle ;  so  that  if, 
for  example,  the  trajectory  be  orthogonal,  and  tangents  be  drawn  to  this 
curve  and  to  the  variable  curve,  at  their  point  of  intersection,  these  tan- 
gents will  be  at  right  angles  to  each  other. 

The  following  is  the  general  mode  of  obtaining  the  equationy(x,y)=0 
of  the  trajectories.  Let  F(X,  Y",  c)  =  0  be  the  equation  of  the  curve 
which  changes  its  position  on  account  of  the  variable  parameter  c.  For 
any  one  value  of  c,  this  curve  will  take  a  particular  position  as  AM  [fig. 
61].  Let  tangents  be  drawn  to  this  line  and  the  trajectory  DM  at  their 
common  point  M ;  Y'  and  j/  wiU  determine  their  inclinations  to  the 
axis  of  X,  and  the  angle  TMT  which  they  form  with  each  other  has  for 

its  tangent  a  =  j — .    ,..  , ;  whence 

1  +  Y^ 

(1+  Fy)a  +  y'-y'  =  0...(l). 

a  is  here  a  constant  or  a  given  function ;  also  Y  and  X  must  be  re- 
placed by  y  and  x,  because  we  are  speaking  of  a  point  common  to  both 
curves.  The  reasoning  then  of  N®.  462  shows  that  if  c  be  eliminated 
between  this  equation  and  the  one  F{if,  x,c)  =  0  of  the  curve  that  is 
cut,  and  the  result  be  integrated,  we  shall  have  the  equation  of  the  tra- 
jectory. If  it  be  orthogonal,  we  simply  have,  instead  of  (1),  the 
equation 

1  +  ry  =  0...  (2j. 

If,  for  example,  the  curve  be  required  which  cuts  at  right  angles  a 
straight  line  that  revolves  about  the  origin,  Y  =  cX  will  give  Y'  =  c, 
and  the  equation  (2)  will  become  1  4-  cr^  =  0 :  eliminating  c  by  means 
of  ^  =  CX,  we  find  xdx  -f  ydy  =  0  ;  whence  x*  +  ^*  =  ^' ;  and  the 
trajectory  therefore  is  a  circle  of  arbitrary  radius. 

But  if  the  straight  line  is  to  be  cut  at  a  given  angle,  of  whicli  a  is  the 
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tangent,  the  same  calculation  applied  to  the  equation  (1)  gives^  for  the 
trajectory,  this  homogeneous  differential  equation  QN^  815^ 

y+ar=y(x-ay); 

whence  al{c^/x^  +  y^)  =  arc  [tan  =  -J, 

an  equation  which  belongs  to  the  logarithmic  spiral  QN*.  473^,  as  may 
easily  be  ascertained  by  transferring  this  relation  into  one  between  polar 
co-ordinates  [N^  S85]. 

Por  the  equation  X^Y^ssc,  which  belongs  to  the  hyperbolas  and 
parabolas  of  all  orders,  the  same  calculation  gives  the  homogeneous  equa- 
tion (nx  4-  amy)  if  =  anx  —  my.  When  die  tn^ectory  is  to  be  ortho- 
&'^»  ^y}f  s=  nJ?  having  for  its  integral  niy^  —  nx^  =  Ay  this  curve  is 
an  hyperbola  of  the  2nd  degree,  or  an  ellipse,  accordingly  as  the  expo- 
nent n  is  positive  or  negative. 

The  orthogonal  trajectory  of  the  circle,  which  has  %j^  =:  2c«  —  x^  for 
its  equation,  is  another  circle  of  which  the  equation  is  ^*  +  '^  »  Ay, 
It  is  constructed  by  taking,  for  the  centre,  any  point  whatever  of  the 
axis  of  yy  and,  for  the  radius,  'the  distance  from  that  point  to  the 
origin.  % 

854'.  When  it  is  proposed  to  find  a  curve,  such  that  its  subtangent  or 
tangent. ••  shall  be  a  given  function  ^  of  «  and  of  ^,  it  follows  from  the 
formulc  [N^.  722^  that  we  shall  have  to  integrate  the  equations  y^^}/^, 
y>s/{y  +y)  ^y^ •••  It  is  from  this  circumstance  that  the  name  of 
the  inverse  Method  of  tangents  has  been  given  to  that  branch  of  the 
Calculus  which  relates  to  the  integration  of  the  equations  of  the  Ist  order 
between  x  and  y. 

The  foUowing  are  some  examples.  • 

What  is  the  curve  in  which,  at  each  point,  the  length  n  of  the  normal 
and  the  abscissa  t  of  the  foot  of  that  line  have  to  each  other  a  given  rela- 
tion n  =2^/? 

Since  [N®.  722]  we  have  /  =  «  +  5^/  and  n  =y  V(l  +  /*),  it  is 
dear  that  the  proposed  problem  reduces  itself  to  integrating  the  equation 

If  n  and  t  be  required  to  be  the  co-ordinates  of  a  parabola,  of  which 
2p  is  the  parameter,  it  follows  that  n*  =  2p^  whence 

To  integrate  this  equation,  resolve  it  in  respect  to  yy',  then  divide 

TOL.    II.  2  B 
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throughout  by  the  radical^  and  we  shall  have 


^(p«  +  2;jx  -  y«) 


+  1  =  0; 


the  Ist  tenii  of  this  is  evidently  the  derivative  of  V(p«  +  2px  —  ^\  ; 
and  therefore  >/(p^  +  2pjr  —  y*)  =  a  —  a:. 

Squaring,  and  putting  c  in  place  of  the  arbitrary  constant  a  •\'  pyVs^ 
€>btain 

^  +  x«  —  2cx  +  c«  —  2pc  =  0. 

The  curve  required,  therefore,  is  a  circle,  of  which  the  centre  has  its 
locus  any  where  in  the  axis  of  x>  and  the  radius  is  the  mean  proportional 
between  2p  and  the  distance  itQm  the  centre  to  the  origin.  This  is,  in 
fact,  what  is  otherwise  evident. 

But,  besides  this  unlimited  number  of  circles  which  satisfy  the  pro- 
blem, it  also  has  a  parabola  for  one  of  its  solutions ;  for,  on  recurring  to 
the  processes  of  N<".  823  and  827,  we  shall  find  the  singular  equation 
%(^  "sss.  2px  +  p^.  It  is  a  point  easily  verified  Qas  we  have  seen  N^'.  824', 
3^3'  ^luit  this  parabola  results  from  the  continual  intersection  of  all  the 
successive  circles  comprised  in  the  general  solution. 

855.  To  find  a  curve  such,  that  the  perpendiculars  let  fall  from  two 
fixed  points  on  all  its  tangents  shall  form  a  constant  rectangle  =  k. 
Take  for  the  axis  of  x  the  line  which  joins  the  two  points,  one  of  them 
being  the  origin,  and  the  other  at  the  distance  2a :  then  the  N^  374> 
gives  the  expressions  for  the  distances  from  these  two  points  to  the  tan« 
gent,  which  has  for  its  equation  F  —  ^  =  y(  JC  —  x),  and  we  find 

This  equation  is  integrated  by  first  difierentiating  it ,-  y  results  as  a 
common  factor,  and  we  find  y  =  0,  and 

-x(2fly  +  ^  -  yx)  +  (y  -  ya:)  (2a  -  x)  =  2it/...  (2): 

the  1st  gives  y  =  c,  which  changes  the  proposed  equation  into 

(2ac  4-y  -  cj:)  (5^  -  ex)  =  *(1  +  c«); 

these  are  the  equations  of  two  straight  lines ;  and  we  might  veadily 
assure  ourselves  that  they  do  actually  correspond  to  the  problem.  The 
number  of  straightiines  comprised  in  pairs  in  this  relation  is  also  infi- 
nite. As  to  the  equation  (2),  if  we  deduce  from  it  the  value  of  y,  and 
substitute  it  in  (1),  changing  x  into  j;  +  a,  we  have 

.y'{a"-+A)  +  *'  =  A(a«  +  A); 


r— »« 
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and  we,  therefore^  find  an  elHpse  which  has  for  its  foci  the  given  fixed 
pointSy  and  for  its  aemi-oxes  V(^  +  a^)  and  ^h  This  curve  is  a  singular 
solution  of  the  problem,  and  nesultf  from  the  suooessive  intersections  of 
the  straight  lines  comprised  in  the  complete  integral. 

The  following  questions  will  serve  for  additional  practice : 
To  find  a  curve  such,  that  all  the  perpendiculars  let  fall  from  a  given 
point  on  its  tangents  shall  he  equal. 

What  is  the  curve,  in  which  the  lines,  drawn  to  two  fixed  points  from 
anj  point  in  its  course,  are  equally  inclined  to  the  tangent  ? 


INTEGRATION  OF  EQUATIONS  WHICH  CONTAIN 

THREE  VARIABLES. 

TOTAL  DIFFERENTIAL  EQUATIONS. 

856.  Since  the  equation  dz  =  'pdx  +  qdy  results  from  the  sum  of  the 
derivatives  [N*>.  704-]  of  z  ^J{x,  y),  taken  relatively  to  x  and  y  considered 
as  independent  variables,  we  thence  conclude  that  the  functions  of  x  and 
y  represented  by  p  and  q  must  be  such,  that  [^N^.  70S]] 

dy  -  dx"'  ^*^' 

If  a  proposed  equation  satisfy  this  condition,  we  shall  integrate  the 
exact  differential  pdx  +  qdy,  by  the  process  of  K^.  819;  and  the  result 
will  be  the  value  of  z  orJ{x,  y)^  Thus,  from  example  1,  p.  380,  we  see 
that  the  integral  of 


IS  s  =  fty  -h  or  +fc  (x  +  is/1  +  a:«). 

857.  If  the  differential  equation  proposed  be  implicit, 

Pdx  +  ft/y-f  iWa  =  0; 

P,  Q,  and  R  being  fiiactioDS  of  x,  ^  and  z,  we  shaH  be  able  to  bring  it 

P  Q 

under  the  form  dz  s=  pdx  +  qdy,  by  assuming  p  =  —  -^^  9  =  —  d'  ^^ 

ascertaining  whether  the  condition  (1)  is  fulfilled,  since  p  contains  z 

2  b2 
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which  is  a  function  of  x  and  y,  to  obtain  the  first  side  of  the  equation 
(1 ),  we  must  not  confine  ourselves  to  considering  a;  as  constant  in  p,  and 
y  as  variable ;  we  must  also  make  z  vary  in  respect  to  ^ ;  whence  ^N\ 

704f]  we  have  ;/^  +  7* ;/- >  9  being  =  -=-'  The  same  is  to  be  said  of  q 
relatively  to  x,  and  we  therefore  have,  in  lien  of  the  condition  (1), 


dy^^  dz  '^dx^^  dz 


Replacing  p  and  q  by  their  values,  this  gives 

dy  dy  dx  dx  dz  dz 

an  equation  which  expresses  that  z  is  a  function  of  two  independent 
variables,  with  which  it  is  connected  by  a  single  equation. 

858.  Let  F  be  the  factor  which  renders  the  equation  Pdx  4-  Qdy 
4-  Rdz  =  0  the  exact  differential  of f{x,y,  z)  =  0.  It  follows,  then, 
from  the  principles  explained  [p.  270^,  that  if  we  make  x  constant,  or 
dx^O,  the  equation  FQdy  +  FRdz  =  0  must  be  an  exact  differential 
between  y  and  z :  and  the  same  may  be  said  for  efy  =  0  and  <fz  =  0 ; 
whence  we  deduce 

d.FR_d.FQ  d,FP  _d.FR  dFQ_d.FP 


or 


dy            dz  '      dz    ^      dx  '     dx 

~    dy 

(•  dy       dz  }            dz           dy 

1 

j,^dP      dR}^dF      pdF 

i  dz        dx  S            dx           dz 

>..•.  (3). 

( dx       dy  ^            dy       ^  dx  J 

If,  now,  these  equations  be  respectively  multiplied  by  P,  Q  and  £, 
and  the  results  be  added  together,  the  2nd  sides  will  destroy  each  other, 
so  that  the  common  factor  F  disappearing,  we  shall  be  brought  back  to 
the  relation  (2)  ;  we  have  no  chance  therefore  of  rendering  the  pro- 
posed equation  integrable  by  means  of  a  factor  F,  except  when  the  con* 
dition  (2)  is  satisfied.  Thus,  every  equation  between  two  variables  is 
integrable,  at  least  by  approximation,  whereas  this  is  not  the  case  for 
equations  of  three  or  more  variables. 

859.     If  the  differentials  exceed  the  first  degree,  the  circumstances  of 
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the  case  arc  these :  Whatever  be  the  integral  required^  it  is  obvious 
thatj  by  differentiating  it^  we  might  bring  it  under  the  form  Pdx-^  Qd,y 
+  Rdz  =  0^  to  which  the  differential  proposed  must  be  redudbk  ;  if 
therefore  we  resolve  the  proposed  equation  in  respect  to  dz,  dx  and  dt/ 
must  not  remain  involved  under  the  radical  sign ;  and  it  consequently 
is  not  integrable^  except  when  it  is  decomposable  into  rational  factors. 
For 


I 


Adx^  +  JJrfy«  +  Cdz^  +  XW^rfy  +  Edxdz  +  Fdydz  =  0, 

the  radical  comprised  in  the  value  of  dz  is 

^[(E*  —  ^AC)  dx'^  +  2(£F  -  2DC)  dxdy  +  ( -P  —  4JJC)  df^]  : 

which  being  submitted  to  the  known  condition  [N^  1 SS^,  we  find 

(£F  -  2DC)«  -  (£*  -  4i4C)  (2?^  -  4J5C)  =  0...  (4). 

If  this  equation  be  satisfied^  we  shall  have  to  integrate  two  equations 
of  the  form  'Pdx  +  Qiy  +  Bdz  =  0^  of  which  the  one  proposed  is  the 
product 

860.  To  integrate  'Pdx  +  QAy  -f  Rdz  =.  0,  when  the  condition  (2) 
is  fulfilled^  we  must  consider  one  of  the  variables  as  z,  constant ;  and 
then  integrate  Pdx  +  Ctdy  =  CX  l^tj\xy  y^  z,  Z)  =  0  be  the  integral^ 
Z  being  the  arbitrary  constant  which  may  contain  z :  we  shall  take  the 
complete  difierential  of  this  equation  and  compare  it  with  the  one  pro- 
posed ;  there  must  thence  result  for  dZ  an  expression  independent  of  or  and 
y,  a  function  of  z  and  Z  alone ;  and  a  subsequent  integration  will  deter- 
mine Z.  This  process  has  its  origin  in  the  first  principles  of  the  difieren- 
tiation  of  equations  [N^  704]. 

I.  Let  dx{y  +  z)  +  dy{x  +  z)  +  dz{x  +  y)  =  0 :  making  dz  =  0, 
we  have  dx{y  +  z)  +  dy{x  -f  z)  =  0,  the  integral  of  which  [N®.  813] 
is  (or  4-  2;)  (^  +  s)  =  Z.  Differentiating  this,  and  comparing  the  result 
with  the  differential  proposed,  we  shall  have  dZ  =  2zdz,  whence 
Z  3=  2^  4-  c.   And  the  integral  required  is  therefore  xz  ■\'  yz  •\'  xy  ^:s  c. 

II.  Before  we  proceed  to  treat  the  equation  zdx  +  xdy  +  ydz  ss  0, 
we  shall  submit  it  to  the  condition  (2) ;  and  since  x  4-  y  +  2  is  not  ==  0, 
we  see  that  the  equation  is  not  integrable.  Had  we  carried  into  effect 
the  plan  of  integration  marked  out,  we  should  have  found  that  Z  was 
not  free  from  x  and  y, 

III.  For  [x{x  -  fl)  +  y{y  —  hy]dz  =  (z  —  c)  {xdx  -f  ydy),  the 
same  is  the  case,  unless  a  and  b  be  each  nothing.     In  this  case,  we 
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have  (x«  4-  y')  da:  =  (z  —  c)  {xdx  +  ydy) ;  we  rtiake  i«  a=  0  and  inte- 
grate; whence  x^  +  jf*  =  ^-  Differentiatuig  this  and  comparing  the 
result  with  the  equation  proposed^  we  find  Zdz  =s:  (z  —  c)dZ;  whence 
Z=iA{z'^  c):  thus  the  int^ral  is  x«  +  j^«  as  j^{z  —  c)». 

IV*  Again^  let  the  equation  proposed  be 

(^«  +  5f2  +  z«)dx  +  (ar«  +  »«  +  z«)  ^'y  +  ( J^  +  ^^y  +  i^')  ^  =  0  : 

making  t/z  =  0^  we  have  to  integrate 

^  ^ 0- 


—a  +    a  .   . — ; — 4  =  ^i  whence 


ar«  +  xz  +  z«   '  j(*  +  y«  +  2 


[arc(tan  =  ^-±i?)+arc(tan  =  ?±^ 


V  z*  —  zx  —  zy  —  2xy/ 


or*  arc 


Since  this  arc  is  a  function  of  z,  its  tangent  is  so  also,  and>  making 
the  denominator  s  ^,  we  may  assume 

_(f+_y +jl'_  =  (±±if±J)^  =  «...  («). 

z^  ^  za?  —  zy  —  2a;^  f 

Differentiate  this  equation,  get  quit  of  the  denominator  f%  and  com- 
pare the  result  with  the  proposed  equation  multiplied  by  2z ;  since  the 
terms  in  dx  and  dt^  are  the  same  on  each  side,  we  equate  the  other  terms 
to  each  other,  vLs* 

2(x«z  +  Sxyz  +  y^z  +  z«x  -I-  z«y  +  x*y  +  y*x>b  +  ^*.rfZ  ==  0. 

Putting  for  f  its  value  derived  from  (a),  and  suppressing  the  common 
factor  X  +  y  +  z,  we  have 

2(xy  +  yz  +  xz)  ZHz  +  (x  +  y  +  «)  zHl  =  0 ; 


*  We  frequently  meet  with  fontialae  in.wUcb  arcs  that  are  given  by  their  tan- 
gents are  to  be  added  together.  Suppose  that  we  had  arc  (tan  Ma)-}-  arc  (tan  » (3) ; 
if  m  and  n  denote  these  two  arcs,  we  have  «  »  tan  m,  ^  »  tan  n,  and  the  point  is  to 
6nd  an  expression  for  the  arc  m  -f  m.    Now  \Ky  N°.  359],  we  have 

tan  (»i  +  »)  =  -. 2 ;  whence  ^  -|-  «  =  arc  I  tan  «=  t -^  j. 

The  equation  above  has  been  reduced  in  this  manner. 
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and  this  is  the  equation  that  is  to  give  Z  in  terms  of  z,  and  which 
must  not  contain  x  at  y.     We  deduce  from  (n) 

s«Z  -  z'  —  2xyZ 
xz^ryz^  ZTl ' 

suhstituting,  we  find  that  2Z(z^  —  xy)  is  a  common  factor^  and  We  have 
Z{Z  ^\)dz  '\'  zdZ  ss:  0*  and  consequently 

dz_dZ         dZ         _    cZ  z 

With  this  value  of  Z,  the  equation  (a)  is  the  integral  required^  which 
may  he  written  xy  •\-  xz  ■\-  yz  ^=^  c{x  +  ^  +  «). 

861.  If  the  condition  (2)  he  not  satisfied,  on  following  the  course  that 
has  just  heen  explained,  dZ  can  no  longer  he  found  expressed  in  z  and 
Z  alone.  jF  heing  the  factor  which  renders  Pdx  +  Qdy  integrahle,  and 
u  -^  Z  the  integral  of  FPdx  +  FQdy,  compare  the  differential  of 
tt  +  Z  =  0  with  FPdx  +  FQdy  +  FRdz  =0;  we  fiad  then 

u+Z  =  0,^  +  ^^FR...{5). 

X,  y  and  z  enter  into  (5),  so  that  we  cannot  from  it  deduce  Z,  nor 
the  required  integral,  in  the  same  manner  as  when  the  condition  of  in- 
tegrahility  is  fulfilled.  All  that  we  can  infer  is  that  «  +  Z  =  0  will 
satisfy  the  proposed  equation  and  he  its  integral,  if  Z  can  be  determined 
in  a  function  of  z,  Z  ^  fz,  and  so  that  at  the  same  time  the  relation  (5\ 
be  established. 

It  has  been  seen  [N^.  704]  that,  in  the  differentiation  of  equations,  we 
tacitly  suppose  the  variables  x  and  ^  to  be  dependent,  by  virtue  of  an 
arbitrary  relation  which  connects  them  one  with  the  other :  in  the  case 
before  us,  we  cannot  integrate  without  establishing  this  dependence.  It 
is  evident  that,  if  we  put  Z  as  ^z,  the  system  of  our  two  equations 

satisfies  the  equation  proposed,  whatever  h6  the  form  of  the  function  <p. 
The  equations  which  do  not  satisfy  the  condition  of  intfegrability  were 
formerly  termed  Absurd  ;  and  it  was  established  as  a  principle  that  they 
had  no  meaning,  and  that  a  problem  susceptible  dF  solutloh  could  never 
lead  to  this  species  of  relations,  which  it  was  maintained  were  no  other 
than  imaginary.  Monge,  in  giving  the  preceding  theory,  proved  that 
this  idea  was  erroneous. 
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If,  therefore,  we  have  to  investigate  a  curve  surface  that  shall  fulfil  i 
tain  conditions,  which,  expressed  analytically,  lead  to  a  difierential  equa- 
tion between  the  co-ordinates  x,  ^  and  z,  the  points  of  space  which  satisfy 
the  problem  are,  in  the  present  case,  not  those  of  a  surface,  but  those  of 
a  curve  of  double  curvature,  since  the  equation  cannot  exist  except  by 
separating  itself  into  two  others,  similarly  to  what  we  have  frequently 
met  with  elsewhere  QN**.  112,  533,  576].  £,y  and  z  enter  into  (5),  , 
so  that  we  cannot  from  it  deduce  Z,  nor  the  required  intend,  in  the 
same  manner  as  when  the  condition  of  integrability  is  fulfilled.  Like- 
wise, since  ^  is  arbitrary,  it  is  not  merely  a  single  curve  which  cor- 
responds to  the  problem,  but  an  infinite  number  of  curves  subject  to  a 
common  law. 

Thus,  for  zdx  +  xdy  +  ydz  =  0,  we  find 

F  =  ar-»,  E  ssry,  ^  +  zfar  =  ti, 
whence  y  +  zfa  +  ^z  =  0,  ir  +  ^'z  =yjr""*, 

for  the  equations  (6),  the  system  of  which  satisfies  the  one  proposed, 
whatever  be  the  function  9. 

In  the  example  III  of  N^  860,  we  have 

il  ==  —  a?(a:  —  a)  — y(y  —  6),  Fa=(z  —  c)""';  and  therefore 

,      a:«  +  y»  +  2fz  =  0,  (*-  c)ip'z  -f  x{x  -  a)  +  y(^  -  6)  =  0. 
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862.  Let  the  equation  be  c^z  s  pdx  +  qdy ;  p  and  q  being  the  partial 
differentials  of  z,  in  respect  to  x  and  y  respectively.  We  have  already 
given  the  mode  of  tracing  back  this  equation  to  its  integral  z  ^zf{x,y) ; 
but  let  it  now  b6  proposed  to  find  z  =J{x,y)^  from  the  knowledge  only 
of  one  of  the  coefficients  p  and  q,  or  of  a  relation  between  them. 

Take  first  the  case  in  which  q  does  not  enter  into  the  relation,  viz. 

^{py  a:,  y,  z)  s=  0.  We  know  that  the  variables  x  and  y  are  independent 

in  z  =/(jr,^),  it  being  possible  for  one  to  vary  without  the  other  [[N**. 

704] ;  and  as  q  does  not  enter  into  the  equation  proposed,  it  belongs  to  the 

case  in  which  x  and  z  have  alone  varied,  since,  though  y  varied,  the  given 

relation  F  s=  0  would  continue  the  same.    W^e  must^  therefore,  make 

dz  . 
P^^  dx  ^  ^^  proposed  equation,  and  we  shall  have  to  integrate  an 


I 
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equation  between  the  variables  x  and  z,  y  being  frupposed  constant.  The 
constant  to  be  then,  added  to  the  integral  must  be  an  arbitrary  function 
ofy,  which  we  shall  represent  by  ^y. 

Hence^  to  integrate  the  equation  F{p,  x,  y,  z)  =  0,  we  must  eliminate 
p  by  means  dz  =  pdx,  integrate  considering  y  as  constant,  and  add  (fy> 

We  might  reason  in  the  same  manner  in  respect  to  q  for  the  integra- 
tion of  the  equation  F(q,  x,y,z)  ^0. 

For  example^  p  ^  Sx^  has  for  its  integral  2=0:^  +  ^y. 

That  of  a;  s  p^{x^  +  y*)  is  «  =  Vi^  +  y^)  +  fy* 

For  p»y{a*^-y^  —  a:")  =  a,  we  find 

z  =  a.  arc  (rin  =  ;j^^^;^-^)  +  ?j,. 

Let  qxy  +  02^  =  0 :  we  integrate  xydz  4-  ozdy  ^0,x  being  constant, 
and  we  have7(2;y)  =  Ic ;  whence  «*.y  =  fx. 

Lastly,  let  p{y^+  x*)  =y*  +  z':  hence  results  the  homogeneous 
equation  (jy*  +  x'*)dz  =  (^  +  s^)dx;  and  next 


t  '       •        * 

i[tto 

yJ 

-  arc 

\  [tan 

=-)  = 

or  [[note,  p.  *2?]J 

•    «    ♦  . 

\ 

*  > 

r 

.tan  ss 

.^(2- 

JL)\ 

Z—  X 

863.  Take  the^genero^  linear  equation  of  the  1st  order 

Pp+Qq:^  r, 

P,  Q,  F  being    given    functions    of   x,  y,  z*     Eliminating   p   from 
dz  =  pdx  +  qdy,  we  shall  have 

Pdz  -  Vdx  =  ^(Pdfy  -  Qdx)...  (1), 

an  equation  which  must  be  satisfied  in  the  most  general  manner,  q  being 
any  whatever,  since,  from  the  equation  proposed,  q  continues  indeter- 
minate.   When  the  variables  x,y,zare  separated  in  this  equation,  each 
side  in  particular  may  be  rendered  integrable. 
Let  V  =  a,  ^  =  /?,  be  the  integrals  of  the  respective  equations 

Pdz^Vdx=:0,  Pdy-Qdai^O...  (2); 

the  equation  (1)  then  is  equivaltnt  to  i^dw  s  f^^'qd^,  i^  and  f/  being  the 
factors  which  render  the  equations  (2)  integrable ;  and  that  this  equa« 
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t^' 


tion  may  itself  be  so^  it  is  incumbent  that  —  </  be  a  function  of  ^,  vii. 

w  =  9e»  ^  denoting  a  function  altogether  arbitrary. 

When  Xy  y,  z  are  intermixed  in  the  equations  (2),  if  ♦  =  «,  and  ^  =  ft 
be  functions  which  satisfy  them^  the  proposed  equation  still  has  for  its 
integral  nr  =  ^f?  this  point  it  remains  for  us  to  demonstrate. 

To  ascertain  whether  the  proposed  equation  be  satisfied  by  any  equation 
w  =  ?g,  it  follows  that,  having  got  its  differential  under  the  form 
dz  =  pdx  +  qdy,  we  must  see  whether  the  values  that  we  thus  find  for 
p  and  q,  being  substituted,  give  Pp-^Qq^^  V.  Now  the  differentials 
of  »=  «,f  =  |3  being 

dv  =  Adx  +  Bdi/  +  Cdz  z=:  0,  di  =^  adx  +  bdtf '\- cdz  =  0, 
we  find  for  the  difierential  of  v  —  f;  =s  0,  relative 

to  z  and  x...  (C  —  c.^'f)p  +  -4  —  a^'^  =  0, 
to  z  and  y...  ( C  —  c^'^)^  +  B  -  6^'?  =  0. 

Deducing  p  and  q  from  this,  for  the  purpose  of  substituting  them  in 
Pp  -jr  Qq—  V»  we  find  that  the  eq«atron  *  *  ♦?  satisfies  the  one  pro- 
posed, if  we  have 

ilP  +  JJQ  +  Cr=  (p'i  X  {aP  -^hQ  +  cV); 

but  if  we  admit  that  the  functions  v  and  f  have  beeil  so  selected  as  to 
satisfy  the  equations  (2),  we  may  itom  these  equations  deduce  ^/^  and  (ir 
for  the  purpose  of  substituting  in  c/«  =  0  and  <^  =  0 ;  when  it  appears 
that  the  equations  whidi  expren  the  condition  that  determiiies  v  and 
^  are 

thus,  V  =  ^^  satisfies  the  equation  propos^,  the  function  (p  being  arbi- 
trary, and  T  ^  ^^  is  the  integral  required. 

If  c/x  be  eliminated  between  the  equations  (2),  there  results 
Qdz  —  Vdy  =  0 :  and  any  two,  therefore,  of  the  following  equations 
contain  the  third,  and  may  be  employed  indifierently : 

Pdz  -  Vdx  =  0,  Pd^  -  Cidx  =  0,  Qdz  —  Frfy  =  0...  (3). 

Hence  we  conclude,  that  the  integration  of  the  equation  of  partial  dif- 
ferences of  the  1st  order  Pp  +  Qq=z  F  reduces  itself  to  scdisfying  two 
of  the  equations  (3)  by  some  functions  ws^  a^  f  =  ft  and  assuming 
qr  :=  ^^,  $  denoting  an  arbitrary  function  ;  a.  and  /?  are  constants,  which 
do  not  entc^  into  the  integral,  the  function  f  containing  as  many  oon- 
Btants  as  are  necessary.    If  we  make  f  ^  =  ccnstant,  we  have  #  ==  ccm« 
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itant^  which  also  satisfies  the  equation  proposed ;  so  that  v  =  te  and 
f  =  0  dfe  particular  integrals  of  it. 

864<.     Let  us  now  inquire  into  what  takes  place  in  different  cases. 

P.  If  F  he  nothings  one  of  our  equations  (3)  is  cfz  =  0,  s  =  a  =  v ; 
there  will  only  remain  therefore^  in  the  2nd,  the  two  variables  x  and 
t/ ;  the  integral  ^  =  0  will  then  be  obtained  [chap*  I  V]>  and  z  =  ^^  will 
be  the  integral  of  Pp  +  Qq^  0. 

For  example^  py  =  qx  gives  P  =  i/,  Q  =  —  :r,  ydfy  +  xdx  =  0> 
whence  g  =  a:*  +  yS  imd  js  =  ^  (a:*  +  y%  the  equation  of  surfaces  of 
revolution  about  the  axis  of  z  [N^.  622  and  705]. 

y 
^O'rpx-\'qy^=i0y'S9efaAxdy'^ydxsz0,ly^szlmXyy^=iaXy~  =  ^; 

X 

and  lastly  z  =  $  f  -  J ;  which  is  the  equation  of  the  conoids  QN^  748]]* 

Similarly^  if  ^  =  pP,  P  not  containing  z,  the  integral  is 

2  =  9e*  f  =  /  ^  {^'^  +  Pdy)y 
F  being  the  factor  whidi  renders  dx  +  Pdy  integrable. 

2^.  When  it  occurs  that  two  of  the  equations  (3)  contain  but  two 
variables  and  their  differentiaky  the  integration  easily  gives  9  and  ^. 

Let  the  equation  pit^posed  be  px  '\-  qy  ^^  uz;  then  xdz  ^=znzdx, 
xdy  =  ydx ;  whence  z  ss  ca^,  y  :=0x;  hence  we  deduce  a  and  $,  the 

values  of  «  and  ^,  and  consequently  the  integral  required  z  =:  x"9  [  -  j. 

We  see  that  9  is  homogeneous  and  arbitrary ;  and  since  the  equation 
proposed  is  the  enunciation  of  the  theorem  regarding  homogeneous 
functions  [p.  38S],  we  thus  arrive  again  at  the  demonstration  for  the 
case  of  two  variables. 

For  px*  -f  qy*  5=  z\  we  have  x^dz  =  z^dx,  x^dy  =  y^dx ;  whence 
2-»  —  X"*  =  w,  y"^  —  x"^  =  ^ ;  and  the  integral  therefore  is 

z       X  \y       xj  xz  \    xy  J 

X  and  V  being  functions  of  x  alone^  the  equation  q  =  pX  +  F  gives 
XrfjB  +  Vdx  =  0,  Xc/y  +  rfa?=  0,  and 


2r 


-f¥+4+n)- 


3®.     When  one  only  of  the  equations  (3)  is  between  two  variables, 
having  kitegrated  it,  we  elinmate,  by  means  of  this  reiult  v  =  «^  one 
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of  the  variables  from  the  2nd  or  Srd  of  our  equations^  then  integrate, 
and  we  have  ^  =  /3 ;  we  replace  t  for  a  in  f,  and  we  have  v  =  f^,  or 

«  =  ♦*• 

Let    the    equation    be    ^xy  —  px' =^*:    then    arVz -f  y'rfx  ^  0, 

x^dy  -\-  xydx  =s  0  ;  the  latter  of  these  gives  xy^fi;    substituting  in 

the    other    /Jx""'  for   y,    there    results    dz  +  fi^x^^dx  =  0 ;     whence 

z=  40*x""^+« ;  in  this  replacing  ay  for  ft  we  have  z— -J- y^x"' =«=«■; 

and  consequently  the  integral  required  is  Sxz  :=  ^*  4-  Sxf  (xy). 

For  px  +  qry  =s  n  V  (x'  +  y"),  we  have 

xdz  =  nrfx  \/(x*  +  y*),  xdy  =  ydx ; 
the  2nd  ^ves  y^0x;  eliminating  y  from  the  Ist,  it  becomes 

dz^n^(l  +  ^rfx;  whence  2  —  nx\/(i  +  g*)  =s  «, 
then  w  =  2  —  II  >/(fl«  +  ^),  f  =yx~*, 

and  lastly  z  =  »  V(«"  +  y')  +  <P  (^V 

865.  But  when  x,  y  and  z  are  intermixed  in  the  equation3  (3),  it 
is  no  longer  possible  to  integrate  each  in  particular,  for  y  cannot  be 
supposed  to  be  constant  in  the  1st,  nor  z  in  the  2nd...  We  are  then 
obliged  to  have  recourse  to  particular  analytical  artifices.  Thus  we 
frequently  accomplish  the  integration,  by  substituting  for  p  or  q,  in  the 
following  equations,  the  value  derived  from  the  one  proposed;  these 
equations  result  from  dz  =  pdx  +  qdy^  treated  according  to  the  method 
of  integration  by  parts : 

2  =|)X  +  /  {qdy  —  xrfp)...         (4), 

«  =  «y  +  /  (P^  —  ydq)...         (5), 
z  =  px  +  qy—Axdp  +  ydq)...  (6). 

If,  for  example,  p  be  a  given  function  of  9,  as  p  =  (j,  the  relation 
(6)  becomes 

z^Qx  +  qy-'f  (xCt  +  y)dq; 
whence  it  follows  that  the  factor  of  dq  must  not  contain  either  x,  or  y, 

xCt  +  y^(p%z=^Clx'{'qy-'^; 

the  function  f  is  arbitrary.  The  integral  results  from  the  elimination 
of  q  between  these  two  equations,  when  this  function  f  has  been  de- 
termined [N».  879]. 

866.  After  having  substituted  in  dz  s  pdx  +  qdy  the  value  of  p. 
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or  that  of  q,  derived  from  the  eqaation  proposed^  we  have  a  differential 
equation  between  the  four  variables  x,  y,  z  and  q  or  p.  Suppose  that 
this  equation  be  reducible  to  the  form  of  an  exact  differential,  by  talung 
as  constant  p  or  q,  or  a  function  0  of  this  letter ;  and  \eif(Xi  y^  z,  d)=c 
be  the  integral  on  this  hypothesis  of  0  being  constant.  It  is  obvious 
that  if  this  equation  be  differentiated,  the  result  will  be  that  whence  it 
was  derived,  not  only  if  B  and  c  continue  constant,  but  also  if  0  and  c 

df 

are  variable,  provided  that  we  have  ^^d^^dc^O,     Thus,  that  d  may 

assume  its  state  of  being  any  variable  function  in  the  differential  equa- 
tion, and  that  at  the  same  time  the  equation  f^^c  may  always  be  the 
integral,  we  have  but  to  suppose  that  c  is  an  arbitrary  function  of  d, 
such  that  we  have  at  once 

In  the  case  in' which  the  proposed  equation  is  an  exact  differential,  0 
being  assumed  as  cofutant,  we  shall  integrate  on  this  hypothesis^  when 
we  shall  have  the  1st  rf  the  preceding  equations,  which  we  shall  then 
differentiate  relatively  to  0  alme^  in  order  to  form  the  Znd  ;  the  system 
of  these  two  equations  will  satisfy  the  one  proposed,  ^  being  an  arbi- 
trary function.  When  we  have  determined  (p  QN**.  879],  it  will  re- 
main to  eliminate  B  between  them,  and  we  shall  have  the  integral  re- 
quired. 

It  follows  from  what  has  been  seen  in  N^  765,  that  if  the  1st  equa- 
tion be  considered  as  belonging  to  a  curve  surface  of  which  0  is  a  varia- 
ble parameter,  these  two  equations  are  those  of  the  characteristic ;  the 
investigation  of  this  curve  is  obriously  equivalent  to  the  integration  of 
the  equation  proposed. 

Let  the  equation  z  =  pg  be  ^ven :  we  find 

zdx   ,      ,      -        adz  -  zdx      (0  +  x)dz  —  zdx 
assuming  ^  =  d  +  x ;  f or  d  constant,  the  integral  is 


differentiating  relatively  to  0  alone.     The  system  of  these  two  equations 
is  the  integral  of  the  one  proposed  z  =  pq, 

867.  The  integration  is  frequently  facilitated  by  introducing  an  in- 
determinate quantity  B,  which  allows  of  the  proposed  equation  being 
separated  into  two. 
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l^f{p»  sr)  5=  F  {q,  .v) :  make  /(p,  x)  =  d,  whence  F  (9,  y)  =  d  ; 
resolve  these  equations  in  respect  to  p  and  qf^  and  we  shall  have 

p  =  >Kx,  0),  9  =  y^(y,  §),  dz  =  4^rfx  +  x^y- 

Integrating  on  the  supposition  of  0  heing  con3tant>  according  to  what 
has  heen  just  stated ; 

it  will  renudoi  to  diSbreatiate  relatively  to  d  alone,  and,  havii^  deter- 
mined the  function  ^,  to  eliminate  B  hetween  these  equations. 
For  example,  for  the  equation  a^  =  x^ ,  we  have 

a*       aq  a  aB 

and  therefore 

S6S.  When  the  equatimi  Pp  +  Qy  »  ^  »  homogeneous  in  x,  y,  s, 
we  make  x  =  tz,  tf  :=:uz ;  P,  Q,  V  becoB^e  changed  into  P/",  Q/*, 
r/»  CN^  815],  and  the  equations  (3)  give 

whence  (P,  -  /r,)  rftt  =  (Q,  -uV,)dL 

The  integral  of  this  equation  in  ^  and  u  being  found,  we  shall  make 
use  of  it  for  eliminating  either  /  or  «  from  one  of  the  preceding,  which 
we  can  then  integrate ;  lastly,  eliminating  u  and  /  by  x  =  <2,  y  =  tijsr, 
we  have  the  solutions  v  and  f  of  the  equations  (S),  and  consequently 
the  integral  w  ^  p^. 

For  the  equation  pacz  +  qi^z  =  x',  we  find 

(1  —  /*) rfz  =  ztdi,  «(l  —  i«)  dz  =  zt^du ; 
whence  udt  =  tdu,  t=^au,z  ^(l  — ./^)  =  0; 

and  lastly,  x  =  ay,  ./(z*  —  x«)  =  ft  z*  ==  x*  +  ^  (-)• 
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869.    Besides  the  coefficients  p  and  9  of  the  1st  order,  the  equations 
may  contain 
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whence  rfp  :=  rdx  +  *dfy,  dq  =  sdx  +  /rfy...  (B), 

^z  =  rfpdx  +  rf^rfy  =  rdx^  4-  *2.&dxd\f  +  <dfy. 

The  olject  is  to  integiate  the  equation  /(jr>  y,  Zy  p,  q,  r,  s,  t)  »  0. 

We  shall  in  the  first  place  observe  that  y  must  be  considered  constant 

in  the  equation  of  the  form  r  =  Pp  +  Q,   which  is  equivalent  to 

d^z  dz 

-p-  =  P  -J-  -\-  Q,  P  and  Q  being  functions  of  x,  y  and  z ;  for  the  par« 

dx*  dx 

tial  differentials  g,  ^  and  i,  which  refer  to  the  variation  of  y,  do  not 
enter  here  QN^.  862]] ;  and  we  have  in  this  case  to  integrate  an  equa- 
tion of  the  ordinary  differentials  of  the  2nd  order  between  x  and  z ; 
but  instead  of  the  constant  usually  added>  we  must  take  an  arbitrary 
function  ^y. 

dz 
For  example,  if  z  do  not  enter  into  P  and  Q,  substituting  -r-  for  p, 

we  have  -^  =:  Pp  4-  Q;  the  function  (Pp  »{-  Q)  da;  is  linear  between 

the  variables  p  and  x ;  ^  is  likewise  constant ;  and  the  integral  there- 
fore,  making  «  =  /  Pdx,  is  [N^  817] 

dz 

/>  =  T-  =  «*  (/tf-^Qcix  +  fy)  ; 

repeating  the  integration,  and  adding  a  new  arbitrary  function  4^^^  we 
have  the  integral  required. 

When  P.=  0,  we  have  p  =  /  Qix  +  ^^jy ;  whence 

z^fdxf  Qdx  +  xpy  +  ^y. 
For  the  equation  xyr  =  («  —  l)p^  +  a,  since,  in  this  example, 


we  obtain 


<ir       (n  — l)y  ^-^  («  —  1)^        ^i-jf  I  T^ 

Lastly,  if  xr  =  («  —  l)p,  we  have  nz  =  a:»f^  +  ^'y- 


870.    To  integrate  /  =  Pgr  +  Q,  or  1-5  =  Z*^  +  Q,  we  must  take 
X  constant,  and  add  ^x  and  4"^* 
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dz       y^x 
Let  at  =  xy :  we  have  in  the  fi«t  phice  ^  =  —  =r  "^  -}-  (px  ;    and 

then 

Qaz  =  ^'j:  +  y^x  +  4'ar* 

871 .  The  integral  of  *  =  A! ,  ot-t-t-  ==  -M,  is  included  in  the  theory 

ofcuhatures[N^812]; 

z^/dx/Mdy^-fx-k-^tj. 
Thus,  s^ax  +  by  gives 

z  ^  4  ary  (aa:  +  6^)  +  9^  +  4'^- 

872.  Let  *  =  Mp  +  N,  M  and  ^  being  known  in  x  and  y,  or 

p  and  y  are  here  the  only  variables,  and  we  fall  in  with  a  linear  equa^ 
tion  [N®.  817] ;  whence,  making  «  =  /  Mdy,  we  have 

dz 
p  =  ^  =  c«  (^'x  +  fe'-^.Ndy): 

integrating  then,  in  respect  to  x,  there  results 

z  =  /  {fdx  f  e-^Ndy)  +  f  e^'xdx  +  4:^. 
For  example,  for  sxy  =  hpx  +  ay,  we  find 

87S.     Let  us  take  <Ae  Ztnear  equation  of  the  ^nd  order, 

d^z  d^z  d^z 

R,  S,  T,  F,  being  given  in-  x,  y,  z,  p  and  q.  Eliminating  r  and  /  by 
means  of  the  equations  (JB),  which  serve  as  definitions  of  these  func- 
tions, we  have 

Rdpdy  +  Tdqdx  —  Vdxdy  =  *{Rdi/^  —  Sdxdy  +  2Wa:«). 

Suppose  that  we  know  two  functions  v  and  ^,  which  reduce  each 
side  respectively  to  nothing,  or  that  we  have  v  s=  a^  ^  :=  /3,  with 

Rdy'^  +  2Vfr«  =  Sdxdy, 

Bdpdy  +  Tdqdx  =  Vdxdy. 
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The  point  is  to  prove  that  here>  as  in  N^.  863,  v  =  f f  will  satisfy 
the  equation  proposed,  whatever  be  the  function  ^,  v  and  f  containing 
^9  yy  ^>  P  and  q.  To  demonstrate  this,  let  these  equations  be  in  the 
first  place  reduced  to  the  1st  order,  by  assuming  </y  =  Cldx ;  there  re- 
sults 

■ 

i2n«-6'n4-  r  =  0...  (I), 

dj/  =  adx,  Rcidp  +  Tdq  =  Fadx...  (2). 

The  1st  of  these  equations  gives  for  n  two  values  in  x,  y,  z,  p,  q; 
and  we  suppose  that  v  =  «,  ^  =  /3  have  been  determined  so  as  to  satisfy 
the  equations  (2).  Express  therefore  the  complete  differentials  dv  =  0, 
dg  =s  0,  under  the  form 

Adx  +  Bdy  +  Cdz  +  Ddp  +  Edq  =:0,adx  +  hdy...  edq  =  0; 

put  pdx  +  qdj/  for  dz,  Cldx  for  dy ;  and  lastly,  for  dq  its  value  derived 
from  (2) ;  we  shall  have  then  two  sorts  of  terms  in  each  equation,  those 
of  the  one  sort  factors  of  dx,  those  of  the  other  factors  of  dp ;  and  these 
being  separately  equated  to  zero  (inasmuch  as  the  proposed  equation 
Rr  +  Ss,,.  =s  V  can  determine  but  one  of  the  quantities  r,  s,  t,  in  a 
function  of  the  others,  and  of  x,  y,  z,  p  and  q^  dx  and  dp  remain  inde- 
pendent), there  results 

A+aB+  (p  +  qn)C  +  -^  =  o,  Z>  =  —  , 
a+  n6  +  (p+9n)c  +  -— =^'^=-Y-- 

These  equations  express  the  condition  that  w  and  ^  satisfy  the  condi- 
tions (2).  This  being  premised,  to  ascertain  whether  in  fact  the  equa- 
tion V  =^  ^f  do  satisfy  the  one  proposed,  take  its  complete  differential 
dv  ^^'f  .</f,  or 

Adx  +  Bdy,,.  Edq  =  $'f  {adx  +  bdt/,.,  edq)  ; 

substitute  for  A,  D,  a,  d,  their  values  derived  from  the  four  preceding 
equations,  and  pdx  +  qdy  for  dz ;  then,  collecting  the  terms  which 
have  for  coefficients  B,  C,  E,  b,  c,  e,  we  see  that  they  have  for  a  factor 
one  or  other  of  the  quantities 

ROdp  +  Tdq  —  rndx,  dy  —  tidxy 

which  are  each  nothing  by  virtue  of  the  equations  (2),  and  this  whatever 
the  function  ^  be ;  consequently  ics^^^  is  thejirst  integral  of  the  equation 
proposed,  denoting  an  arbitrary  function  of  x  and  y. 

It  appears  therefore  that  our  attention  must  be  directed  to  the  equa- 
tions (2) ;  and  besides  these  two  relations^  we  also  have  dz^pdx\qdy, 
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which  however  make  but  three  equations  between  the  five  vari«blef  9,  y, 
z,  p  and  q.  It  may  happen  therefore  that  the  etpation  which  is  obtained 
between  three  of  these  quantities^  by  means  of  elimination,  does  not  fulfil 
the  condition  of  integrability  []N^  857]] ;  in  which  case  it  cannot  have 
arisen  from  a  single  equation.  We  should  thus  be  led  to  an  integration 
that  cannot  be  effected,  without  our  being  at  liberty  on  that  account  to 
conclude  that  it  is  not  possible,  and  that  the  differential  equation  pro- 
posed do^  not  result  from  a  single  primitive. 

Hence  we  shall  conclude  that,  to  integrate  the  linear  equation  of  the 
2nd  order  Rr  +  Ss  -f-  TV  =  f^  we  must  assume  the  equations  (I)  and 
(2)  ;  the  first  will  make  known  CI,  and  the  substitution  of  its  value  in 
(2)  will  give  two  equations  which  must  be  satisfied  by  integrals  w  =  m, 
^  ^  j8 :  we  shall  then  make  v  =  f^,  and  it  will  remain  to  integrate  this 
equation  of  the  1  st  order. 

Since  the  equation  (1)  is  of  the  2nd  degree^  there  will  result  firom  it 
two  values  of  O ;  that  must  be  taken  in  preference  whioh  is  the  better 
adapted  for  the  ulterior  calculations. 

874.  Take,  for  example,  q^r  -•  2pqs  t- p^< » 0 :  Rssq\S^^ Spq, 
T  SB  pS  F  sa  0,  give,  for  the  equation  ( 1 ),  ^«n«  +  2pqn  +  p«  ss  0; 
whence  qfl  -jr  ps=0  ;  arid  eliminating  O  from  equations  (2), 

pdx  -f  jrfy  SK  0,  qdp  =  pdq. 

The  latter  of  these  gives  p=i  0q;  the  other  is  equivalent  to  dz  =  0, 
zsza;  and  /3  =  f «,  or  p  =  q^z^  remains  for  a  fresh  integration. 
Applying  the  method  of  N^  868,  it  gives 

dz&Ofd^  ss~^  dx*9z ;  whence  a  =  «,  y  -f  x^«  =  /3 ; 

assuming  0  as  ^m,  there  finally  results,  for  the  int^ral  required,  p  and 
4^  being  the  two  arbitrary  functions,  y  +  a^a  «=  ^z. 

The  equation  rj?«  -f  2j?y*  +  t^H  =  0,  in  which  /?  =  «*,  S  ta  2*^,.., 
gives  n  r  =  y,  and  the  equations  ( 2 )  become  ifdx  «  ofrfy,  xdp  +  ydq = 0. 
The  1st  gives  jy  =  «x;  eliminating  y  from  the  2nd,  it  becomes 
dp  +  au/q  =  0 ;  whence  p  +  «^  =  j3;  lastly,  /3  =  <?«  gives,  for  the  first 

integral,  px  -|r  «y  «  «^  f'^). 

The  equations  (2)  of  N*».  863  are  here  dz  =  dx.f,  xdy^ydx;  we 
derive  from  the  latter  of  these  y  =r  «« ;  eliminating  y  from  the  other, 

dz  =  rfx.^a,  a  =  a:9«  +  /3;  lastly,  /9  =4.«  gives  %  =  ^^ir^  +  ^l'  (m- 
In  the  example  following  we  have  made  |>  +  ^  =s  in> 
r(l  +9m)  +  *(jf-p)m=:/(l  +  pw). 
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Tho  equation  ( 1 }  is 

(1  +  qm)  n'  —  (^  — .  p)  wffl  s  1  4-  pm ; 

whence  n  =  1.  As  to  tlie  other  root  of  (I,  since  it  would  lead  to  a  first 
integral,  containing  p  +  q  under  the  sign  f,  and  also  without  this  8ign> 
it  cannot  be  eropbyed.     The  equations  (2)  are 

d[y  =s  dx,  (1  +  qfn)  dp=z(l  -f-  pm)  dq. 

We  have  from  the  Ist^  x  *-  ^  =  a ;  to  integrate  the  2nd,  making 
p  —  q=in,  and  p+  qssm,  we  deduce  the  values  of  p,  q,  dp,  dq,  and 
we  have  this  separable  equation  mndm  sz(2  +  m*^)  dn,  which  gives 
71  =  |9  V(2  -f  m^) ;  and  consequently,  jS  =  ^o  becomes 


«  ==  V  2  +  m».f'  (x  -y),  p-q+  V^-^(P  +  9)V(ar  -  y). 

To  integrate  this  equation,  put  for  p  and  q  their  values  in  terms  of 
m  and  n  in  dz^s  pdx  +  qdy;  there' results 

2^2  s  (m  +  n)  ofj?  -f  (m  —  n)  i/y 
=  «  (A:  +  dfy)  +  (dx  -  rfy)  \/(2  +  ««).f'  (x  -  y). 

Integrating^  on  the  supposition  that  m  is  constant,  by  t^e  method  of 
N*.  866,  we  find  that  the  integral  in  question  is  represented  by  the 
system  of  the  two  equations 

2z  -I-  4/m  ^zfn{x  +  y)  •\-  t^(2  +  wi*)  f  (x  —  y), 

875.  The  complexity  of  these  calculations  is  frequently  an  obstacle 
to  their  succeeding ;  but  in  the  case  in  which  the  coefficients  i2,  S,  T 
are  constant,  and  F  is  a  function  of  x  and  y,  the  equation  () )  gives  for 
n  two  numerical  values,  such  as  m  and  n :  and  the  relation^  (2),  which 
«  ss «,  ^  s  /i  must  satisfy,  being  integrated  give,  iTor  the  root  m, 

y  =  mx  +  »j  and  Rmp  +  Tq  ^mf  Vdx : 

In  V  we  must  substitute^  for  y,  its  value  »w;  +  « ;  and  /  Vdx  will 
then  depend  solely  on  quadratures.  The  integration  being  accomplish- 
ed, we  must  add  a  constant  /3,  and  replace  a  by  its  value  y  —  mx.  We 
shall  thus  l^ve  the  required  equations  « =  a,  ^  =  |9,  so  that 
^  s=  f 'v  =  ^'  (^  ^  ffix)  will  become 

Rmp  +  Tq^mf  Vdx  +  ^' (y  —  mx). 

We  might  reason  in  the  same  manner  for  the  2nd  root  n  of  n,  or 
rather  change  m  into  n  in  the  preceding  expression ;   but  it  will  be 

2f2 
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sufficient  to  treat  one  of  these  two  cases,  since  the  other  leads  to  the  same 
result.  We  select  that  which  seems  the  better  adapted  for  the  calcula- 
lion.  The  integration  must  now  be  repeated;  for  which  purpose, 
resume  our  1st  integral^  and  thence  deduce  the  value  of  p  in  order  to 
substitute  it  in  dzss  pdx  +  qdy :  observing  tliat  from  the  nature  of  the 
two  roots  m  and  it  of  n^  we  have  Rmn  s  T,  we  find^  including  in  f' 
the  constant  divisor  m, 

Rdz  —  dxfVdx  —  dx^'i^  —  mx)  =  Eq(^dy  —  ndx).   , 

To  integrate  this  equation  [N^.  SGS^y  we  shall  equate  each  side 
separately  to  jsero;  whence 

.y  ss  »x  +  c,  Rz  —  fdx  fVdx  —  fdx,  ^(^  —  mx)  =  &. 
Some  observations  will  now  be  necessary. 

1^  We  must  put  nx  •{■  c  for  y  in  the  2nd  equation,  and  integrate  in 
respect  to  x ;  then  replace  y  —  nx  for  c  in  the  result.  . 

9?.  An  important  distinction  is  to  be  noticed  in  the  double  integrals 
fdx  fVdx,  ance  we  have  first  put  mx  +  a  for  y  in  F,  and  y  —  mx  for 
a  in  the  result ;  whereas  we  must  make  y  ^  nx  -{-  c  in  dx  fVdx,  and 
restore  y  ^  nx  for  c. 

3«.  fdx.  (p'(y  -  mx)  becomes  fdx.  f 'tx(fi  —  m)  +  cT  or  — ? — ,  or 

rather  f[(n  —  m)x  +  c],  including  the  constant  n  —  m  in  ^ ;  thus,  we 
have  ^y  —  mx). 

4®.  The  constant  b  is  some  function  4^  of  c,  or  h  ^  ^{y  —  nx) :  and 
therefore 

Rz  =s  fdx /Fdx  +  p(y  -  mx)  +  ^(y  -  wx). 
For  example,  for  r  —  *  —  2/  s=  ky^  we  have 
n'  +  fl  =  2,  whence  m  =  1,  «  =  —  2,  y  =  x  +  «,  y  :=  «'  —  g^r, 
and  consequently 

/^'it  =  J-^  =  kKx  +  .)  =  %. 

/dlr  /rrfx  =  fkdx  Ijf  =  fkdx  /(.'  -  2x). 
This  integral  is  easily  obtained  [N".  787,  or  769,  V} ;  it  becomes 
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^kx  —  kifl^/tf,  replacing  2x  +  y  for  •';  and  thus 

.  For  r  =  W  or  -r-j  =  ^*  Tl»   ^^ich  is  the  equation  of  vibrating 

chords  [See  my  Mec.  No.310],  we  have  B  =  1,  T  =  —  6«,  iS=  0  =  F; 
whence  n*  =  6*,  nt  =  6  =  —  »>  ^  ==  6x  +  «>  or  y  sx  «'  —  6x ;  lastly^ 
/dx  fVdx  s  0 ;  and  consequently 

2  =  <P(^  —  hx)  +  \{y  +  hx\ 

We  shall  refer  the  reader^  for  more  ample  details  on  this  subject^  to 
the  Integral  Calculus  of  M.  Lacroix. 

876.    We  sometimes  integrate  by  following  the  method  of  N®.  867, 

which  consists  in  separating  the  proposed  equation  into  two  others  by 

means  of  an  indeterminate  quantity  0.      For  example,  the  equation 

r  * 

rt  =  s^,  that  of  developable  surfaces  [N**.  766],  gives  -  =  d  =  -, 

s  t 

whence  r  ^  #d,  #  =  i^,  rdx  +  sdif  =  ^sdx  +  Idif), 

or  dp  :=0  dq  {_B,  N^.  869]].  This  equation  is  not  integrable  unless  d 
be  a  function  of  q ;  and  consequently  p  =  f  g  is  the  Ist  integral.  The 
equation  dz  =s  pdx  +  qdif  becomes  dz  =  dx^  +  qdy ;  and  supposing  q 
constant,  there  results,  by  the  method  of  N^  866, 

z^x(pq  •\-qy-\-  4g*  x¥q  +  y  +  >^'9  =  ^• 

All  the  developable  surfaces  are  comprised  in  the  system  of  these  two 
equations;  to  determine  any  one  of  them  in  particular,  the  functions  ^ 
and  4/  must  be  found,  and  q  be  eliminated  between  the  two  resulting 
equations. 


INTEGRATION  OP  PARTIAL  DIFFERENTIAL  EQUATIONS  BY 
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877.'  As  to  approximate  integrals,  take  for  example  the  2nd  order,  and 
let  an  equation  be  given  between  r,  s,  (,••  x :  fix  on  one  of  the  variables, 
as  X,  and  assume  the  formula  of  M aclaurin  [N<>.  706]], 

z^f+xf+  ix^r  +  ix^f"  + ..., 
w)lere/,/^l/'^M  are  certam  functions  of  y,  the  values  of  the  integral 
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^-^a-^^)  and  its  aerivatives  relative  to  x,  wHen  aJ  is  madesssO.*  Deduce 
from  the  proposed  equation  r^Fif,  8,f),q,  x,  y) ;  it  is  dcar.then,  that  if  x 
be  changed  into  aero,  and  therefore  z  into^i  p  into/',  and  lastly,  *  or 

^P  into  %-,  there  will  enter  into  the  value  of  r  only/,/*,  and  their 

derivatives  relative  to  ^,  since  q  becomes  ^,  and  /  =  j^:  but  r  will  thus 

become/'.  Similarly,  the  derivative  of  r,  relative  to  «,  will  give/*', 
by  means  of  the  same  functions /and/'  which  remain  any  whatever; 
and  so  on  for  Z'',/'^...,  «o  that  the  series  will  contain  two  arbitrary 

functions  d£tf. 

For  the  3rd  order,  the  same  reasoning  proves  that  Uie  series  above  is 
the  integral,  and  contains  three  arbitrary  functions/,/,/*.  And  gene- 
rally, every  partial  differential  equation  of  the  wder  n  has  an  integral 
which  contains  n  arbitrary  functions. 

878.  Lagrange  has  also  proposed  to  approximate  to  integrals  by  the 
method  of  indeterminate  coefficients.    We  are  to  assume 

z  =  f  -|-  ^74*  +  ^^X  +  a?'*'  +  ar**»..t ; 

and  taking  the  proper  differentials,  substituting  in  the  equation  proposed, 
and  equating  to  each  other  the  terms  into  which  x  enters  in  the  same 
degree,  we  ^all  have  different  equations  which  will  serve  to  determine 
the  functions  of  ^,  those  only  excepted  that  ought  to  remain  arbitrary. 
For  instance>  for  r  «=  g,  we  find 

_.  ss  r  ss  2v  +  6a:if  -H  12x»«i»..., 
dx^ 

dy 
whence,  substituting  in  r  =  g  and  comparing,  we  find 


♦  If  the  function /[.r,  y)  be  of  such  a  natnre  as  to  give  infinity  for  any  of  the 
values  of/,/',/"...,  we  must,  as  in  N^ 831,  change  x  into s  —  a\  a  being,  in  the 
proposed  equation,  a  constant  that  we  assume  at  pleasure,  so  as  to  preclude  our 
meeting  with  derlTRtiYes  that  are  Infinile  ia  the  processes  which  are  about  to  be 
poxntfd  out. 


arbitrarv  fv^crio^s.  439 

d'«      d^z      (Pz 
Similarlf^  for  the  equation  Jl  +  Tl  +  JTT  ^  ^*  '^^  ^^ 
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879.  We  may  apply  to  the  arbitrary  functions  ^,  4'..«  of  the  partial 
differential  equations,  the  remarks  that  were  made  QN®.  799]  respecting 
the  constants  introduced  in  the  ordinary  integrations.  So  long  as  our 
object  is  merely  to  integrate,  t.  e.  to  compose  an  expression  which,  being 
submitted  to  the  rules  of  the  Differential  Calculus,  will  satisfy  the  equa- 
tion proposed,  these  functions  9,  t]/...  are  in  fact  any  whatever.  But  if 
the  results  are  to  be  applied  to  questions  of  Geometry,  Mechanics,  &c., 
these  functions  may  cease  to  be  arbitrary.  A  few  examples  will  render 
this  more  intelligible. 

It  has  been  seen  [^N*».  620,  705]  that  the  equation  of  the  cylindrical 
surfaces  is 

y  ^hz^=  ^{x  —  az),  or  ap  -^bq^^i}  ; 

the  1st  being  the  integral  of  the  2nd,  and  the  form  of  the  function  ^ 
depending  on  the  curve  which  serves  for  the  directrix.  If,  now,  the 
base  of  the  cylinder  on  the  plane  xy  be  given  by  its  equation  y  =y!r,  it 
follows  that  ^  must  be  such,  that  this  base  shall  be  comprised  among  the 
points  of  space  designated  by  the  equation  ^  —  6z  =  ^{x  —  az) ;  and  if 
therefore  we  make  ;r  «=  0,  the  equations  y  ^=z  fx^y  ss  /x  will  be  iden- 
tical. The  functions  ^  and^  are  consequently  of  the  same  form,  t.  e.  if, 
in  y  '=s.Jxy  we  change  y  into  y  —  6z,  and  x  into  x  —  az,  the  equatioa 
which  we  obtain  will  be  that  of  the  particular  cylinder  referred  to 
[NO.  748,  I]. 

Generally,  let  M  =  0,  ^  =  0  be  the  equations  of  the  directrix :  we 
shall  assume  x  ^azsstu,  and  eliminating  between  these  three  equations, 
we  shall  from  them  deduce  the  values  of  x,  y,  z,  and  consequently  that 
if  y  -^  bz,  or  fii,  in  functions  of  u,  i.  e.  we  shall  have  the  mode  in 
which  ^u  is  composed  of  u.  It  will  but  remain  then  to  put  x  ^  az  for 
ti,  in  ^  —  6z  s=  ^u,  and  we  shall  have  the  equation  of  the  particular 
cylindrical  .surface  referred  to. 

Similarly,  the  surfaces  of  revolution  about  the  axis  of  z  have  for  their 
equation  py  «s  qx,  the  integral  of  which  is  ar«  H  y' «  f  ar  [N*.  622, 705]; 
ind  the  function  ^  continues  indeterminate  so  hng  as  the  generatrix  of 


^ 
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the  surface  is  any  whatever.  If^.  however,  this  curve  be  given  hj  its 
equations  M=0,  iV=rO,  in  all  its  positions  it  will  be  on  the  surface ;  and 
^9  Vi ^  will  be  common  to  both  :  assume  z^s^u,  eliminate  x,  y  and  z  between 
these  three  equations^  then  substitute  their  values  in  x^  +  ^^  =  ^9  &nd 
we  shall  know  how  the  function  9  is  composed  of  « ;  2  therefore  being 
restored  for  u^  and  x^  +  y"^  for  ^u,  we  shall  have  9  particularised,  so  that 
the  equation  will  belong  exclusively  to  the  surface  proposed. 

And  if  the  body  be  generated  by  the  revolution  of  a  moveable  surface, 
which  is  invariably  connected  with  the  axis  of  Zy  and  for  which,  by  con- 
sidering it  in  one  of  its  positions,  we  have  the  equation  M  =  0,  difier- 
entiating  this,  we  shall  arrive  at  the  expressions  for^  and  q  in  terms  of 
X,  y  and  2  ;  which  being  substituted  in  'py  --  qx^=-  0,  we  shall  have  the 
equation  ^  =s  0  of  the  curve  of  contact  of  the  generadng  body  with  the 
surface  generated,  since  the  tangent  planes  are  common  to  both.  We 
thus,  therefore,  have  the  equations  of  a  curve  which  may  be  considered 
in  the  light  of  a  generatrix,  and  the  case  becomes  the  same  with  the 
preceding. 

The  conoid  has  for  its  equation  px  +  7^  =  0,  the  integral  of  which 
is  1/  s=  x^z  Qp.  319]].  Making  z  =  f/,  deduce  x,  y,  z  in  terms  of  tf,  by 
meajis  of  the  equations  M  =  0,  JV  =s  0  of  the  directrix;  then,  put  for  x 
and  y  their  values  in  y  =  a*9»,  and  we  shall  know  how  f  u  is  composed 
of  u.  Lastly,  replacing  u  by  z,  we  shall  have  ^z^  and  the  particular 
equation  y  =  x^z  of  the  conoid  proposed. 

When  the  directrix  is  a  circle  traced  in  a  plane  parallel  to  yz,  and  its 
equations  are  ar  =  a,  ^'  +  2*  =  h'^,  we  find  a'^'  +  z^j;^  =  6'a:*. 

The  equation  of  the  cones  is  z  —  c  =  p{x  —  fl)  -f  ^(y  —  6),  the  in- 
tegral of  which  is  2ZL£  =  (p  (tZL!f\  [No».  621,  705].      That  the 

Z  '—  C  \Z  —  cj 

base  may  be  a  circle  traced  on  the  plane  xy  and  with  its  centre  at  the 
origin^  we  have 

2  =  0,  x*  +  ^2  -5  jA^  and  a:  —  a  =3  u{z  —  c), 

whence  2  =  0,  a:  ==  a  —  cm,  ^  =  s/lf^  —  (a  —  cw)^* 

These  values  being  substituted  for  ar,  y  and  2  in  ^  —  6  =  («  —  c)^^* 
we  have  c^u  ssb  -^  >/Qf^  —  (a  —  cu)^ ;  and  finally,  replacing  for  » 
and  fu  their  values,  we  have  for  the  equation  of  the  cone,  as  in  p.  206> 

(cy  —  bzy  +  {as  —  cxy  =  r«(2  —  c)^. 

880.  These  examples  will  sufficiently  show  how  the  arbitrary  func- 
tions are  to  be  determined,  when  we  wish  to  apply  the  general  processes 
to  particular  (;ases.  •  In  general^  let  K  s  ^ (£)  be  an  integral  oonton^i 


rsF-^ 
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ing  an  arbitrary  function  ^,  K  and  L  being  given  functions  of  x,  y  and 
z :  tbe  condition  specified  establishes  that  the  equation  becomes 
F{xyy,  s)  =0,  when  we  suppose  ^(j:,  ^,  z)-=0.  This  condition  is 
equivalent,  in  Geometry,  to  demanding  that  the  surface  under  investi- 
gation, the  equation  of  which  is  X  s=  9L,  pass  through  the  given  curve, 
the  equations  of  which  are  JF"  =  0,y*=  0.  To  satisfy  this  condition,  we 
shall  assume  L  =  u;  from  these  three  equations  deduce  a*,  y,  and  'z  in 
terms  of  u ;  then,  substituting  these  values  in  K,  we  shall  have  for  our 
result  a  function  K^,  which  will  be  =  fu  expressed  in  u,  and  whence  the 
composition  of  this  function  ^  will  be  determined.  Finally,  let  L  be 
replaced  for  21,  in  iC  =  K^y  and  we  shall  have  the  integral  required. 

Should  we  have  two  arbitrary  functions  to  determine,  it  will  be 
requisite  that  two  conditions  be  given ;  when  a  calculation  similar  to  the 
preceding  will  make  known  these  functions. 

.  881.  But  if  the  nature  of  the  question  (and  this  will  be  found  to  be 
the  case  in  a  great  number  of  problems  in  Physics  and  high  Geometry) 
do  not  allow  of  the  arbitrary  functions  being  determined,  they  remain 
any  whatever,  and  the  properties  which  we  have  discovered,  without 
these  functions  being  particularised,  exist  generally.  To  draw  our  illus« 
trations  from  Geometry,  if  there  be  found  a  term  of  the  form  fx,  and 
we  proceed  to  describe  on  the  plane  xy  the  line  which  has  for  its  equa« 
tion  y  =  fx,  its  several  ordinates  y  will  be  the  values  of  the  function  f , 
80  that  this  curve  may  not  only  be  any  whatever,  but  may  also  be  struck 
off  at  once  by  a  free  and  irregular  movement :  the  curve  too  may  be 
Discontinuous,  t.  e.  formed  of  different  branches  placed  together,  or  Dis^ 
contiguous,  i.  e.  formed  of  parts  isolated  and  detached  from  each  other. 
Euler  was  the  first  to  establish  these  principles 'with  certainty,  in  oppo- 
sition, in  fact,  to  the  opinion  of  D'Alembert,  who  may  be  regarded  as 
the  inventor  of  the  calculus  of  partial  differences;  a  calculus,  the  resources 
of  which  are  immense,  its  applications  of  unbounded  utility,  and  which, 
as  we  have  seen,  furnishes  us  with  the  means  of  submitting  irregular 
functions  to  mathematical  analysis. 


VI.    CALCULUS  OF  VARIATIONS. 

882.  The  tsoperimetrical  Problems  had  been  already  solved  by  dif- 
fSerent  geometricians  before  the  discoveiy  of  the  Calculus  of  Variations ; 
but  the  processes .  of  which  they  made  use  did  not  constitu^  a  regulat 
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system,  each  of  these  prohlems  being  soWed  only  hy  a  method  peculiar 
to  itself^  and  hj  artifices  of  analysis  that  were  frequently  involved  in 
great  intricacy.  It  "was  reserved  for  the  celebrated  Lagrange  to  reduce  aU 
the  solutions  under  one  uniform  method^  of  which  we  shall  now  give 
the  substance. 

A  function  Z^  F{x, y,  t/,  y" ... )  being given^  where y' y^..,  denote 
the  derivatives  of  y  considered  as  a  function  at  x,  yrs  ^x,  it  may  be 
proposed  to  render  Z  possessed  of  different  properties  (as  that  of  being  a 
maximum,  or  any  other),  either  by  assigning  to  the  variables  x,  y,  cer- 
tain numerical  values,  or  by  establishing  relations  between  these  varia- 
bles, and  connecting  them  by  equations.  When  the  equation  y  ^^  fx  is 
given,  we  deduce  from  it  y,  y,  y ...  in  functions  of  x,  and  substituting, 
Z  becomes  =:  fx.  It  can  then  be  assigned,  by  the  known  rules  of  the 
differential  Calculus,  what  are  the  values  of  x  which  render  Jic  a  maX'^ 
imum  or  a  minimum  ;  and  we  thus  determine  what  are  the  points  of  a 
given  curve,  for  which  the  proposed  function  Z  is  greater  or  less  than 
for  any  other  point  of  the  same  curve. 

But  if  the  equation  y^fxhe  not  given,  then,  different  forms  being  suc« 
cessively  taken  for  ^x,  the  function  Z^^fx  will  also  have  different  values 
in  X ;  and  it  may  be  proposed  to  assign  to  fx  such  a  form  as  shall  render 
Z  greater  or  less  than  it  is  for  any  other  form  of  fx,for  the  same  nume^ 
rical  value  of  x,  whatever  it  may  be.  This  latter  species  of  problem 
belongs  to  the  Calculus  ^  Variations,  The  calculus  itself  is  far  from 
being  confined  to  the  theory  of  maxima  and  minima  ;  but  wc  shall  rest 
satisfied  with  discussing  this  branch,  it  being  amply  sufficient  for  a 
complete  understanding  of  the  different  rules.  We  must  at  the  same  time 
keep  in  mind  that,  in  )vhat  follows,  the  variables  x  and  y  are  not  indepen- 
dent;  it  is  only  that  the  equation  ^=$x,  by  which  they  are  connected  with 
each  other,  is  unknown,  and  that,  if  we  suppose  it  to  be  given,  it  is 
solely  with  the  view  of  facilitating  the  solution  of- the  problem :  x  must 
be  regarded  as  an  indeterminate  ■  quantity  which  remans  the  same  for 
the  difierent  forms  yssfx;  and  the  forms  of  f,  ^,  ^'...  are  therdbre 
variablej  whilst  x  is  constant. 


883.  \xiZ^F{x,y,\f,f,„')  put  y^-kioty,  y'+k^fory'...,k 
being  an  arbitrary  function  of  x,  and  k',  F...  its  derivatives.  Then, 
Z  will  become 

Z,^F{X,  y^k,t/+k\  if  +  r...)  ; 

and  since  Taylor's  theorem  holds  good  [N^  7083,  whether  die  qiiaiN 
Utiif  a,  f,hb9  dependent  er  independent,  we  bvre 
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Z,=  Z+(..|  +  *'|  +  rJ|  +  &c.)+&c.; 

and  r,  if,  y',  y ...  may  be  considered  as  so  many  independent  variables^ 
so  long  as  our  object  is  but  to  arrive  at  this  development. 

This  being  premised^  the  nature  of  the  question  requires  th^t  the 
equation  y^fxhe  determined  in  such  a  manner  that,  for  the  same 
value  of  X,  we  have  throughout  Z^>  Z,or  Z,  <  Z:  and  reasoning  as 
in  the  theory  of  the  ordinary  maxima  and  minima  [N^,  717],  it  will 
be  apparent  that  the  terms  of  the  Ist  order  must  be  nothing,  and  that 
we  have 

fl  dZ  ,   .,  dZ   .    ,,.  dZ    ,    ^  . 

• 

Since  k  is  arbitrary  for  each  value  of  x,  and  that  it  is  not  incumbent 
that  its  value,  or  its  form,  remain  the  same,  when  x  varies  or  is  con- 
stant, A<,  k'\».  arc  equally  arbitrary  with  k.  For,  for  any  value  x==X, 
we  may  assume  ^  =  a  +  6(a:  —  X)  +  ic(x—  Xy  +  Sec*,  X,  a,  b,  c... 
being  taken  at  pleasure;  and  since  this  equation  and  its  differentials 
are  to  stand  good,  whatever  x  be,  they  must  subsist  when  x^z  X,  which- 
gives  k  =sa,  f/  ^b,  A;''  =  c.t  Our  equation  Z^=^  Z  +  ..,  cannot  be 
satisfied  therefore,  having  regard  to  the  independence  of  a,  6,  c...,  un- 
less each  term  be  individually  nothing.  Thus,  the  equation  separates 
itself  into  as  many  others  as  it  contains  terms,  and  we  have 

n  being  the  highest  order  of  ^  in  Z.  These  several  equations  must  all 
agree  with  each  other,  and  subsist  simultaneously,  whatever  x  be.  If 
this  agreement  really  take  place,  there  will  be  a  maximum  or  minimum, 
and  the  relation  which  thence  results  between  y  and  x  will  be  the  re- 
quired equation,  y  =  fx,  which  will  have  the  property  of  rendering  Z 
greater  or  less  than  can  be  effected  by  any  other  relation  between  x  and 
y.  The  maximum  will  be  distinguished  from  the  minimvm,  as  in  the 
ordinary  theories,  by  the  signs  of  the  terms  of  the  2nd  order  of  Z,  [See 
p.  289]. 

If  however  these  equations  all  give  different  relations  between  x  and 
y,  the  problem  will  be  impossible  in  the  state  of  generality  that  has 
been  given  to  it ;  and  if  it  happen  that  some  only  of  these  equations 
accord  with  each  other,  then  the  function  Z  will  have  maxima  and 
minima,  relative  to  certain  of  the  quantities  y,  y,  y..«,  without  having 
them  absolute  and  common  to  all  these  quantities.  The  equations  be* 
tween  wfaidi  there  is  the  aecotdanoe  will  giTo  tbe  rdationa  wUoh  ett«« 
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blisfa  the  relative  tnaxima  and  minima.  And  if  we  wish  to  render  Z  a 
maximum  or  minimum  in  respect  only  to  one  of  the  quantities  y,  %fy  ^•••y 
since  in  that  case  we  have  but  to  satisfy  one  equation,  the  problem  wUl 
always  be  possible. 

884*.    It  follows  from  the  preceding  considerations^  that 

1^  The  quantities  x  and  y  are  dependent  on  each  other,  and  yet 
are  to  be  made  to  vary  as  though  they  were  independent,  this  being  no 
more  than  a  process  of  calculation  for  arriving  at  the  result. 

2*^.  These  variations  are  not  infinitely  small ;  and  if  we  employ  the 
Differential  Calculus  for  the  purpose  of  obtaining  them,  it  is  but  as  an 
expeditious  mode  of  arriving  at  the  second  term  of  the  development,  the 
only  one  which  is  here  necessary. 

Let  us  now  apply  these  general  ideas  to  some  examples : 

P.  The  equation  of  a  curve  being  y  =  fx,  take  on  the  axis  of  x 
two  abscissae  m  and  n,  and  draw  through  their  extremities  two  indefi- 
nite  parallels  to  the  axis  of  ^  :  if  then  at  any  point  of  the  curve  a  tan- 
gent be  drawn,  it  will  cut  our  parallels  in  points  which  have  for  ordi- 
nates  [N®.  722]  /  =  ^  +  y'  (7/1  —  ar)  and  A  =  ^  -f  y'  (»  —  x).  Sup- 
posing the  form  of  f  to  be  given,  every  thing  in  these  expressions  is 
known ;  but  if  it  be  not  so,  it  may  be  asked  what  is  the  curve  which 
possesses  the  property  of  having,  for  every  point  of  contact,  the  product 
of  these  two  ordinates  less  than  for  any  other  curve.  In  the  present 
instance  we  have  Z  ==  /  X  A,  or 

Z  =  [>  +  {m  -  x)ir]{y  +  (»-a;)y']. 

According  to  the  enunciation  of  the  problem,  the  curves  which  pass 
through  any  the  same  point  (x,  y),  have  tangents  of  different  directions, 
and  that  which  we  arc  in  quest  of  must  have  a  tangent  such,  that  the 
condition  Z^z  a  maximum  be  fulfilled.  We  must  therefore  consider  x 
and  y  as  constant  in  c/Z  =  0 ;  whence 

—  =0  ^  —      ^^"-^"»      -      ^  ^ 

e/y'  ""    '  y   ""  («  —  wt)  (a:  —  n)  ""  x  — we  ""  a:  —  n* 

and  then  by  int^ration, 

y=:  C  (a?  —  fn)  (a?  —  «). 

The  curve  is  an  ellipse  or  an2hyperbola,  accordingly  as  C  Is  negative 
or  positive,  the  vertices  being  given  by  a:  =  m  and  =  11 :  in  the  first 
case,. the  product  Lh,  or  Z,  is  a  maximum,  since  y  has  the  the  sign  —  ; 
in  the  second,  2  is  a  minimumf  or  rather  a  negative  maxtmum:  this 
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product  moreover  is  constant^  viz.  lh=  —  4  C  (w  —  w)*,  tLe  square  of 
the  semi-axis  minor ;  as  will  be  found  by  substituting  in  Z  the  values 
of  ^  and  y\ 

II.  What  is  the  curve  for  which,  at  each  of  its  points^  the  square  of 
the  sub-normal  together  with  the  abscissa  is  a  minimum  ?  We  have 
(^y  +  x)*  =s  Z,  whence  we  deduce  two  equations,  which  agree  with 
each  other,  on  making  (j^y  +  x)  =  0,  and  consequently  x^  +  y  =  r*. 
Hence  the  several  circles  described  from  the  origin  as  centre,  and  they 
alone>  satisfy  the  question. 

885.  .  The  theory  that  has  now  been  explained  is  of  no  great  extent; 
but  it  serves  as  a  preliminary  development,  and  is  of  use  for  the  underi- 
standing  of  the  much  more  interesting  problem  which  it  remains  for  us 
to  solve.  The  object  is  to  apply  all  the  preceding  reasons  to.  a  function 
of  the  form  fZ:  the  sign  /  indicating  that  the  function  Z  is  of  a 
differential  form,  and  that  after  having  integrated  between  the  specified 
limits,  we  wish  it  to  be  possessed  of  the  forementioned  properties. 
The  difficulty  therefore  which  we  here  meet  with  arises  from  the  ne* 
cessity  that  there  is  of  solving  the  problem  without  first  effecting  the 
integration ;  for  it  is  obvious  that  in  general  it  is  impossible  to  accom« 
plish  it. 

When  a  body  moves,  we  may  compare  with  each  other,  either  the 
difierent  points  of  the  body  in  one  of  its  positions,  or  the  loci  succes- 
sively occupied  by  a  specified  point  in  succeeding  instants  of  time. 

In  the  first  case,  the  body  is  considered  as  fixed,  and  the  sign  ^  will 
refer  to  the  changes  in  the  co-ordinates  of  its  surface  ;  in  the  second, 
we  have  to  express,  by  a  new  sign,  variations  altogether  independent  of  « 
the  former,  and  we  shall  for  this  purpose  make  use  of  ^.  When  a  curve 
is  considered  as  immoveable,  or  indeed  as  variable,  but  taken  in  some 
one  of  its  positions,  dx,  dy...  indicate  a  comparison  between  its  co- 
ordinates ;  but,  in  order  to  take  into  account  the  different  lod  occupied 
by  one  and  the  same  point  of  a  curve,  which  varies  its  form  according 
to  some  law,  we  shall  write  lx,ly,.,y  which  denote  the  increments  con- 
sidered in  this  point  of  view,  -and  are  functions  of  x,  y,,.  Similarly, 
dx  becoming  cf  (or  +  Jo;),  it  will  be  augmented  by  {fl«r ;  d^x  will  be 
augmented  by  i*'lx,  &c« 

It  is  to  be  observed  that  the  variations  indicated  by  the  sigh  ^  are 
finite  and  altogether  independent  of  those  denoted  by  the  characteristic 
d :  and  the  operations  therefore  to  which  these  signs  refer  being  equally 
independent  of  each  other,  it  is  immaterial,  as  to  the  result,  in  what 
order  they  are  executed.  So  that  l,dx  and  d,lx  are  identical  with  each 
other,  as  also  d^ix  and  l,d^x,%%y  and  /iC/and  )/  £/• 
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Our  object  now  is  to  ettabUsh  such  relations  between  s  and  jf,  tl^at 
fZ  shall  be  a  maximum  or  a  minimum  between  certain  specified  limits. 

In  order  to  render  tlie  calculations  more  symmetrical^  we  shall  here 
suppose  no  variable  to  be  constant ;  we  shall  also  introduce  but  three 
variables^  this  being  sufficient  for  the  understanding  of  the  theory,  and 
it  being  easy  to  generalise  the  results.  For  brevity's  sake,  let  dx,  d^x..., 
dy,  d^if^»>,  &c.,  be  replaced  by  x^^  x,^..,,  ^„y,^.#.,  &c.,  so  that 

Z  ss  F{x,  x^3  x^"*$  y>5f/»  5^^"«»  «*  «/t  V*0  • 

then  X,  y,  z  receiving  the  arbitrary  and  finite  increments  Ix,  ^y,  ^z,  dx 
or  x^  becomes  d{x  +  5x)  =  dx  +  Mx,  or  x^  +  ^x^ ;  similarly  x^^  is  in- 
creased by  ^x,^t  and  so  on  for  the  others ;  so  that,  Z,  being  developed  by 
the  theorem  of  Taylor,  and  the  result  integrated,  fZ  becomes 

/^,_/.+j-(g.,.+|,,+f.fe+|.».. 

And  the  condition  of  the  maximum  or  minimum  requires,  as  has  been 
already  seen,  that  the  integral  of  the  terms  of  the  1st  order  be  nothing 
between  the  limits  specified,  whatever  Ix,  ^y,  and  ^z  be.  Now  let  the 
differential  of  the  known  function  Z  be  taken,  considering  x,  jr^  x^.*., 
y,  y^,  y^***i  &s  so  many  independent  variables;  we  shall  have  then 

dZ  «  mdx  +  ndx^  +  pdx,^...  +  Mdy  +  Ndy,...  +  fjidz  -f  tdz,..., 

til,  n..,,  M,  iV...,  fk,  V...,  being  the  coefficients  of  the  partial  differences 
of  Z  in  respect  to  x,  a:^...,  y,y,**»9  z,  z^,.,,  treated  as  so  many  variables ; 
and  which  therefore  are  known  functions  for  each  proposed  value  of  Z. 
This  process  of  differentiation  being  in  like  manner  carried  into  effect 
by  the  sign  ),  we  have 

>Z=  m.lx  +  nidx  +  p.id*x  +  q.id^x  +...^ 
+  M2y+  NMy  +  PMhj  +  QMy  + ...  >  {A). 
+  tA.lz  +  f.Mz  +  w.ld^z  +  X'W^*  +  •••  J 

But  this  quantity,  whidi  is  known  and  is  limited  in  the  number  of  its 
terms,  is  precisely  that  which  oomes  under  the  sign  /,  in  the  terms  of 
the  1st  Older  of  our  development :  so  that  the  condition  of  the  maximum 
or  the  minimum  required  is,  that  fiZ  »  0,  between  the  limits  specified^ 
whatever  be  the  variations  ix,  iy,  h.  It  must  be  observed  that  here,  as 
before,  the  differential  calculus  ia  employed  but  as  an  easy  mode  of  ob- 
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taming  the  assemblage  of  terms  which  it  is  necessary  to  equate  to  zero ; 
so  that  the  variations  are  still  finite  and  any  whatever. 

It  has  been  already  stated  that  J.^x  may  be  introduced  in  lieu  of  ^dx ; 
and  thus  the  Ist  line  of  the  above  expression  is  equivalent  to 

m.'ix  +  n.dJx  +  p.d^^x  +  q,d^^x  +  &c.  : 

m,n.^.  contain  difierentialsj  so  that  the  want  of  homogeneity  is  but  ap* 
parent.  The  point  now  is  to  integrate  :  but,  in  the  first  place,  it  will  be 
evident  from  the  course  of  the  calculation  that  we  ought  to  detach  from 
the  sign  /  as  many  as  possible  of  the  terms  which  contain  di.  To  ac* 
complish  this,  we  employ  the  formula  of  integration  by  parts  [p,  336] : 

fn.d^x  «  n.Jx    —  fdn.lx, 

fp.d^lx  =  pMx  —  dp2x    +  fd^p.^x, 

fq.d^^x  =  q,d^lx  —  dqM^x  —  fd^q.^x,  &c. 

Comlnning  these  results,  we  arrive  at  this  series  the  law  of  which  will 
easily  be  reoogtused : 

/(w  ^dn  +  d^p-  d^q  +  rfV  -...)J;c 

+  (ji-dp  +  d^J  -  d^r...)ix  +  (p-dq  +  d^r...)dix  +  (^-A-M.V^ir 
+  &c- 

The  integral  of  (^4),  or  f.iZ  =  0,  becomes  therefore 

C(«-rfp  +  d'q...)^x  +  {N-'dP  +  c^Q,„)J.v  +  (»-rf*  +  ...)iz 
(C)...  ^  +  {p^dq  +  d'r...)d^x  +  (P-dQ...(%  +  (v^dx*..)diz 
i+  (q^  dr...)d^ix  +  &c...,  +  X  ss  0, 

K  being  the  arbitrary  constant.  We  have  divided  our  equation  into  two^ 
because  the  terms  which  remain  under  the  sign  /  cannot  be  integrated, 
except  by  giving  to  ^x,  Sy,  2z  particular  values,  which  is  contrary  to  the 
hypothesis,  so  that  f^Z  cannot  become  =s  0,  unless  these  terms  be  in 
themselves  nothing ;  and  in  fact  if  the  nature  of  the  question  do  not 
establish  any  relation  between  ix,  li^  and  ^z,  the  independence  of  these 
variations  requires  that  the  equation  (B)  separate  itself  into  three  others, 

0  =  m  ^  i^n  +  rfV  —  rf^g  +  rfV  — ...  J 
0==:Jtf--rfiSr-.cPP-.d3Q+rf*K-.  ...>,..  (D). 


886.  Hence,  to  find  the  relations  between  a;,  y  and  z,  which  render 
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fZ  a  maximum,  we  must  take  the  differential  of  the  given  futiction  Z, 
considering  x,  y,  z,  dx,  dy,  dz,  d^x.,.  as  so  manj  independent  variables, 
the  increments  being  designated  by  the  use  of  the  letter  ^ ;  which  is  what 
is  termed  takhig  the  variation  of  Z.  The  result  being  compared  with 
the  equation  {A),  we  shall  thence  deduce  the  values  of  m,  M,ijl,  n,N,„, 
in  terms  of  x,  y,  z  and  their  differentials  expressed  by  d ;  which  values 
must  then  be  substituted  in  the  equations  C  and  D.  The  1st  of  these 
depends  on  the  limits  between  which  the  maximum  ought  to  exist ;  the 
equations  (D)  constitute  the  relations  required;  they  are  of  the  difieren*- 
tial  form  between  x,y,z;  and^  the  case  of  absurdity  excepted,  they  can- 
not form  distinct  conditions,  since  from  them  are  to  be  determined  nume- 
rical values  for  the  variables.  If  the  question  proposed  belong  to 
Geometry,  these  equations  are  those  of  the  curve  or  of  the  surface  which 
possesses  the  property  required. 

887.  Since  the  integration,  when  carried  into  effect,  is  to  be  taken 
between  certain  specified  limits,  the  terms  which  remain  and  compose 
the  equation  ( C)  must  also  be  in  correspondence  to  these  limits.  This 
equation  is  now  become  of  the  form  K  +  L  =  0,  L  being  a  function  of 
^»y>  X,  )x,  ^y,  )z...  Let  the  numerical  values  of  these  variables  be 
marked  by  one  accent  for  the  1  st  limit,  and  by  two  for  the  2nd :  since 
then  the  integral  is  to  be  taken  between  these  limits,  we  must  mark  the 
different  terms  of  L,  which  compose  the  equation  (C),  first  with  one, 
then  with  two  accents ;  subtract  the  1st  result  from  the  2nd,  and  equate 
this  difference  to  aero  [N*.  799] ;  so  that  the  equation  L^  —  L^  =  0  will 
no  longer  contain  variables,  since  a:,  ^x...  will  have  assumed  the  values 
x^,  ^x,...,  X,,,  ix^^»..,  assigned  by  the  limits  of  the  integration.  It  must 
be  kept  in  mind  that  these  accents  refer  to  the  limits  of  the  integral,  and 
do  not  denote  derivatives. 

Four  cases  now  present  themselves : 

1**.  If  the  limits  are  given  and  fixed*  t. «?.  if  the  extreme  values  of  jr, 
y  and  z  are  constant,  since  Sx^,  i/Sx^,  &c,  ^x^^,  £^^^,  &c.,  are  nothing,  the 
several  terms  of  L^  and  L^^  are  =  0,  and  the  equation  (C)  is  satisfied  of 
itself.  The  constants  which  the  integration  introduces  into  the  equa- 
tions (D)  are  then  determined  from  the  conditions  consequent  on  the 
limits. 


*  This  case  Is  equivalent,  in  Geometry,  to  that  of  investigating  a  curve  which, 
besides  that  it  must  Iiave  the  properly  of  the  maximum,  or  minimum,  required,  must 
also  pass  through  two  giveii  points.  The  equations  {D)  are  those  of  the  curve  in 
question  ;  and  the  constants  are  determined  from  the  condition  that  this  curve  pass 
through  the  two  points  mentioned. 
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2*.  If  the  limits  are  arbitrary  and  independent,  then  each  of  the  coef- 
ficients of  5ar^,  5jr,^...,  in  the  equation  (C),  is  individually  nothing. 

8*>.  If  there  exist  equations  of  conditions  for  tJte  limits,*  i,e,  if  the 
nature  of  the  question  connect  with  each  other,  hy  means  of  equations, 
certain  of  the  quantities  x^,  y^  z^  «^„^,^  z^,,  we  shall  make  use  of  the 
differentials  of  these  equations  for  ohtaining  certain  of  the  variations 
^x^  \y^,  iz^  ^^yy—j  in  functions  of  the  others ;  suhstitution  heing  made 
in  L,^  —  L/  =s  0^  these  variations  will  be  found  reduced  to  the  lowest 
number  possible:  those  remaining  being  absolutely  independent,  the 
equation  wiU  become  separated  into  several  others,  by  equating  their 
coefficients  to  zero. 

Instead  of  this  course,  we  might  adopt  the  following  one,  which  is 
the  more  elegant*  Let  v  =  0,  v  =  0...  be  the  given  equations  of  con- 
ditions; we  shall  multiply  their  variations  df/,  $v.«.  by  indeterminate 
quantities  X,  x'...,  which  will  give  \^u  +  x'^v..  ,  a  known  function  of 
Jx^  ix,^  fy,*.* ;  and  this  sum  being  added  to  L^,  ^  L,,  we  shall  have 

L^,  —  i,  +  xJm  +  x'J(;  +  ...  =  0...  (£). 

We  shall  treat  the  several  variations  ^x^,  ^x,,»*',  as  independent,  and 
having  equated  their  coefficients  to  zero,  we  shall  between  these  equa- 
tions eliminate  the  indeterminate  quantities  x,  x'... ;  when  we  shall 
arrive  at  the  same  result  as  by  the  preceding  method ;  for  the  operations 
performed  are  such  as  are  entirely  allowable,  and  we  thus  obtain  the 
same  number  of  final  equations.  This  process  is  tantamount  to  the 
method  of  elimination  given  in  the  Algebra  [N®.  111].      ^ 

It  is  to  be  observed  that  we  are  not  at  liberty  to  conclude,  from  the 
equations  ti  =  0,  v  =  0...,  that  at  the  limits  we  have  rfi/  =  0,  c?v  =  0; 
these  conditions  are  independent,  and  may  very  probably  not  be  coex- 
istent. If,  however,  this  were  the  case,t  c?«  =  0,  «?t;  =  0...  would 
have  to  be  regarded  as  new  conditions,  and  besides  the  term  x^t/,  it  would 
be  necessary  also  to  include  X^$(/»«.. 

4°.  We  shall  say  nothing  as  to  the  case  in  which  one  of  the  limits  is 


*  This  signifies,  in  Geometry,  that  the  curve  required  is  to  be  terminated  at  points 
which  are  no  longer  fixed,  but  which  must  be  situated  on  two  curves  or  two  surfaces 
that  are  given. 

t  If  the  question  under  consideration  be  one  of  Geometry,  the  curve  required  must^ 
in  thb  case,  have  at  its  limit  a  contact  of  a  certain  order  with  the  curve  or  the  sur- 
face, the  equation  of  which  is  i#  ^  0. 

VOL.  n.  2  a 
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fixed  and  the  ofcher  subjected  to  certain  ccmditiony  tar  Ib,  in  fael,  alto- 
gether arbitrary/  since  it  is  included  in  the  three  precedmg  cases. 

888.  It  may  also  happen  that  the  nature  of  the  question  subjects  the 
variations  ^x,  ^^  and  ^r  to  certain  conditions  given  by  equations  t  ss  0/ 
9  ssO,..,  and  this  independently  of  the  limits;  as,  for  example,  when 
the  curve  required  is  to  be  traced  on  a  given  curve  surface.  In  this  case 
the  equation  {B)  will  not  separate  itself  into  three,  and  the  equations 
(Z>)  will  no  longer  have  existence.  We  must  iii  the  first  place  reduce 
the  variations,  as  above,  to  the  lowest  number  possible  in  the  formula 
{B)  by  means  of  the  equations  of  condition,  and  equate  the  coefficients 
of  the  remaining  variations  to  zero ;  or,  what  comes  to  the  same  thing, 
add  to  {B)  the  terms  Xh  -4-  \'^  +  ••• ;  divide  this  equation  into  others 
by  considering  ^x,  ^y,  dz  as  independent ;  and,  finally,  eliminate  the  in* 
determinate  quantities  X,  x'... 

It  is  observable  that,  in  the  particular  coses,  it  is  frequently  preferable 
to  carry  into  efiect^  on  the  given  function  Z,  the  whole  of  the  calcula« 
tions  which  have  led  to  the  equations  {B)  and  (C),  instead  of  comparing 
etich  particular  case  with  the  general  formule  Just  given. 

Such  are  the  general  principles  of  the  calculus  of  variations :  let  us 
apply  them  to  some  examples: 

889.  What  w  ike  plane  curve  CMK  [fig.  24],  of  which  the  length 
MK,  comprised  between  two  radii  vectoret  AM  and  AK,  irthe  Uasi  pos" 

^  nble?  We  have  [N**.  763,  729]  *  =  f^/ir'^d^  +  dr^)  =  Z,  and  the 
point  is,  to  find  the  relation  r  =  f  0,  which  renders  Z  a  mcntmiim.  The 
variation  is 

w  -  ^^'^*^^  +  Hrf^.M^  +  drMr 

comparing  this  with  the  equation  {A),  wliere  we  shall  suppose  a?  s  r, 
3f  =  «,  we  have  w  =  !^, «  =  ^,  3f=:0, iV=^,  0=p=P==»==:...; 
and  the  equations  (2>)  are 


ds    ^  "^Kdsr  lU    "  ""' 


*  In  this  case,  one  of  the  extremities  of  the  curve  require^  is  compelled  to  pass 
through  a  fixed  point,  whilst  the  other  may  either  be  any  whatever^  or  be  dtuated  on 
a  curve  or  surface  that  is  given. 


I 
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*  Eliminating  d$i  then  ds^  between  these  equations  and  ds'^^ir^di^^+dr^, 
-  it  will  be  found  that  they  agree ;  ro  that  it  is  sufficient  to  integrate  one 
of  then)«    But  the  perpendicular  AI,  let  fail  from  the  origin  A  on  any 
tangent  TM,  is 

-rf/ =  i<M  X  Bin  il  Af  r  as  r  sin  A 

which  is  eqniralent  [[p.  8313  to 

-,  r  tan/3  r«da  rSrfd 

""  ^{l  +  tan«/5)'       ^ir'^dB^  +  dr^)        d9 

and  since  this  perpendicular  is  here  constant,  the  line  required  is  a  straight 
line.  The  Umita  M  and  K  being  indetenninatei  it  has  not  been  necessary 
to  emplqy  the  equation  (Cj, 

890.  To  Jind  the  shortest  line  between  two  given  points,  or  tt^  given 
curves. 

The  length  $  of  the  line  is  fZ  ss  /^{dxf^  +  dy^  +  dx"^)  N^  751  ; 
'  and  this  quantity  is  to  be  rendered  a  minifnttm :  we  haye 

and  comparing  with  the  formula  {A),  we  find 

dz 


m 


dx    ^^dy  dz 

0,M«0,/.«0,n==5j,  N^.  .  =  5j; 


the  other  coefficients  P,  p,  »...  are  nothing.  The  equations  (D), 
tfaerefovey  here  become 

whence  we  infer  dx  ==  ads^  dy^hds  and  dz=icds;  and  squaring  and 
adding,  we  obtain  a*  +  6^  +  c*  =  1,  a  condition  which  the  constants 
a,  b,  c  must  fulfil  in  order  that  these  equations  may  be  compatible  with 

each  other*    By  division^  we  find 

% 

J'  3s  -,  -^  SB  -I  wboice  bxcsiay  +  t/,  cx:^az  +b'; 
dx      a    dx      a 

the  projections  therefore  of  the  line  required  are  straight  lines ;  and  con- 
sequently the  line  itsdf  is  straight. 

2  o  2 
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To  detennine  its  posijtion  we  must  know  the  five  constants  fl,  5,  c,  a' 
and  V.  If  the  object  be  to  find  the  shortest  distance  between  two  given 
fixed  points  [fig.  62],  A{x,y^  z,),  C(x,,  y^  zj,  it  is  dear  that  Jx„  Ix^ 
2[y^...  are  nothing,  and  that  the  equation  (C)  is  established  of  itself. 
Subjecting  our  two  equations  to  the  condition  of  being  satisfied  when 
x^  x,^  ^^...,  are  substituted  for  x,  y,  z,  we  shall  obtain  four  equations, 
which,  with  a*  +  6*  +  c"  =  1,  will  detennine  our  five  constants. 

Suppose  that  the  2nd  limit  be  a  fixed  point  C  in  the  plane  ay,  and 
the  1st  a  curve  AB^  also  situated  in  this  plane;  the  equation  bx^=^ay-\'e^ 
will  then  be  sufficient. 

Lety^=/a:^  be  the  equation  of  AB;   we  deduce  ly^^Alx^;  the 

equation  (C)  becomes  L  =  ^^x  +  ^  ^Sy ;  ^^^  ^^  ^  ^^  ^^^  ^ 

is  fixed,  it  will  be  sufficient  if  we  combine  together  the  equations 
ly^  t=  Aix^y  and  dx^lx^  +  dy^^^^O,     Eliminating  ^jy^,  we  obtain 

dx,  +  Ady^  =  0. 

We  might  also  have  multiplied  the  equation  of  condition  ly^  —  Alx, = 0 
by  the  indeterminate  x,  and  added  to  Lp  which  would  have  given 

Trhence 


ds,     '  '   d*. 


hdx 


and  eliminating  x,  we  similarly  obtain  dx^  +  Ady^  =  0.      But  since 
the   point    A{x^y  y^)    is  on   our    straight    line    AC,    we  also    have 

'  =  ady, :  whence  a  =  —  6-<4,  and  ~  = =  - ;    which  show9 

'  •^'  dx  A      a 

that  the  straight  line  i^C  is  a  normal  [N^  722]  to  the  proposed  curve 

AB.    The  constant  a'  is  determined  from  the  consideration  of  the  2nd 

limit  which  is  fixed  and  given. 

It  would  be  easy  to  apply  the  preceding  reasoning  to  the  case  of  three 
dimensions,  and  we  should  arrive  at  the  same  consequences;  it  may 
therefore  be  concluded  that,  generally,  the  shortest  distance  ^C[fig.  63], 
between  two  curves  AB  ,CD /is  the  straight  line  ylC  which  is  a  normal 
to  both  of  them. 

If  the  line  required  is  to  be  traced  on  a  curve  surface,  of  which  m  =  0 
is  the  equation,  then  the  equation  (B)  will  no  longer  resolve  itself  into 
three,  unless  we  add  to  it  the  term  xhi ;  when  ix,  ^y,  ^z  may  be 
regarded  as  independent,  and  we  shall  find  the  relations 

jdx  .   ^du      f^    jdy  .   ^du      r,   jdz  .   ^du      ^ 
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Eliminating  A,  we  liave  the  two  equations 

du 
dz 


<l)=0<S).(|)<)=0''(l> 


which  are  those  of  the  curve  required^ 

Take  for  example  the  least  distance  A'C  measured  along  a  sphere 
which  has  its  centre  at  the  origin :  then 

du       ^     du  du 

our  equations  therefore  become,  taking  ds  constant, 

zd^x  =  xd'^z,  zd-y  "=•  ydrz,  whence  ydl^x  =  xd^y ; 

and  integrating,  we  have 

zdx  —  xdz  =  ads,  zdy  —  ydz  =  Ms,  ydjs  —  xdy  =ss  cds. 

The  1st  of  these  equations  being  multiplied  by  —  y,  the  2nd  by  x, 
the  Srd  by  z,  and  the  results  added,  we  find  ay=ibx-i-  cz,  the  equa- 
tion of  a  plane  which  passes  through  the  origin  of  the  co-ordinates. 
Thus,  the  curve  required  is  the  great  circle  A' (7  [fig.  63],  which  passes 
through  the  two  given  points  A'  and  C,  or  which  is  a  normal  to  the 
two  curves  A'B  and  CD,  which  serve  as  limits,  and  are  given  on  the 
spherical  surface. 

891 .  When  a  body  moves  in  a  fluid,  it  experiences  a  resistance  which, 
supposing  all  other  circumstances  to  be  the  same,  depends  on  its  form : 
if  this  body  be  one  of  revolution  and  move  in  the  direction  of  its  axis, 
it  is  proved  in  Mechanics  that  the  resistance  is  the  least  possible,  when 
the  equation  of  the  generating  curve  fulfils  the  condition 

J  dx^^dy^  =  minxmum,  whence  Z  ^  j-^. 

Let  us  determine  this  generating  curve  of  the  sdid  of  least  resistance* 
Taking  the  variation,  we  find 


m 


The  second  of  the  equations  (D)  is  M—  dNss  0;  abd  it  follows 
ftom  the  above  equations,  and  M  =  dN,  that 
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Thus,  integrating,  we  have 

«  +  T  +  yi  =  ^J^  =  -^1  !^  y,y .  "nd  therefbte  «(1  +y.).=2yy'>. 

Observe  that  the  Ist  of  the  equations  {D),  or  m  —  <f»  =£  0,  would 
have  immediately  given  this  same  result,  viz.  -^  dn=^0,  ^  nssa;  so 
tliat  these  two  equations  lead  to  the  same  end.     We  now  have 

^  V      'J  y     y'  +  J    y-*' 

Substituting  for  y  its  value,  this  integral  is  eanly  obtained ;  it  then  re- 
mains to  eliminate  y'  between  these  valaes  of  x  and  y,  and  we  shall  obtain 
the  equation  of  the  curve  required,  containing  two  constants  which  we 
shall  determine  froih  the  oonditioos  given. 

892.  What  it  ike  curve  ABM  [fig.  26],  in  which  the  area  BODM, 
camprited  ielween  the  arc  BM,  ifie  radii  qf  curvature  BO,  MD,  at  its 
extremities,  and  the  arc  OD  qf  the  evoluie,  it  a  minimum  f  The  e]e« 
meat  of  the  arc  AM  is  dt^dx  t/{i  +  j/^) ;  the  radius  of  curvaiura 

MD  is  ^ — ;;   '    [N®.  733,  p.        ] ;  and  the  product  is  the  element 
of  the  area  proposed ;  so  that 

our  object  is  to  find  the  equatioti  y  s/x,  which  shall  render  /Z  a 
minitnum 

Taking  the  variation  ^Z,  and  confining  ourselves  to  the  2nd  of  the 
equations  (D),  whicb  is  sufficient  for  our  porpoaej  we  find 

JWrraO,iVr-dP«4a, 

^r_dx^  +  dy^  M-y^  (i4-y-^)V 

dx.d'y    •*^^-  -y?— ^y*^--      ^\dx     ' 
and,  putting  4a  +  dP  for  N, 

But,  y^'dx  s  e(/  changes  these  two  last  terms  into 

{i/'dP  +  Pdf)  dx==d  {,Pf)4x  =  -  d  p '  y~*] ; 

K  tbat,  iategratiof, 
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and 

X  =  c  +  j^^jp^  +  *•  arc  (tan  =y) : 

On  the  other  hand^  y  :=  f  y'dx  =  y'x  —  /  xc/y,  or 

y  =  y'a;  -  <3f'  -  J   ^ ^Z dy'  -/6<//.  are(tan  =  y  ); 

this  last  term  is  integrable  by  parts^  and  we  have 

y  =^yx  -^  cy  -^  {by'  —  a)  arc  (tan  =  y')  +/. 
EliminatiDg  the  tangential  arc  between  these  values  of  x  and  y, 

by=a  (x^c)  +  ^f^^  +  bf. 

.,,  ,      ^        iby'  —  a)dx     ,  hdy  —  adx 

^^hy-ax^rg)^'^^    ^'     >  ^  =  V  (^/-.  "ox  ^  g)  > 

and  finally  [IV,  p.  336], 

*  =  2  V  ( A^  —  fl-^  +  ^)  +  A. 

This  equation^  compared  with  that  of  p*  369^  shows  that  the  curve 
required  is  a  cycloid^  the  four  constants  in  which  will  have  to  be  deter- 
mined from  an  equal  number  of  given  conditions. 

ds 
693.    Takc>  as  the  3cd  example^  the  function  Z  =  ■    .    ■  ,  ,  *  being 

an  arc  of  a  curve,  or  ds'^  =  dx'^  +  dy-  +  Jz' :  it  ia  required  to  render 
J  Z^  minimum.  This  problem  is  tantamount  to  finding  the  curve  A(f 
Qfig.  623  in  which  a  falling  body  ought  to  descend,  that  the  time  of 
descent  from  Cf  to  A  may  be  the  least  posdble  £See  my  Mec.  N^  1923- 
Forming  the  variation  iZ,  we  find 

—  ds  dx  -- dy  ^        dz 

^"^2  ^(z^^^  "  ''ds  -v/{«  -  A)'  ^  "ds  V(«  -  A)'  '  ^d9^{z^ky 

m  s  JkT  =  /9«..  =s  0 :  and  the  equations  D  become 

We  here  omit  the  fhrd  equation,  which  may  be  shown  to  be  included 
in  the  two  others,  a  condition  without  which  the  problem  proposed 
would  be  absurd.    Integratingi  and  divifing  one  of  the  results  I7  tb^ 
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other^  we  obtain  dy  =iadx;  which  proves  that  the  projection  of  the 
curve  on  the  plane  xy  is  rectilinear,  and  that>  oonsequentlj,  this  curve 
is  situated  in  a  plane  perpendicular  to  xy.  Take,  this  plane  as  that  of 
xz;  the  1st  then  of  the  equations  (1)  will  be  sufficient,  and  we  shall 
have    kdx  =  £/*>/  (s  —  //) ;     and    since    «/.**  =  dx'^  +  dz°,     we     find 

dx  =  '  /  / /.g  V  A  _    \*    Assuming  z  =  A:^  +  X  —  m,  we  recognize  this 

equation  as  that  of  a  cycloid  ^p.  293^,  in  which  A*^  is  the  diameter  of 
the  generating  circle. 

When  the  limits  arc  two  fixed  points  A  and  C  [fig.  62],  there  is  no 
other  condition  to  be  fulfilled,  except  that  of  making  the  cycloid  pass 
through  these  two  points,  which  determines  the  values  of  the  constants 
k  and  h.  If  the  2nd  limit  be  a  fixed  point  C,  and  the  1st  a  curve  AB, 
both  of  them  situated  in  the  vertical  plane  of  xz;  we  have^x^^s<fz^=:0, 
and 

^'-  ds,  V(^.  -  /O     '  ^  ds,  s/{z,  -  A)-^^'- 

It  will  be  sufficient  if  we  render  L^  =  0,  having  regard  to  the  1st 
limit  which  is  a  curve  AB  oi  which  x,  ^=^fi,  is  the  given  equation. 
We  derive  from  it  ^x^  —  Alz^  =  0 ;  multiplying  by  X,  and  adding  to 
L^  we  find  the  two  equations 

dx^  dz. 

ds,  v(z,  -  a;  +  '^  =  °'  d*^  ^{z,.-  A)  -  ^*  =  0 ; 

and,  X  being  eliminated  between  these,  we  obtain  dz^  +  Adx^  =£  0. 
The  cycloid  therefore  must  cut  the  given  curve  AB  vX  right  angles; 
the  constant  h  will  be  determined  by  comparing  the  equaUon  of  the 
cycloid  with  the  one  preceding.  We  should  arrive  at  the  same  conse- 
quences  in  the  case  of  three  dimendons,  so  that  the  curve  of  quickest 
descent,  from  any  curve  CD  Qfig.  63]  to  another  AB,  is  a  cycloid  A'C 
which  is  a  normal  to  the  two  latter  curves.  This  would  equally  hold 
if  the  two  limits  were  taken  on  two  curve  surfaces^  as  may  easily  be 
proved. 

When  the  curve  is  to  be  traced  on  a  surface  given  by  its  equation 
u^O,  ( JB)  does  not  separate  itself  into  three  equations,  until  we  have 
added  x^u,  which  gives,  instead  of  the  equations  (1),  three  others,  be- 
tween which  having  eliminated  X,  we  shall  have  the  equations  of  the 
curve  required.  If  we  had  for  limits  two  fixed  points,  the  constants 
would  be  determined  by  the  condition  that  the  curve  passed  through 
these  two  points :  when  the  limits  are  two  curves,  that  of  which  we 
ar^  in  quest  must  cut  them  at  right  angles  as  above.  Thu8»  tlie  re^ 
mainder  oC  the  problem  h  the  same  in  both  eases* 
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894*  What  is  the  curve  BM  Qfig.  SST^  in  which,  the  length  s  of  the 
arc  being  given,  Uie  area  iticluded  between  this  arc,  tlie  terminal  ordu 
nates,  BC,  PM,  and  the  axis  Ax  is  the  greatest  possible  ?  fydx  must 
be  a  maxxmum,  the  arc  s  being  constant :  and  we  have  therefore  to 
combine  the  variation  of  fZ=z  fydx  with  that  of  f^/{dx^  +  rfy) 
—  const  =  0^  agreeably  to  what  has  been  seen  in  N^  888,  so  as  to 
divide  the  equation  (B)  into  two  others.  We  find  for  the  complete 
variation 

, ,    ^  -     .    _   ^        \dx*ldx  +  'KdyMy\       ^ 
f{yMx  +  dx.ly  +  ds  )  =  ^' 

dx  ^  dy 

whence        w  =  0,  »  =  ^  +  X  -^,  M  =  rfor,  AT  =  X  -j , 

^  ^     ds  ds 

These  equations  are  identical,  since  the  integration  of  each  of  them 
leads  to  the  same  result ;  and  we  must  not  therefore  attempt  to  elimii 
iiate  X  between  them. 

The  1  St  gives,  ^/ {dJ^  •{•  dy^)  being  put  for  ds, 

I  =  ^  QilL^^,  whence  (X  -  ^)«  +  (ir  -  c)«  =  X^. 

The  curve  required  is  consequently  a  circle ;  the  area  being  a  max-* 
imum  or  a  tninifnutn,  accordingly  as  this  circle  turns  its  concave  or  its 
convex  side  towards  the  axis  of  x.  The  constants  c,  if  and  X  are  to  be 
determined  from  the  conditions  that  the  cirdc  passes  through  the  points 
B,  M,  and  that  the  arc  BM  is  of  the  specified  length.  This  la  the 
most  simple  of  the  Isoperimetrical  problems. 

895.  What  is  the  curve  BM  [fig.  55']  for  which,  the  area  BCMP 
being  given,  the  arc  BM  is  the  least  possible?  We  here  have 
/  ^{dx"  +  Jy)  ^^  minimum,  with  the  condition  fydx  —  constant  =0. 
Reasoning  as  above,  we  obtain 


dx  ,  iy       » 


equations  which  are  obviously  similar  to  those  that  have  just  been  dis-i 
cussed ;  and  the  circle  therefore  is  again  the  cutve  required. 

896.  Required  what  must  be  the  nature  of  the  curve  MK  [fig.  24], 
so  that  it  may  be  the  least  possible,  the  area  MAK  comprifed  between  the 
iWQ  radH  vectors  AMi  AJi  bein^  given  f 
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We  must  have  s  :ss  /  i^ [dx*  +  dy^)  ^  tninimufn,   with  the  con-* 
dition  fN«.  729]  f\{pidy  —  ydx)  =  constant :  which  gives 

dxMx  Vdi/:^dy  ^  ^;^(^^  J,  _^  x.My-rf*iy-3f.M*)  -0  ; 

whence 

^^dy  -dl-^--  4^yj  =  0,  ^\dx  +  rf  ^-|  +  ^hx\  =  0. 

These  equations  evidently  agree  with  each  other,  and  the  integration 
of  the  ist  will  be  sufficient,  \  being  taken  as  an  arbitrary  constant ;  the 
result  is 

dx 
xy  +  c=  ^,  or  (xy  +  c)dfy  a=  Ac  v'  [1  -  (xy  +  c)«]. 

Making  xy  -f  c  =  s,  the  integration  of  this  will  be  easily  effected 
tN^  769,  IV];  and  we  shall  find  {kx  +  *)«  +  {hy  +  c)«  «  1,  or, 
otherwise,  (a;  +  6')*  -f  (y  +  ^)*  »  ^*-  Tlie  curve  required  therefore 
is  a  circle,  subject  to  the  condition  .of  passing  through  the  points  M  and 
£,  and  forming  the  area  MAK  of  given  sixe.  So  that  every  other 
curve,  which  passes  through  two  points  M  and  K  of  this  circumference, 
and  fbxins  the  same  afea^  will  have  the  are  intercepted  within  the  angle 
MAK  longer  than  the  circular  arc,  wherever  the  points  M  and  K  be 
^taken.  It  will  in  like  manner  be  seen  that  the  cirde  oorreq^onda  also 
to  the  inverse  problem  :  of  all  the  curveSf  cf  equal  length  bHnfeen  tfvq 
given  points^  which  is  that  for  which  the  area  MAK  is  a  maximum  f 

897*  Among  all  the  plane  curves,  terminaied  by  two  ordinates  BC, 
PM  C^*  ^11  fvhich  generate  in  their  revolutions  bodies  ^  which  the 
surface  is  the  same,  required  that  which  produces  the  greatest  volume* 

We  have  fvy^dx  =  maximum,  and  /2iry  ^{dx^  +  dy^)  =  constant: 
whence  it  is  easy  to  deduce 

The  equations  accord  with  each  other^  and  the  1st  gives 

^   If  the  constant  c  8=  0,  we  find  dx  =     ,^7/      om  whence  ••• 

v^(4x«  —  y«) 

(a?  — .  4)«  +  y*  oas  4xS  the  equation  of  a  circle  which,  its  centre  being 

in  any  point  of  the  aJtis  of  x,  must  pass  through  the  two  given  points* 

This  drole  however  does  not  oorreipoiid  to  the  prrtdem  uhIm  the 
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surface  generated  by  the  revolution  of  the  ate  CM  be  of  the  extent  re- 
quired: the  integral  equation  contains  but  two  constants^  which  we 
shaU  determine  from  the  condition  that  the  line  pass  through  the  points 
C  and  M,  The  general  solution  of  the  problem  is  given  by  the  equa- 
tion (1). 

898.  Of  all  the  plane  curves,  of  equal  length  between  two  ghen 
poiniSt  nfhkh  is  thai  which,  in  Us  revolution,  generates  a  maximum 
volume  or  surface  ? 

In  both  cases,  ftf{dx^  +  di/^)  =  constant :  also,  in  the  one  fvy^dx, 
and  in  the  other  /  ^vyds  (^N®.  752],  must  be  a  maximum.  To  com- 
mence with  the  1st  case,  we  have  Z  =  vy^dx;  and  reasoning  as  above, 
we  find 

o  .  ^dx  1.  f  (<7  —  »y^)  dy 

Thus,  the  curve  now  under  consideration  possesses  the  property  of 
having  its  radius  of  curvature  -R  =  ;= —  FN®.  734-,  6®] ;  for  we  have 

and  it  consequently  is  the  Elastic  curve,  the  radius  of  curvature  of 
which  is  in  the  inverse  ratio  of  the  ordinate.  Besides  c  and  x,  we  have 
a  third  constant ;  the  conditions  that  the  curve  pass  through  the  two 
given  points,  and  be  of  the  requisite  length,  serve  for  determining  these 
three  quantities. 

In  the  2nd  case,  Z  =  /  2»y  ^(dx'^  +  dy^),  whence 

2irydx  +  \dx cd^ 

ds  """'"^'^  ^/l{'Ilnf  +  KY^c''l; 

The  curve  required  is  a  Catenary  [p.  S45],  the  axis  of  which  is 
horizontal :  there  is  a  maximum  or  a  minimum,  accordingly  as  it  pre- 
sents its  concave  or  its  convex  side  to  the  axis  of  x. 


899.     Required  the  curve  of  given  length  s,  between  two  fixed  points, 
for  which  f  yds  is  a  maximum*    We  shall  easily  find 

(y  +  ^)  -r  =  c>  whence  dx  =  -r=r; — t^-tl — -^  I 

and  we  obtain  the  same  curve  as  in  the  last  instance.    Since  ^^-^ 
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is  the  vertical  ordinate  of  the  centre  of  gravity  of  a  curvilinear  arc  of 
length  *  \jee  my  Mec.  N^.  64«3>  it  appears  that  the  centre  of  gravity  of 
any  arc  of  the  catenary  is  lower  than  that  of  an  arc  of  any  other  curve 
terminated  at  the  same  points. 

900.    Reasoning  in  the  same  manner  tor  f  y'^dx  i=s  fmnimum,  and 
/  ydx  :s  constant^  we  find  ^  +  Xy  s=.  c,  or  rather  y  =i  C;   and  we 

have  a  straight  line  parallel  to  x.     Since     *{    ,    is  the  vertical  ordinate 

of  the  centre  of  gravity  of  any  plane  area  [[see  my  Mec.  N®.  68]],  that 
of  a  vertical  rectangle^  one  side  of  which  is  horizontal,  is  the  lowest 
possible.  Thus,  every  body  of  water,  the  higher  surface  (^  which  is 
horizontal,  has  its  centre  of  gravity  the  most  deeply  situated. 

Gmsult  Euler's  Work,  entitled  Methodu$  inveniendi  lineas  curvas 
maximi  minimique  proprieUUe  gaudentes* 
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DIFFERENCES   AND  SERIES 


DIRECT  METHOD  OF -DIFFERENCES.    INTERPOLATION. 


901.  A  series  a,  b,  c,d,..  being  given>  let  each  term  be  subtracted 
from  the  one  succeeding ;  rt'  =s  6  —  a,  b'  s=c  —  b,  c'  =id^  €•••  will 
form  the  series  i/,  b',  (f,  cT ..•  of  the  Jirst  differences. 

We  in  like  manner  arrive  at  the  series  ^«  b",  cT,  d"*.*  of  the  second 
differences,  a"  =  6'  —  a',  &"  =  c'  —  b',  c"  =  <f  —  c^... ;  these  give  the 
third  differences  if'  =  b"  —  a",  V  =  c"  —  b'*... ;  and  so  on.  These 
differences  are  indicated  by  A,  and  we  give  to  this  characteristic  an  ex- 
ponent which  marks  its  order ;  A"  is  a  term  of  the  series  of  the  nth 
differences.  Each  difference  also  retains  its  proper  sign>  which  is  —  j 
when  the  difference  is  derived  from  a  decreasing  series. 

For  example^  the  function  ^  =  a:^  —  9x  +  6^  making  successively 
X  =^  0,  1,  2«  S,  4i...>  gives  a  series  of  numbers^  of  which  ^y  is  the  general 
term,  and  whence  we  deduce  the  difierenoes,  as  follows : 

forx=     0,  1,  2,  3,      4,      5,      6,    7... 

series  y=s     6,  —  2,  —  4,  6,  S4,    86,  168,  286... 

Ist  diff.  Ay=:-8,  —  2,  10,  28,  52,    82,  118,... 

2nd  difT.  t.^y  =      6,  12,  18,  24,  30,    36,  ... 

Srddiff.  A'y=     6,  6,  6,  6,      6,... 

902.  It  appears  that  in  this  instance  the  second  differences  form  an 
equi-<Ufference,  and  that  the  third  are  constant :  constant  differences  are 
arrived  at  in  all  cases  in  which  .y  is  a  rational  and  integral  function  of 
;r,  as  we  shall  proceed  to  demonstrate. 
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In  the  monomial  ^x*  make  xata,  0,  y...  0,  k,  \  (these  numLers  having 

h  for  their  constant  difference)  ;  we  have  the  series  ka^,  kff^,  hf^.,,  kx.^, 

kk"^.  Since  k  =  x  —  /i,  developing  Arn"  =  A:(x  —  A)",  and  denoting  the 
coefficients  of  the  binomial  theorem  by  m,  A*,  A'\..  we  find 

it(x«  -  K«)  =  hmhV^-^  -  kA'h^V^-^  +  i^i4'V^r•^.. ; 

and  this  is  the  expression  for  the  first  difference  between  any  two  suc- 
cessive terms  of  the  series  ka^,  kfi^,  ily"«*«  The  difference  between  the 
two  preceding  terms^  or  il(x^— 0*)  is  deduced  by  changing  x  into  x,  x  into 
6;  and  since  x  =,x  —  k,  we  must  put  x  —  A  for  X  in  the  2nd  side ; 
which  thus  becomes 

itlllA(x-A)'^•--U'A«(x-A)"-^..=AmAx"->~[^'+ln(OT-l)]i^A«x«-•... 

These  results  being  subtracted  one  from  the  other,  the  two  first  terms 
disappear,  and  there  ensues,  for  the  2nd  difference  of  an  arbitrary  rank, 

km(m  -  ly^'X^-s  -  itB'A^x^-s  +.... 

Similarly,  changing  X  into  x  —  A  in  this  last  development,  and  sub« 
tracting,  the  two  Ist  terms*  again  disappear,  and  we  have,  for  the  3rd 
difference, 

hn{m  -  1)  (,»  ^  2)  A^x"-»  -  AB^A^x"«-*... ; 

and  so  on.  Each  of  these  differences  has  one  term  less  in  its  develop- 
ment than  the  preceding  one ;  the  I  st  has  m  terms,  the  2nd  has  m  —  1, 
the  3rd  in  —  2,...  &c. ;  and  from  the  form  of  the  1st  term,  which  at 
length  alone  remabs  in  the  mth  difference,  we  see  that  this  diflerence  it 
reduced  to  the  constant  quantity  I.2.3.*.  tnkk^,- 

If,  in  the  functions  M  and  N,  when  for  je  we  take  two  numbers,  the 
results  are  m  and  n,  that  which  arises  for  M  -^  N  ib  fn  +  n.  Let  tn* 
and  n'  be  the  results  similarly  given  for  two  other  values  of  jr;  the  1st 
difference,  arising  from  Jtf  +  AT,  is  obviously  (w  —  iw')  +  («  ^  i/). 
And  the  same  may  be  said  of  the  Srd,  4th. ••  differences:  the  difference 
qfihe  sutn  is  ike  eum  qftJie  differences. 

Hence," if  we  make  4?  =  «,  0,  y.,.  in  ^.t"  +  px"~'  -h ...,  the  (w—  l)th 
difference  of  px***  being  constant,  the  tnth  will  be  nothing;  so  that, 
for  our  polynomial,  the  mth  difference  is  the  same  as  though  we  had  but 
its  first  term  ^x*".  Consequently,  in  a  rational  and  integral  Junction  of 
the  degree  m,  the  mth  difference  is  constant,  tifhen  for  x  we  substitute 
equi'differeyit  numbers* 

903.  It  appear^  therefore,  that,  if  circumstanoes  require  us  to  sub- 
stitute equi-different  numbers,  as,  for  in«taDce,-in  the  soluinm  of  a  nu- 
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merical  equation  [p.  67  &  ISS^,  it  will  be  sufficient  to  investigate  the  tot 
(m  4-  1)  results^  and  thence  form  the  Ist,  2nd...  difTerences;  the  mth 
will  have  but  one  term ;  and  since  we  know  that  it  is  constant  and 
=  1.2.3...  mkh*,  we  may  continue  this  series  as  far  as  we  think  proper. 
We  shall  then^  by  means  of  successive  additions^  extend  the  series  of  the 
(m  —  l)th  difierencesi}eyond  the  two  terms  already  known;  and  those 
of  the  {m  —  2)th,  (w  —  3)th...  differences  being  similarly  continued^  we 
shall  at  length  have  the  series  of  the  results  arising  from  these  substitu- 
tions also  carried  to  any  extent  we  think  proper^  by  means  of  simple 
additions. 

We  hiive  an  instance  of  this  in  the  following  example:  »^— ar^-«-2«4- 1* 


X 


0.      1.    2.    3. 

gives 1.  — I.    1.    13. 

Istdlff. —2.      2.  12. 

Srd 6. 


SrdDiff.  6.     6.   6.   6.   6.   6.     6... 

2nd 4.    10.16,22.28.34.   40... 

1st....  —2.  2. 12. 28. 50. 78. 1 12.„ 
Results  1.— 1.  1.13.41.91.169... 
for  x^O.     1.   2«   S.   4.   5.     6... 


These  series  are  deduced  from  that  which  is  throughout  6. 6.  6...,  and 
the  initial  terms  previously  found  for  each :  any  term  is  obtained  hy 
adding  thai  on  its  left,  to  the  one  immediately  above  this  last.  The  series 
might  also  be  continued  in  the  contrary  direction^  for  the  purpose  of  ob« 
taining  the  results  corresponding  to  x  ss=  —  1>  — 2,  *-S.«. 

In  this  case^  any  term  is  obtained  by  subtracting  the  number  written 
above  the  one  in  question  from  that  which  is  on  the  right  of  it. 

For  the  object  proposed^  that  of  solving  an  equation^  it  is  not  necessary 
to  carry  the  series  of  results  farther  than  the  term  beyond  which  we 
meet  only  with  numbers  of  the  same  sign ;  and  this  takes  place  from  the 
time  that  the  terms  of  any  column  are  all  positive  on  the  left  side,  or  of 
alternate  signs  in  the  contraiy  direction^  since  the  additions  or  subtrac- 
tions, by  means  of  which  the  series  are  extended,  give  these  same  signs 
to  the  results  continually.  In  this  way,  therefore^  we  obtain  limits  of 
the  roots,  whether  positive  or  negative. 


904.  Fta:  the  future,  we  shall  denote  by  y,  that  function  of  X  which 
is  the  general  term  of  the  series  proposed,  and  generates  all  the  terms  by 
making  x  =  0, 1, 2,  3... ;  for  example,  y^  will  signify  that  we  suppose 
a;  =  5,  or  that  we  have  regard  to  the  term  which  has  five  before  it  (the 
number  91,  in  the  last  example).    Accordingly, 

y,  -  5f.  =  £iy^       y,  -  y^  as  Ay,,      y^^y^isi  Ay^... 
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And  generally^ 


905.  Suppose  that  we  have  fanned  the  difiereiftes  of  any  scries 


€i»  b»  Cm  d*  e  ••• 
A*««*fl^«  &•  c'*  d>  €••• 
A  -'« fl  •  0  •  c  •  c»  •••••• 

A'«*«  a    cO   .C    •<*    •••••• 


6   =a   +a',    c  =ib   +  b's    d  =c    +c',...> 


&>  6^  c,  <f:*  being  eliminated  from  the  equations  of  the  Ist  line,  they 
will  contain  in  their  2nd  sides  only  a,  dy  d\.^  And  we  can  also  obtaia 
values  for  a^>  a'^^  J"***  which  do  not  include  any  accented  letter:  we 
thus  find 

i  =  fl  +  fl',  c  =  a  +  2fl'  +  a",  rf=  a  +  8a'  +  So''  +  a% 
e  ss  fl  +  W  +  Go^"  H-  4a"'  +  a'^/=  a^-^' ^r  lOo^  +  &c. 


and 


//  =  6  -  a,  fl^  =  c  -  24  4-  a,  a'"  =  rf—  Sc  +  36  -  a,... 


But  the  initial  letters  tiy  cl\  a"*,,,  are  ^yo^  A^^o>  A^^o-**>  and  a,  b,  c, 
ef...  are  ^^  ^i>^v  ys*** :  so  that 


yi=yo+  Ayo> 

Ayo  =y.  — yo> 

y.==yo  +  2Ayo+    A^yo 

^*yo  =  .y.  —  2y,  4-^0 

y,  =y.  +  SAy«  +  3A«yo  +  A'^, 

^'yo  =  y,-  3y,  +  3fA-ya, 

3^4  =  yo  +  ^Ayo  +  6A^o  &c. 

^'.yo  =  ^4  -  ^-y,  +  6y,  -  &c. 

Andj  generally. 

• 

a?-  1 


y.=yo  +  a:Ayo+a:,— ^A«yo+  a:. 


^•yo  =  y.  -  «y— 1  +  n. 


n-  1 


.y«-« 


a; 

— 

1 

X 

— 

2 

2 

•  ~~" 

3 

n 

— 

1 

n 

— 

J 

A^^o—  (^)> 


y^...  W. 


906.  These  equations  give,  the  one  any  term  of  rank  x  (the  general 
term  of  the  series),  when  we  know  the  Ist  term  of  all  the  orders  of  dif- 
ferences, the  other  the  initial  term  of  the  series  of  the  7ith  differences, 
knowing  all  the  terms  of  the  series,  ^p,  jy„  y,...  To  apply  the  1st  series 
to  the  example  of  N^  903,  we  shall  moke 

ya«l#Ayo  =  — 2*  A«ya=:4,  A»aa6,  A*«Om. 
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whence 

The  equations  {A)  and  (£}  will  be  the  more  strongly  imprinted  on 
the  memory^  by  observing  that 

with  the  proviso  that,  in  the  developments  of  these  powers,  we  transform 
the  powers  of  A^o  into  exponents  of  A,  so  as  to  mark  the  order  of  the 
differences,  and  the  powers  of  tf  into  indices,  putting  y^  in  place  of  the 
1st  term  1. 

907.  Whatever  be  the  proposed  series  a,  b,  c,  c^...,  we  may  always 
conceive  it  to  have  been  derived  from  some  other  in  which  certain  terms 
have  been  periodically  omitted ;  in  which,  for  instance,  every  2nd,  3rd, 
4th..«  term  has  been  taken.  The  series  a,  b,  c..«  being  given,  or  rather 
its  general  term  ^,  (i<),let  it  be  proposed  to  regain  this  primitive  series, 
which  we  shall  denote  by 

a,  fl*,  fl"...  a*-",  5,6',y',.,  6*-S  c,(/,c'\..  c*-»...  (C). 

It  is  obvious  that  we  here  suppose  A  —  1  terms  to  have  been  sup^ 
pressed  between  a  and  b,  between  b  and  c,...,  which  terms  were  subject 
to  the  same  law  of  generation  as  the  series  a,  b,c**,  which  constitutes  a 
part  of  the  one  preceding.  The  method  of  interpolaiion  consists  in  xn« 
serting,  between  the  terms  of  a  proposed  series,  a  specified  number  of 
terms  subject  to  the  same  law :  and  in  order,  therefore,  to  interpolate, 
we  must  find  these  intermediate  terms,  or  rather  the  general  term  of 
the  equation  (C).    It  will  evidently  be  sufiicient,  for  this  purpose,  to 

assume  in  {A),  the  general  term  of  a,  b,  c...,  the  condition  x  si  -^z 

h 

marking  die  rank  of  a  term  of  the  new  series  (C) ;  for,  making 

2  as  0, 1, 2,  St..  A,  /t  +  1>  A  +  2,...  2A...  &c« 
we  have 

X  s  O,...  (A  —  1)  terms...  1,.«.  (Ji^l)  terms.**  2.««  &c.; 

and  we  thus  obtain  the  same  numbers  a,b,C4,*,  as  though  we  had  made 
X  =  0,  1,  2...  in  {A),  and,  likewise,  /i  —  1  intermediate  terms.  This 
substitution  gives 

y,  =  3ro+  y  +  -W~-+ 2,8^3        ^      *c....  (i)); 

TOIi.  Ih  2  u 
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an  equation  Dvhich  will  give  ^,.wlien  x  ss  2^  z  being  integral  or  tm^ 
tioniL  We  deduce  from  the  Beiies  a>  6,  c.«.  pvopoied  the  difEerenoes  of 
all  the  orders^  and  the  initial  terms  of  these  series  represent  A^  A*..* 
That  this  formula,  however,  may  be  applied  practically,  we  mast,  in  the 
course  of  the  last  mentioned  operation,  either  arrire  at  difivrences  actually 
constant,  so  that  the  series  (  D)  may  terminate,  or  we  jnust  at  least  have 
for  A',  A^...  decreasing  values  which  shall  render  the  series  convergent : 
ihm  defalopment  then  gives  the  approximate  value  of  a  tattti  oorretpttid* 
ing  to  :e  B  •;  it  being  at  the  same  time  understood  that  the  faatora  of 
A  must  not  iuMrease  so  far  as  to  destroy  this  convergence,  by  whidi  m% 
are  restricted  from  carrying  z  beyond  a  certain  limit. 

For  example,  we  find  QN^  364,  X]  that 

« 

the  arc  of  60^  has  for  its  chord  lOOOO 

■ 

65  1074*6        ai-b74*6 

70 1147*8  Tii*6    A««i*fiK) 

15  1217-5  70-3  -2-S 

and  since  the  difference  is  very  nearly  constant^  at  least  from  60^  to  75^ 
we  may,  within  this  extent,  employ  the  equation  (D)  :  making  A  =:  5 
there  xasults^  for  the  quantity  to  be  added  to  ^0  ^  1000, 

*  X  74*6  K  ;r  —  A  z[z  --  5)  «  1512  X  z  -  0-04  X  z\ 

Thus,  talcing  z  ss  ],  2,  S...,  then  adding  lOOO,  we  obtain  the  chords 
of  6P,  62*,  6S*...,  and  if  fractional  values  be  assumed  for  2,  we  have 
the  chord  of  any  arc  whatever  between  60"  and  75*.  Diflerences,  how- 
ever, that  have  been  thus  obtained  ought  scarcely  ^to  be  made  use  of, 
beyond  the  limits  from  which  they  have  been  derived.  We  give  another 
example : 

We  have  log  3100  «  y.  •  4918617 

log  3110           ts  4927604  A^  »  1S987 

log  3120            s=  4941546  1 3942      A«  =  -  45 

log  3130           =4955448  13897               -45 

the  decimjd  part  of  the  logarithm  being  here  considered  as  an  integer. 
Making  h  s=  10,  there  results,  for  the  part  to  be  added  to  log  3100, 

•  ■ 

1400-95  X  «  —  0-225  X  jb«. 

To  obtain   the   logarithms  of   310-],  S102,  3103...^    we   make 
z  «  1, 2, 3... ;  and,  if  Idg  SI07.58  be  required,  we  shall  take  s  =  7-58; 
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T^hence  thete  tirlU  result  10606  for  the  quantity  to  be  ftdded  to  the 
logarithm  of  3100,  viz.  log  3 10758  =  54924223. 

908.  These  methods  are  very  useful  for  shortening*  th^  calculations 
of  tables  of  logarithms,  sines,  chords,  &c.  Results  are  investigated  by 
,tbe  direct  processes  from  one  point  to  another,  and  the  interval  is  then 
filled  up  by  Interpolation* 

Most  frequently,  the  proposed  series  a,  i,  c««',  or  the  table  of  num- 
bers between  which  we  wish  to  interpolate,  corresponds  to  the  order 
1,  2,  3... ;  in  which  case  A  as  ),  and  we  have  to  investigate  some  term 
intermediate  to  ^o  &nd  ^„  answering  to  the  rank  z :  the  equation  (I>) 
then  becomes 

y,  «  yo  +  «A»  +  «.i-^  A«  +  z.  *~  .  2JZi  A»  +  &c....  (J5). 

l^  When  A*  is  nothing,  or  very  small,  the  series  is  reduced  to 
y^  -t-  sA* ;  whence  we  infer  that  the  difference  zA'  increases  proportion- 
ally to  Si  ••  e.  there  must  be  added  to  y^  a  part  of  A*  proportignal  to  «. 
Frequent  use  has  previously  been  made  of  this  remark  ^N^.  91,  111, 
and  586]]. 

2*.  When  A*  is  constant,  or  A^  very  small,  which  is  most  frequently 
the  case^ 

y««yo  + «Ca' +  •!(«- 1)A»> 

Thus,ybrm  4^(2  —  1)  AS  and  add  thU  quantity  ae  a  correction  to  A' ; 
tften  consider  the  series  as  having  this  result  for  the  1st  difference,  and 
that  the  2nd  difference  is  nothing :  the  investigation  will  thus  be  reduced 
to  that  of  the  case  preceding. 

For  example. 


log310=r  2-4913617=^; 

log  311  »        27604 

A' =  13987 

log  312=        41546 

13942 

A^s-^45 

log  313  a        55443 

18897 

-45 

Since  A*  is  constant,  to  Obtain  log  310-758,  we  make  2  =  0*758; 
whence4z(;r-  1)A*  =  0;121  X  45  =  5*445;  this  being  added  to  A*, 
we  have  13992*445  which  is  to  be  multiplied  by  z;  the  product  is 
10606-27;  and  consequently  log  310-758  s&  2*4924223. 

3*.  When  A^  is  constant,  or  A^  so  small  that  it  may  be  neglected,  the 
series  (JB)  has  only  four  terms ;  A^  must  now  be  corrected  by  the  addi- 

2h2 
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tion  of  i{z^2)  A%  and  the  result  conaidered  as  a  constant  2nd  di&renee; 
and  io  on. 

Applications  of  this  theory  may  he  seen  in  p*  1 01  of  the  logarithmic 
tables  of  Callet»  where  these  logarithms  are  calculated  to  20  places  of 
decimals. 

4*.  Conversely^  If  the  terms  yt  and  y^  be  given^  and  the  rank  z  of  the 
1st  be  required,  the  2nd  difference  being  constant,  we  have 

^^      y«  —  y«         /px 

A»  +4(2— .1)AS       ^    ' 

We  first  go  through  the  calculation,  neglecting  the  2nd  term  of  the 
denominator,  which  gives  an  approximate  value  of  z;  and  this  is  then 
substituted  for  z  in  the  formula  (F),  no  part  being  neglected. 

From  the  result  of  the  calculation,  in  the  preceding  example,  we  find 
the  numerator  y,  —  ^^  '=  10606;  which,  divided  by  A*  =  13987,  gives 
a  first  approximation,  z  =  0*758 :  this  value,  substituted  for  z  in  F, 

lOfiOf? 

gives  z  as      _^    ==  0*758.    This  inverse  problem  may  be  solved  in  a 

similar  manner,  when  A'  is  constant,  &c.    [[See  Conn,  des  Tempt  1819^ 
p.  SOS]. 

909.  The  following  is  a  convenient  mode  of  conducting  the  calcula- 
tion when  A^  is  constant,  and  we  wish  to  find  n  successive  numbers  be- 
tween y^  and  ^i*  Changing  z  into  z  4*  1  in  D  and  subtracting,  we  have 
the  general  value  of  the  Ist  difference  of  the  new  series  interpolated; 
and  by  repeating  the  operation  on  this  value,  we  arrive  at  the  2nd  dif- 
ference: vix. 

lot  Diff.  S'  =  1^  +  -'  ~^t  "^  ^  ^^  2na  Diff.  J'  =  J*. 

But  n  terms  are  to  be  inserted  between  y^  and  y^ ;  so  that  we  must 
take  A  s:  n  +  1 ;  and  then,  making  z  =  0,  we  have  the  initial  terms 
of  the  differences 

A«  'A* 

(«+!)«'  n+  1 

we  hence  calculate  3*,  then  l^ ;  this  initial  term  3*  will  serve  for  oom« 
posing  the  series  of  the  Ist  differences  of  the  series  interpolated  (^  is  its 
constant  2nd  difference) ;  and,  finally,  we  have  the  series  itself  by  means 
pf  pimple  additions. 
Suppose  th{tt|  in  the  example  of  p.  ifiQ^  vre  wish  \q  calgulat«  tb^ 
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logarithmsofSlOl,  3102,3103...;  9  numbers  are  to  be  laeerpdlated 
between  those  which  are  given ;  whence  n  vsi  9,  )'  s  -^  0*45, 
a<  ss  1400*725.  We  first  form  the  equidifferenoe  which  has  9'  for  its 
initial  term  and  -»  0*45  for  the  constant  difference ;  and  the  first 
difierenoes  are 

1400-725,  1400*275,  1399*825,  1399*375,  1398'925,.,. 

Successive  additions,  commencing  from  log  3100,  will  give  the  conse« 
cutive  logarithms  required. 

Suppose  that  a  physical  phenomenon  has  been  observed  every  12 
hours,  and  that  the  measured  results  have  given 

at  0*...  ^0  =  78 

12...         SCO  il'  =  222 

24...         666  366  A^  =s  144 

36..*        1176  510  144. 

To  find  the  circumstances  of  the  phenomenon  corresponding  to  4*^ 
8*,  12^..r,  two  terms  must  be  interpolated,  whence  »  as  2,  3*  ss  16, 
)f  ^  58  ;  composing  the  equi-difference  which  commences  from  58,  and 
the  ratb  of  which  is  16,  we  shall  have  the  1st  differences  of  the  new 
series^  and  thence  the  series  itself: 

1st  diff.  y...  58,    74,    90,  106,  122,  138... 
Scries      ...  78, 136,  210,  300,  406,  528,  666... 
0*,    4*,    8*,  12*,  16*,  20*,  24*... 

The  supposition  of  the  2nd  differences  being  constant  holds  in  almost 
every  case,  when  suitable  intervals  can  be  taken.  This  method  is  re- 
peatedly made  use  of  in  Astronomy ;  and  even  when  the  observation, 
or  the  calculation,  gives  results,  the  2nd  differences  of  which  are  by  no 
means  regular,  this  irregularity  is  imputed  to  errors,  which  we  correct 
by  establishing  a  uniform  course. 

910.  The  astronomical,  geodesical,  and  other  such  tables  are  formed 
on  these  principles.  We  first  calculate  by  the  direct  processes  a  number 
of  different  terms,  taken  sufficiently  near  to  each  other  that  the  1st  or 
2nd  diffisrences  shall  be  constant ;  and  the  intermediate  quantities  are 
then  obtained  by  interpolation. 

Thus,  when  a  convergent  series  gives  the  value  of  y,  by  means  of 
that  of  a  variable  a; ;  if  the  formula  be  one  of  frequent  use,  instead  of 
calculating  y  each  time  that  ix  is  known,  we  determine  the  results  y  for 
certiun  gradually  increasing  values  of  or,  so  that  the  values  of  y  shall  be 
but  slightly  different  from  each  other ;  and  we  then  insert,  in  th^  fomi 
of  a  table,  e«oh  value  of  y  near  to  the  ooixespondiog  one  of  X|  whiob  b 
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«aUed  tlM  Argumetit  of  thU  tubto^  For  intennediiite  tkomblnrs  ip,  dnpU 
propQrtions  will  give  jf,  as  we  hftve  teen  in  resped  to  Iqpuitbm  QUI 
VoL  p.  JOQl*  wi  tlie  rasuUs  required  are  obtained  simply  by  inq^eo^ 
lion* 

When  the  series  has  two  variables,  or  arguments,  x  and  %»  the  valaei 
of  ^  are  disposed  in  a  table  of  double  entry,  as  that  of  Pythagoras  [N^. 
14]] ;  X  and  z  are  taken  as  co-ordinates,  and  the  result  is  contained  in 
the  s^tuaee  thus  determined.  For  example,  having  taken  z^al,  we 
must  arrange  in  the  1st  line  the  several  values  of  y  coRtiponding  lo 
X  PS  U  fii  9«<*  j  in  the  2nd  line  must  be  placed  those  givey  by  «  vb-2  ; 
in  the  3rd,  those  for  z  r^  8.0  To  obtain  the  result  contspooding  to 
X  =  S  and  z  ==  5,  we  shall  stop  at  the  square  which;  in  the  Srd  oolunuii 
occupies  the  5th  rank.  The  intermediate  values  are  obtained  in  a 
manner  analogous  to  the  one  just  detailed. 

911.  We  have  hitherto  supposed  x  to  increase  in  the  manner  of  an 
^uvdiffereooe*  If  this  be  not  the  case,  and  we  are  acquainted  with 
the  results  ^  »  a,  &,  0,  d*..  arising  from  eert«in  suppositions  x  cs  js 
$M  %  )»•«  recourse  may  be.bad  to  the  theory  expkbed  in  N^  465>  whea 
ift  WM  required  to  make  a  parabolic  curve  pass^  through  a  series  of  given 
points ;  this  problem  is  in  fact  no  other  than  an  interpolation.  W« 
may  also  proceed  in  the  manner  following; 

By  means  of  the  known  correspouduig  values,  a,  m,  h,  /3...|  form  the 
consecutive  fractions : 


—J 


^^j=^j  "^^ "  r=^  ^*  *  j-z^^  ^' "rn*"* 


^  -  f=^ '  ^' -  TTlB '  ^«  -  tit;""" 
B,-B  ^       B,-B,       „      C,-C 


C  —  -^ J  C  = ^•••>  -D 

0  — «  e  —  p 


Eliminating  between  these  equations,  we  find  successively 

ft  »  «  +  if  (/5  —  «),      ' 

c  «  a  +  if  (y  —  «)  +  *  (y  —  «)  (y  —  1^, 

rf:*  fl  +  it  (>  -  *)  +  J5(>-. «)  (3  -  /J)  +  C(J  -  «)  (J  -  Q  (^-  y)* 

smda  g«iieraUy> 

We  must  iberefoie  inveetigaie  the  1st  diiereneee  between  tlie  reiulto 
ai.A^c««i^  ind divide  b^the  difiereneee between  the  sum^esitiQiis «b A 
>•«  wkicb  wiU  iftTi  ^  4^  ^Mtt ;  tihisci  ni»bm  W^ 
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manneri  we  ohall  from  diem  deduce  B,  B^  £t*«*;  wbichwill. 
give  C,  C^...;  and^  lattly^  substituting,  we  shall  have  the  general  tena 
required. 

The  multiplications  being  carried  into  effect^  the  expression  takes  the 
form  a  +  a'x  -\-  a'V...>  that  of  any  rational  and  integral  polynomial ; 
this  arises  from  our  having  neglected  the  higher  di&rences  [;N^  90^3* 


Choid  of  60» 


1000 


62-20'  ^  1035 


35 

> 

42 


65-10  =  1077 


B6 


15 


A^  5=  14-82 


-018 
-0.21 


A.  =  14-61 


1? «  —  0.035 
B,vm  -  0,031 


69.0     =P33 

«  =  0,  5  =  Si-,  y  =  5i,  ^  =  9  : 

we  may  neglect  the  3rd  differences^  and  assume 

* J^r  =  1000  +  15-082  X  or  -  00S5a?^ 

912.  Considering  every  function  y,  of  j?  as  being  the  general  term 
of  the  series  given  hy  x  ^an,  m-^-  h,m  +  9hn»;  if  we  take  the  dlfl^-^ 
ences  between  these  results^  in  order  to  obtain  a  new  series^  the  general 
term  will  be  what  is  called  ihejirst  Difference  of  the  proposed  function 
^r>  and  which  is  represented  by  Ay^  Thus,  this  difference  is  obtained 
by  chang^g  x  into  x  +  h  itt  y^  and  subtracting  ^  from  the  result ; 
the  remainder  will  generate  the  series  of  1st  differences,  by  making 
x^stm,m'\-h,m  +  2A,  dtc. 

Thus 


gives  Ay, 


{x  +  KY 


a-\-x^'         ^'      a  +  a; -h  A       a  •{- x* 

It  will  remain  to  reduce  this  expression,  or  to  develop  it  acocording 
to  the  powers  of  A..« 

OeneraUyi  it  follows  from  Taylor's  theorem,  that 

Ay.  -yA  +  ^fh^  +  i/'^A*  + ... 

To  obtain*  the  Snd  dlflerenct,  we  must  repeat,  on  A^,,  the  same 
operation  that  has  been  performed  on  the  function  proposed ;  and  so  on 
for  the  3rd,  4th. ••  differences. 
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.  918.  The  object  of  the  integration  here  is  to  trace  back  a  given 
^ifierence  in  x  to  the  function  whence  it  has  spmng ;  t.  e.  to  regain  the 
general  term  y^pof  a  series  y^  y^^^  ym-f «»•••>  knowing  that  of  tha 
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series  of  a  difference  of  some  given  order.  This  operation  is  indicated 
by  the  sign  £. 

For  example^  supposing  that  k  =i  I,  Z  {Sx^  +  x  —  2)  must  lead^ 
this  idea  .*  a  function  y,  generates  a  certain  series,  by  assuming  in  it 
xi=iO,  I,  2,  S... ;  and  the  1st  differences  which  ensue  from  it  form 
another  series,  of  which  3x^  -I-  ^  *—  2  is  the  general  term  (this  series  U 
—  2,  2,  12,  28.».)«  The  object,  therefore,  which  we  propose  to  our- 
selves in  integrating,  is  to  find  the  function  y^  which,  if  we  put  x  +  1 
for  X  and  subtract  y^  from  the  result,  will  give  the  remainder 
S^a  +  X  —  2. 

It  is  easily  seen  that  1^  the  signs  £  and  A  destroy  each  other  (in  the 
same  manner  as  /  and  d) :  thus,  SA/x  s=fx. 

2®.  A  {ay)  s  a  Ay ;  and  therefore  lay  ss  aty, 

S^  As  A  {Ai  •M  Bu)  s  A^l  —  B^u,  we  similarly  have 

Z  (At  -  Bu)  =  Azt  —  BZu, 

i  and  u  being  functions  of  x. 

914*.  The  problem  of  determining  tfz  from  its  1st  difference  does  not 
include  the  given  quantities  necessary  for  its  complete  solution ;  thus, 
to  recompose  the  series  correq^nding  to  ^^  from  the  one  — >2,  2, 12, 28, 
if  we  make  the  1st  term  y^  =  a,  we  find,  by  successive  additums, 
a,  a  —  2,  a,  a  4- 12...,  and  a  remains  arbitrary. 

We  may  consider  icvery  integral  to  be  included  in  the  equation  (A) 
p.  464f ;  for  taking  or  as  0,  1,  2,  8...  in  the  1  st  difference,  which  is  given 
in  jr,  we  shall  have  the  series  of  the  1st  differences ;  and  subtracting 
these  consecutively,  we  shall  thus  form  the  2nd  differences,  the  Srd, 
4th. •«.  The  initial  terms  of  these  series  will  be  A^yo,  A^o«««i  and  these 
values  substituted  in  (A)  give^,.  Thus,  in  the  example  above  (which 
is  the  same  with  that  of  N^  90S,  when  a  =  1),  we  have  [^N^  906.^ 

A>oS:  -2,  A«yo  =  *,  A'j^o  =6,  A^j^.  =  0...; 

whence  ^«  =  y©  —  2a:  —  ar^  +  x^. 

In  general,  the  1st  term  y^  of  the  equation  (il)  is  the  arUtrary  con- 
stant, which  is  to  be  added  to  the  integraL  If  the  given  function  be 
a  2hd  difference,  we  must,  by  a  first  integration,  ascend  to  the  1st 
difference,  and  from  this  to  ^x;  thus,  we  shall  have  two  arbitrary  con« 
stants ;  and,  in  fact,  the  equation  {A)  still  gives  us  yx,  A^  A^**«  being 
found,  only  y^  and  A'^o  remfdn  indetenoinate.    And  so  on  for  the 
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91 5.  Let  it  be  proposed  to  find  iJt^y  the  exponent  m  being  integral 
aind  positive*    We  shall  represent  this  development  by 

a,  b,  c.«*  being  decreasing  exponents  now  to  be  determined^  as  also  the 
coefficients  p,  q,»».  Let  the  Ist  difference  be  taken^  by  suppressing  the 
symbol  £  on  the  Ist  side^  then  changing  x  into  x  +  h  on  the  second^ 
and  subtracting.  Confining  ourselves  to  the  two  Ist  terms^  we  have 
from  this 

That  the  identity  therefore  may  be  established^  the  exponents  must 
give  the  equations  a— Ism^  a— 23b&  —  1;  whence  a ss fit  +  I, 
bsstn;  also,  the  ooefiSidents  give 

1  =  poA,  -  +pa  (a  -  l)h^qb;  whenccp «  Y(mTTy  <f  ~  "*•  *' 

As  to  the  other  terms,  it  is  evident  that  the  exponents  are  all  inte- 
gral and  positive ;  and,  as  would  be  found  by  continuing  the  process, 
they  decrease  successively  by  2. 

Assuming  therefore  that 


Sa^  S5|w!*+  *  —  4-a*  +  «J!^""*  +  /Jj:*""'  +  7«*""*» 


••3 


let  us  now  determine  a,  0,  y—  Take,  as  above,  the  1st  diflbrence,  by 
putting  dp  +  A  for  ar,  and  subtracting :  having  first  transposed 
p.a+ 1  ^  ,1^^  ^e  find  that  the  1st  side,  considering  that  ph  (m  +  I):^!, 
reduces  itself  to 

For  conciseness,  we  here  omit  the  alternate  terms  of  the  develop- 
ment,  which  would  be  proved  by  the  calculation  to  destroy  each  other ; 
and  we  also  denote  by  1,  m.  A*,  A'\»,  the  coefficients  of  the  binomial. 
Proceeding  now  to  the  2nd  side,  and  performing  the  same  operation  on 
Mi^^  +  &3?^^*»*^  we  shall  have,  with  the  same  respective  powers  of 
X  and  kf 

(m  — 1)«  +  (m  -  1)  — ^ — .  —^  a,  +  (w  —  1)-— ...—_«+ ... 

+  (m-  S)|3+  (m-3)-.^ — -  0  +..• 

Compating  th«  liomologoui  Un&9»  we  Msily  deduoe 
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and  hence  we  finally  obtain 

The  development  has  for  coefScients  those  of  the  alternate  terms  of 
the  binomial,  multiplied  by  certain  numerical  factors  a,  b,  c*»»,  which 
are  called  Bernouillian  numbers,  from  Jacques  Bemouilli  hating  been 
die  first  to  determine  them.  These  factors  are  of  frequent  use  in  the 
theory  of  series;  we  shall  give  a  more  ready  mode  of  arriving  at  their 
values  in  N^  917 :  in  the  meantime  these  valoea  are 

■p_       691      _1  *  _  _?^  --^sseT 


32760' «      12*  Sietf         \^^^ 


•t« 


916.    Hence  we  conclude  that,  to  obtain  Jaf^,  m  bebg  a  given  pQsi« 
tive  integer,  we  mns(  take,  besides  the  two  first  terms  y    V  jVa  ^  2^' 

Ae  d«f«lo|Niienl  of  (3;  4-  A)*,  tweeting  the  t^m$  of  the  odd  nmksi» 
Uie  1st,  drd,  5th.«.,  and  multiply  the  terms  retained  respectively  \gf 
a>  h,  <i..t  When  m  U  odd,  x  and  h  ham  no  oiJm  ikon  et>€n  exponenU, 
and  the  converse;  so  that  the  last  term  A*  must  also  be  rejected,  wheu 
it  occurs  in  one  of  the  ranks  neglected ;  the  number  of  the  terms  is 
^m  +  2  when  m  is  even ;  and  4-(m-f  3)  when  m  is  odd,  i.  e»  th^  same 
for  an  even  number  and  the  succeeding  odd  one. 

Is  2*'^  required?  besides  -prr  —  i:r'°,  we  must  develop  (x  +  A)'^ 

iln 

and  letdn  the  9nd,  4th,  6th..*  terms ;  we  shall  have 

lOt^flA  +  120a:'M«  +  252 


i.t. 


and  therefore 


aril 


Xa?»^;=yjj  -  ♦»»  + 1  a*A-  x'A» >V*'-  ^-^'A^  +  A«*^ 
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In  thU  manner  we  obtain 

ar*      ^^       Ax* 
4A      2  ~  ♦  ' 

6A      2  ^TT        12* 

^      *T      *•      A«?      A***      A'*. 
"^"^  fl  ~  ?  **"  T  ~  "6"  *^  *§■• 

,  ,       ar»      *»  ,  ,7A*«      TA'ar*  ,  A»«« 

^^       ar»      a?«   .  2Aa:       7AV   ,   SA^^^       k^x 
9A       2  ^    3  15    ^     9  so' 

IDA      2  ^    4  10    ^    2  20  ' 

2a?'<>  ss  &C.  (See  above), 

917.  We  shall  now  give  an  easy  mode  of  continuing  the  Bernou- 
illian  numbers  a,  h,  €•••  to  any  extent  whatever.  Let  t^hmt  l^in 
the  equation  (D)  :  X^  is  the  general  term  of  the  series  which  has  a:" 
for  its  Ist  difference ;  we  are  here  considering  2l>  and  the  series  is  that 
of  the  natural  numbers  0^  \,  %  S...    Take  zero  therefore  for  the  Ist 

side,  and  tranBposej^-4=i^^ 


2(m  +  l) 

If  now  we  make  m  =:  2«  the  2hd  side  of  this  is  reduced  to  amy 
whence  we  deduce  a  ss  tV  ;  m  s=  4  ^tea  om+bA^,  f/ak  4Mt  +  4At  tat 
the  2nd  side;  we  similarly  find  am  -^bA'^  +  Sc,  for  fii  =  6>.«.;  and 
following  this  up  for  «U  the  even  numbera  m  ca  2>  4y-6,  8«..,  we  obtain 
each  time  an  equation  which  has  one  term  more  than  the  preceding 
Qne;«iidibeM  efiaatlMi  «irv« !•  dttivmitia  their ioeMHmbMltn&is 


476  FINITE    DIFFERENCES. 

918.    Form  the  difference  of  the  product 

^,  SB  (jc  -  A) x(x  +  h){x  +  2A)...  (x  +  ih), 

by  putting  x  +  hfor  x,  and  subtracting :  there  results 

Ay,  a  x{x  +  A(  (x  +  2A)...  («  +  ih)  X  (t  +  2)A  ; 

dividing  by  this  last  constant  factor^  integrating,  and  replacing  for  j/x  its 
value^  we  find 

lx{x  +  h){x  +  2A)«..  (x  +  ih) 
X  —  A 


(i  +  2)A 


X  x{xi  +  A)  (x  +  2A)...  (x  +  ih). 


This  equation  gives  the  integral  of  the  product  ^factors  which  form 
an  equi^ifference. 

919. '  Take  the  difference  of  the  2nd  lide^  and  we  shall  see  yeiified 
the  equation 

, 1 -1 

a<x+A)  (x+2A)...  (x+tA)       tAx(x+A),..  [xf  («-^)*I 

920.  Let  y,  ss  a' ;  the  difference  is 

Ay,  =s  fl'(a*  — '  1 ) ;  whence  y,  sa  Xa»(a^— 1)  cs  a« ; 

and,  therefore, 

a* 
2a*  =    .  ^  ^  +  const. 

921.  The  note,  p.  S09,  1st  voL  contains  the  following  equation. 

cosB— co8^s=2sini(il  +  B).  8ini(i4  — B); 
but 

Aoo8xssco6(x  +  A)  -^oosxas:  — *2Bin(x-f  iA)8iniA; 

integrating  and  changing  x-\-  \h  into  z,  we  have ' 

^  .  cos(2  — -iA)   , 

Zsmzs —r: — r-'  +  const; 

Ssin^A 

and  we  should  in  like  manner  find 

8in(z  — iA)   , 
X  cos  2  ■=  — t;^-: — ~  4"  const 

When  powers  of  eines  and  cosines  are  proposed  for  integration,  we 
triUfform  them  in^)  nnes  and  oonnef  of  multiplo  aics  [p».17^]*  ab^  we 
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have tenns  of  the  form  Am qx,  Aooaqx;  then  making  qx s x,  the 
int^pntion  is  given  by  the  preceding  equations* 

922.  Let  the  integral  of  a  product  uz  be  represented  by 

ZUZ  as  ttX«  +  /, 

u,  z  and  t  denoting  functions  of  x,  the  last  "unknown,  n  and  z  given. 
Changing  a;  into  a:  +  A  in  ulz  +  i,u  becomes  u+Au,  z  becomes  2: +^sr, 
and  we  have 

tf£z  -^-HZ-k-  Atf.  Z(2r  +  A2)  +  <  +  A/: 

our  2nd  side  «2z  +  t  being  subtracted,  we  obtain  its  difference^  or  that 
of  uz ;  and  hence  results  the  equation 

0  =  An.  2(«  +  Az)  +  A/;  whence  t  ss  —  2[^Aii. 2(z  +  A«)]] 

Consequently,        X(m2)  ss  uXz  —  S[[Att.  £(2  +  Az)^, 

a  formula  whidi  corresponds  to  that  of  integration  by  parts  in  the  case  of 
differential  functions  [p.  SS6]. 

923.  There  is  but  a  small  number  of  functions  of  which  the  finite 
integral  can  be  found ;  When  the  integration  cannot  be  accomplished  in 
an  exact  form,  recourse  is  had  to  series. 

That  of  Taylor,  Ay,  s=  /A  + ...  [N*>.  912]  gWes 

« 

where  y,  ^ ...  are  the  successive  derivatives  of  ^». 

Let  y  be  considered  as  a  given  function  zq£  x;  then  we  have  t^^ssz 
y  =s  sf,  %f"  ss  z".,.,  and  y,  =  fy'dx  =  fzdx ;  whence 

fzdx  =  AX2  +  \h^il  + ...  ; 
and  consequently 

an  equation  which  gives  2«,  when  Zz^,  Sz^...  can  be  found.  Take  the 
derivatives  of  its  two  sides ;  that  of  the  1st  wiU  be  ^^»  as  we  may  easily 
assure  ourselves.  Hence  we  shall  derive  2z^,  then  2z^'... ;  and,  even 
without  going  through  these  calculations,  it  is  easy  to  see  that  the  result 
from  the  substitution  of  the3e  values  will  be  of  the  form 

%z  s=  A->  fzix  +  ilz  +  Bh^  +  CAV... ; 

whei*  It  remains  to  determine  the  facton  A^  Bt  C.«t 


'  If,  now,.  *ht^,  We  Aence  d^uee  ftJb,  i,  x'^... ;  and,  iutMiitutin^ 
there  reaulu  a  geries  wbich  nur&t  be  identical  with  (2>) ;  and  which, 
consequently,  must  be  devoid  of  the  powers  m— 2,  m— 4,.*« ;  so  that 
we  shall  assume 

* 

«,  Ai  tf.M  b^ing  the  Bimouilliftn  numbers. 

For  example,  if  «  s  ^,  A  a  1,  /bcfa:  9  xlx^x,  af  s  j;'*^  a''  •■  die.  j 
and  consequently 

Xiar  SB  C  +  jffa  —  ar  —  fb  +  «*">  +  6*"«  +  cxT^  +  &€• 

924.  The  series  a,  b,  c,  J.. .A,  {,  having  for  its  first  differences  tf^,6V««'* 
it  haf  been  seen  [N«.  905]  Aat 

AcBH+tt',  ca-A+i',  rfaeo  +  c^...i=*  +  *'i 

Iquationft  the  sum  of  which  gives 

/  =  fl  +  a'  +  6'  +  c^...  +  it'. 

.  If  the  numbers  c^,  b\  p'...  be  known^  we  may  look  upon  them  as  being 
the  1st  differences  of  some  other  series  a,  6,  c«.*,  since  it  is  easy  to  com* 
pose  the  latter  of  these  series  from  the  former  one  and  the  initial  term 
a.  But,  from  the  definition  of  N<*.  91 S^  it  appears  that  any  term  f, 
taken  in  the  given  series  tf,  h\  c^...  is  no  other  than  A/,  since  Fs^m^l; 
and  integrating  f  =  Ai^  we  haVe  £f  aft  /,  or 

Safest  c/  + r +  0^+»M +i^i 

suppoling  the  initial  a  to  be  included  in  the  constant  of  the  sign  £. 
Hence,  by  taking  the  integral  of  any  tet^  of  a  series,  tbe  obtain  the  sum 
of  aU  the  terms  which,  preoede  iit- 

It  follows,  therefore,  tiiae  to  obtaiti  the  lum  of  thd  series,  the  general 
term  jfx  mduded,  yt  must  be  added  to  the  integral,  or  x  changed  in  it 
into  X  +  1 ;  or,  lastly,  x  be  changed  into  «  -f  1  in  ^^  before  the  integra- 
tion is  Icarried  into  effect.  To  conclude,  the  constant  is  determined  by 
making  the  sum  ss  y^,  when  x  =  1. 

925.  We  can  therefore  Jttid  the  tei'M  ofsummatloti  of  every  series  qf 
wluck  we  know  tht  general  term,  in  a  rational  and  integral  function  of 
X.     Let  y.  ss  Ax^  —  JBx"  +  C,  m  and  n  being  integral  and  positive; 

we  have  Az^iT  -  B^  -k^  0s^  to  the  uvm  of  the  tenis  ai  IW  aa  yi» 
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tbirtern  iuelf  Mccluded*  ThLs  integral  \mng  ibimd  by  Ae  eqaatioii  A 
we  must  change  x  into  x  +  h  ^^^  detennine  the  constant  according  to 
the  circumstances  of  the  question* 

Take,  for  example,  jfx  >=  x(2x  -^  1 ) ;  changing  x  into  m-^-  I,  and 
integrating  the  result,  wq  find 

we  add  no  constant,  because  jrasO  mult  reduce  tbis  sum' to  nothing 
[See  p.  21]. 

ThS  fl^fias  1*>  2*,  ^*...  6f  the  mth  powers  of  the  natutal  kmttibferi  is 
found  by  taking  Zx"  [Equ.  D] :  but  we  must  then  add  the  xth  term, 
which  is  X*,  {.  e.  we  must  change  — 4^a;*» the  2nd  term  of  Z>,  into  +ic** 
it  will  th6n  retiiain  to  determine  the  constant,  according  to  the  term  at 
which  we  wish  the  aeries  to  commence.  For  exftmple,  for  the  series  of 
thfe  squares^  we  take  ix\  p.  475^  changpLng  the  ngti  Of  ttie  find  teriii, 
and  we  have 

«...  2j?  +  1    «  +  1 


the  eonstant  is  s  0,  beoaufle  the  sum  is  nothing  when  or  s  0. 

Had  it  been  required  to  take  the  sum  from  n^  to  x%  this  sum  would 
have  been  nothing  when  xt=n  —  1  ;  and  we  should  have  had  the  con« 

n  -.  1    gn  —  1 
stant  =:  —  n.  •  — - — . 

This  theoiy  applies  to  the  summation  of  the  figurate  numt)er8.  tot 
example,  to  find  the  sutn  of  the  ^  first  pyramidal  numbers,  1, 4, 10, 20. •• 
[p.  19],  we  must  integrate  the  general  term  ^x{x  +  1)  (a?  +  2) ;  we 
find  QN".  918]  a(?  -«  1)  «  («  4-  1 )  («  +  2)  j  laitly,  i  must  be  changed 
into  jp+l,  and  we  have,  for  the  Sum  required, -,V*(*+l)(*+2)(*+ 3). 
The  constant  is  nothing. 

926.  Theitnerse  Jigunte  number i  are  fracii(m9,hB,yiD§  1  for  their 
numerator,  and  a  fifurate  series  for  their  denominator.    The  trth  term 

of  the  order  p  is  [p.  ^^]  jg/^ ^'l{    U  +  i?  "^  tV    *"^    ^^^  integral 
therefore  is  [N^.  919] 

-, J.2,3...  (p—  I) 

"  (p-2)x(x4-  I):..  (j?  +  p— 3)' 

r 

» 

Chaagftng  #  into  m+l,  and  determining  the  constant  by  making  the 
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sum  SB  0  when  rs  0,  so  that  C  =  ^ — !>  we  have  ixx  the  sum  of  the 

X  first  terms 

y—  1 1.2.8..,  [p.  —  1) 

p  -  2       (p  -  2)  (a;  +  1 )  (a:  +  2 ) . . .  (j:  +  p  -  3)' 

Make  p  ss  S^  4<^  5..«  sucoessivelj^  and  we  shall  have 


a:(:c  +  l)(«  +  2)  ^^       (jt  +  1)  (x  +  2)' 
1.2.5.4  2.4 


1 .2.3.4.5  2.8.5 


or...  («+4  ^       (ar  +  l)—(x  +  4)* 

and  so  on.    To  obtain  the  total  sum  of  our  series^  we  must  render  x  m^ 

n  —  1 

finite^  which  gives  "  ■   ■    for  the  limit  to  which  they  continually  ap-i 

ptoach. 

For  the  series  sin  a^  sin  (a  +  h),  sin  (a  +  2A),...,  we  have  [N**  921] 

.  /     .    »  X       r^      cos(fl  + Ax^  4^^) 

2  8mi/e 

and  changing  x  into  x  4*  1^  and  determining  C  from  the  condition  that 
A*  ^  -- 1  reduces  the  sum  to  nothing,  we  find,  for  the  term  of  8um<« 
mation, 

cos  (fl  —  jA)  ■:- cos(ff  4-  fa  -f  jh) 

2siniA 

sin  (a  +  jAx).  sin  Z^(.^  +03 
**'  siniA 

by  virtue  of  the  equation  in  the  note,  p.  809, 1st  vol.  The  series  cos  a, 
cos  (a  -f  h),  cos  (a  +  2A)..«  similarly  ^ves,  for  the  term  of  summation, 

cos  (g  -h  jAx).  sin  [iA(x  +  1)] 
siniA 
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